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EDITOR'S INTRODUCTION 

Such a volume as the present number in this series of 
textbooks forms an interesting exhibit of the progress at 
present being made in the organization of instruction in the 
subject of education. Two decades ago there would have 
been almost no use for such a volume, as we had not then 
begun to make any accurate measures of the products of our 
educational efforts. Only the most general terms were then 
in use, while to-day the demand is for quantitative expres- 
sion in commonly used terms which students can under- 
stand. Especially within the past decade has there been a 
remarkable evolution of standards for educational work and 
quantitative units of measurement. To-day the educational 
investigator and the superintendent of instruction alike 
need to use refined tools in the measurement of educational 
results. To such, and to the students in our schools of edu- 
cation generally, the simple presentation of the mathematics 
underlying the accurate measurement and plotting of edu- 
cational results here presented should prove of large use- 
fulness. 

The author of this volume has stated the aims and pur- 
poses and plan of the work so well in his preface that Uttle 
remains that an editor needs to say. The volume represents 
a very successful attempt to produce a book which will apply 
the mathematical theory of statistical work to educational 
problems, and as such it should find a hearty welcome from 
teachers of education in universities, colleges, and normal 
schools, educational investigators generally, and school offi- 
cers interested in making the best use of statistical data 
and displaying the results to their supporting public in the 
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most effective graphic form. The author has been particu< 
larly fortunate in the selection of what to include in the 
volume, and in the organization and presentation of what he 
has included. 

Ellwood p. Cubbebley 



PREFACE 

DxTBiNO the past two decades a body of quantitative 
technique has developed in education which makes constant 
use of technical statistical methods. The school man, in 
trying to keep pace with the developing tools, has constantly 
demanded a complete exposition of them. At the same time 
he has made it very clear that the treatment which will 
appeal most pertinently to his needs must be couched in 
non-mathematical language. He has said frankly that his 
mathematical training has been limited to high-school alge- 
bra, and rather an ancient and, in some sense, obsolete al- 
gebra at that. He has told us that ** graphs " are mysterious 
things to him; that equations of lines and formuke have no 
significance; that the use of "frequency distributions," 
"probability curves," "medians," "measures of variabil- 
ity," and "coeflSicients of correlation" can hardly be said to 
lend clearness to his thinking about his own school problems. 

Three courses are open to the writer who wishes to ac- 
quaint such persons with statistical methods of treating facts. 
First, he can say that the school man's lack of familiarity 
with college algebra, analytic geometry, the calculus, and 
least squares is his own lookout, and that it is impossible to 
write a "statistical methods" and to give statistical training 
without presupposing this particular kind of equipment. 
We have available now several books and many mono- 
graphs built on that basis which make use, more or less in 
detail, of the higher mathematics, but none of which are 
appUed to educational problems. 

Second, he can give the student of education a manual of 
.formulae and rule-of-thumb methods of computing the var»- 
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ous coefficients, without any explanation of the derivation 
of these constants, without an adequate exposition of how 
to discriminate the use of the different methods, and with- 
out making possible a complete and proper interpretation of 
the results of using the methods. To do this would commit 
the writer to the rather current theory that, for the educa- 
tionist, *' statistics is arithmetic," and that his statistical 
equipment should include only the ability to compute the 
various coefficients and to follow rule-of-thumb methods of 
interpreting them (e.g.9 the rule that a coefficient of correla- 
tion of say .25 is "high," "low," or "what-not"). The few 
books and chapters of books which have so far applied sta- 
tistical methods to school problems have been very largely 
committed to this doctrine. 

Third, the writer in this field can assume that it is neces- 
sary to equip school men, generally, with a thorough-going 
knowledge of statistical methods; that in order for them 
to be discriminating in the use of the various methods in 
improving their school practice, this large background of 
knowledge must be developed; and that it is possible to ex- 
plain rather completely the reasons for and the significance 
of the principal statistical devices without expressing the 
explanation in technical mathematical language. 

This book has been written with a deep-rooted conviction 
that the third of these three courses is the proper one; with 
a complete recognition of the limitations in mathematical 
equipment of the "average" school administrator and 
teacher, which is the outcome of considerable classroom con- 
tact with this particular kind of student. It is based upon 
the knowledge, however, that it is possible to make clear 
the significance and proper use of the more important sta- 
tistical devices without expressing these in mathematical 
form. 

The necessary substitution of words for symbols in the 
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explanation of the derivation and common-sense significance 
of such devices has resulted in what, to the mathematically 
trained reader, will seem to be a "wordy" book. The pre- 
rogative of the "author's preface" leads the present writer 
to say frankly that in this book he has not been interested 
in writing for the mathematically equipped reader. At the 
same time, it is hoped that such a person can, indeed, get an 
initial view of statistical methods from the following chap- 
ters which he can use to advantage in a study of the second- 
ary and original works of Yule, Bowley, Elderton, Karl 
Pearson, and others who have constructed our statistical 
tools. 

The book throughout has been written in intimate contact 
with graduate classes in education. It is the direct out- 
growth of mimeographed notes written for seven of such 
classes, and elaborated and revised distinctly in terms of 
their specific needs and interests. SymboUc and word ex- 
planations have given way to graphic devices wherever 
necessary and possible. The many repetitional "back refer- 
ences," restatements of principles, reasons, etc., in succeed- 
ing chapters have been made with a full recognition of the 
possible inelegance in form, but with a firm conviction in the 
value of the resulting increase in clearness to the reader. 
Traditional usage in the form of textbook writing has been 
deliberately sacrificed to the one criterion of readableness. 

A very small group of students of education have made 
use, recently, of certain methods which have not been in- 
cluded in the discussion of this book. Outstanding among 
these is Yule's Partial CorrelaHon, and Spearman's methods 
of "correcting" coefficients of correlation. To a very small 
group of educational psychologists these may seem unpar- 
donable omissions. However, neither set of methods could 
have been presented in the complete fashion necessary in the 
treatment of those topics without encroaching unduly upon 
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the limited space €i this textbook, already devoted to more 
important methods. Fm'thermore, it is doubtful if the for- 
mer of these methods will be used by more than a very small 
fraction of those working in educational research in our own 
generation. These persons should turn to Yule's complete 
original discussion. In regard to the latter of the two sets of 
methods, the writer is one of those who are still skeptical of 
the use of methods of "correcting'* coefficients (the validity 
of which has not been estabUshed) which have been com- 
puted from material collected under conditions subject to 
such gross inaccuracies as are the conditions of educational 
research. 

It is fundamental to a dear comprehension of the writer's 
point of view to know that this book is based upon the doc- 
trine that statistical methods in themselves prove nothing, 
— that the methods selected for use in a particular situation 
must agree with the logic of that situation: in a word, that 
statistical methods are merely quantitative devices which 
we can use to refine our thinking about complex masses of 
data, and to refine our methods of expression. 

The example of Leonard P. Ayres in his discriminating 
use of statistical methods in school research, and his con- 
stant subordination of the exhibition of statistical form to 
clearness and simpUcity of presentation, has been a potent 
factor in determining the writer's pomt of view, and has 
wrought a definite effect upon his practice. 

Habold O. Rugg. 

School of Education, 

Univsbbitt of Chicago^ 

Augwt 2i, 1917. 
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STATISTICAL METHODS 
APPLIED TO EDUCATION 

CHAPTER I 

THE USE OF STATISTICAL METHODS IN EDUCATION 

Problems and Methods in School Research 

Steps in the development of ''scientific education." 
There are two groups of persons in the educational world 
who are directly interested in the appUcation of statistical 
methods to school problems — the school administrator, 
and the teacher and educational psychologist. In corre- 
spondence to these two classes of interest, school problems 
may be said to be either administrative or pedagogical-ex- 
perimental in character. They arise either in connection 
with the attempt of the administrative agents of a school 
system to fit the "machinery of the system " to the needs and 
capacities of children, or to the attempt of the school man 
and the psychologist, working together, to determine more 
minutely the status of learning in the child. The school 
man's chief concern, then, is with these questions: First, 
how does the child learn? Second, how may the course of 
study, methods of teaching, modes of classifying and pro- 
moting children, methods of organizing the school year, 
safe-guarding the health of school children, etc., be best 
adapted to the established facts of development and proc- 
esses of learning in children, and to the needs of their 
future life. 

The method of attacking the solution of such fundamental 
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questions prior to bur own generation was clearly tradi- 
tional and based on individual experience. It was said by 
the representatives of the established sciences, and freely 
admitted by the pedagogues, that "education" was not 
a "science" — that its method was not "scientific." By 
this was meant that school men did not make use of the 
fundamental steps in the scientific procedure of solving 
problems. 

Fundamental steps neglected. To be specific: (1) They 
did not systematically observe educational ccmditions, or 
collect necessary facts, recording their observations mi- 
nutely. More concretely this meant that they did not set 
about collecting the facts on the composition, training, 
certification, tenure, pay, and rating of the teaching staff; 
the content of courses of study; the age-grade distribution 
of pupils, and their progress through the grades; the cor- 
responding measurement of instruction and the capacities of 
pupils; the extent of their elimination from and retardation 
in the public schools; the many facts concerning the central 
administration and organization of schools; school costs, 
school accounting, and the efficiency of business manage- 
ment; operation of the plant and the handling of equipment 
and supplies, — the determination of each of which is neces- 
sary to the promotion of efficient school administration. 
Thus, the first step in the utilization of the scientific method 
— the collection of large numbers of facts — was not taken. 

(2) The indictment of oiu* traditional pedagogy pointed 
out that students of "pedagogy" did not "measure" the 
results of school work, that no yardsticks were available 
by which the efficiency of school administration or school 
teaching could be evaluated; hence that little progress in 
the improvement of either one could come about. Nobody 
knew accurately to what extent boys and girls had mas- 
tered the elements of reading, writing, arithmetic, spelling. 
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geography, history, and language. We simply knew that 
there was an accumulation of incapacity in particular 
grades of the public schools, reUeved in part by rapid elim- 
ination of pupils from school. 

(3) In pedagogy, however, it was evident that since almost 
no collection pf facts was made that no recourse was had to 
the development of math^natical or statistical methods 
of treating the data. Large quantities of data accmnulat- 
ing in the biological and physical sci^ices had demanded and 
led to the development of sound methods of statistical 
treatment in those fields. Prior to fifteen years ago " peda- 
gogy," howevCT, had made no use of the large body of sta- 
tistical technique that had been put together. f 

(4) "Science" demands as the capstone of its procediu-e 
the utilization of a thoroughgoing experimental attack on 
the problem in question. Conditions must be "'controlled" 
by the investigator, measurements must be made as mi- 
nutely as possible, records of results must be kept, and the 
data which have been collected must be systematically 
organized through the utilization of valid statistical methods. 
Again, prior to our generation, this experimental procedure 
had not been used in education. It is true that four dec- 
ades ago various German psychologists began the study of 
** learning" under isolated conditions, and with fairly refined 
laboratory technique planned a way for the transfer of their 
technique and certain of their grosser conclusions to class- 
room analysis of learning and teaching. This actual trans- 
fer, however, has come about in our own time. 

Lack of thorough collection of facts concerning educa- ^ 
tional conditions, measurement of results, statistical treat- 
ment of the data, setting up of experimental methods of 
studying school practice, — these are the counts on which 
the older '* pedagogy" was indicted. 

Recenl developments. The above statement of the ways 
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in which pedagogy failed to utilize scientific method reveals 
specifically the steps in the development of "scientific edu- 
cation" during the past two decades, and leads naturally 
to an exposition of the use of statistical methods to school 
men. The school man has turned to exactly these steps of 
procedure in the attempt to determine the present status 
of school practice and to direct scientifically the course of its 
development. 

We have said above that school problems were either 
administrative or pedagogical-experimental in character. 
Our first task in taking up the study of " statistical methods 
applied to educational problems" is to recognize clearly 
the various school problems whose solution demands treat- 
ment by numerical methods. During the past fifteen years 
every phase of school administration and pedagogy has 
been subjected to quantitative methods of study and ex- 
perimentation. Our educational literature abounds with 
" factual " studies, our educational conventions are given 
over very largely to discussions of "measurement" and 
"standardization" of school processes. Outstanding at the 
present time, therefore, is the need for a clear, scientific, and 
complete statement of the statistical and graphic methods 
which the school man must call to his aid in this quantita- 
tive attack on educational problems. 

To get sharply before us a picture of the new emphasis, 
let us turn briefly to a few examples of the use of statistical 
methods in education. These have been so selected that 
the general field will be brought in review. 

I. QtJOTATIONS FROM ReCENT QUANTITATIVE LiTERATURB 

i. Measuring reading ability 

The checking-up of the results of school teaching by 
standardized tests is one of the most promising phases of 
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the new movement. The tabulation and classification of the 
results of testing haa led to the development of devices for 
recording school fa,ct3 and for presenting the data. The need 
for tabular and statistical methods is well illustrated by the 
foUowing quotation from Brown.* 
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Li Table 1 are given, for purposes of illuatration, the data 
from an actual third grade. This grade stood second among thirteen 

> Brown, H. A. The Mearurement qf the AbUiig to Read. BuUetiD no. 1, 
Bumu trf Reward), New Hmnpsbire Department of Public ImtiucUon, 
ConoonLNJI. 
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STATISTICAL BfETHODS 



third grades which were tested, and rq)resents a somewhat satis* 
factory efficiency. Examination of the averages shows that the 
raie ^ of teading» the oomprehension, and the reading abiUly of the 
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DiAOBAlC 1. CUBVB BBPRBSBNTINO THB RaTX OF RbADINQ IN A ThIBD 

Gradb of Twbntt-two Pupiia* School A 

Tbe scale along the base of the figure represents the numbers of the children in the grade. 
The scale at the left shows tbe rate of reading in words per seeond. The papers were arranged 
in tbe Older of rate of reading, (fl. A. Brown, 19M.) 



class as a whole are high. The raie of reading is seen to be very 
high. 

It is possible from the data given in Tables 1, 2, 8, 4, and 5 and 
the graphs presented in Diagrams 1, 2, S, and 4 to get an accurate 
picture of the condition of the class. Diagram 1 shows the reading 
nUe, and it a}^>ears that there is a variation from 1.S8 words per 

^ Italics in the quotatioiis are mine. 
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second to 0.02. This is s larger varuition than ought to exist in 
a grade, but no larger than that unially found. The aceiage coffi- 
preAmnon of the cIbh ii 40, which ii high, and tlu nading tffii- 




Duauu S. CuBvs BuraxBENTiMa ComsiiBBNsioM or ibb Same 

CmLDBEN AS IN DlAORAH 1 AND IN THE SaHB OrDEB 
Hm tetit at Uw left ibowi Um MinpRbeulan. (H. A. Bnwn. HI-). 



etmqr, which is 114.Td, ia high. We find individual variattoiM in 
comprdieQaion and reading efficiency, but these are not nearly lo 
great as in rngst of the classes thus far tested. In fact, it can be 
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■aid that the class is in a rather satisfactory condition in this re- 
spect. While the rate of reading is high, there are, however, ten 
pupils whose rate is considerably below the average of the class. 
They should be given special quick percep- 
tion practice daily to bring their rate of 
reading up to a higher standard. There are 
ten pupils whose comprehension falls con- 
siderably below the average of the dasa, four 
of whom fall conspicuously low and can 
easily be identified in Diagrams. They need 
q^ecial practice in rapid silent reading with 
^•ecial emphasis upon getting a maTimiim 
of content from what is read. The four who 
get the lowest marks in comprehension are 
seen on Fig. 3 to have a very low score for 
reading efficiency. 

We may now examine a number of indi- 
vidual cases. It is easy to see that Pupil 
No. 1 is defici^it in the rate at which he can 
read. He gets ft relatively laq;e proportion 
of the content at his present rate of reading, 
but he reads so little in a unit of time that 
hisefficiencyislow. He should have practice 
to increase his speed, and if it is found that 
at a higher rate of reading his comprehension 
is poor, he should be given practice for the 
purpose of bringing about improvement 
along this line also. Pupil No, 2 has a dif- 
ficulty which is easy to diagnose. In the 
first place his rate of reading is not suffi- 
ciently rapid, but on quantity of reproduc- 
tion he stands lugh. His mark for quality, 
on the other hand, falls to zero. In other 
words, he gets a good many ideas in the 
rough but gets nothing accurately. We see 
in the case of this pupil one advantage of 
the method of scoring reading ability advo- 
cated in this bulletin. It enables us to find 
more correctly the tsxatA, location of defects in the reading ability 
of individual children. What this pupil gets is a mere smattering of 
the idea. His low mark for comprehension, together with his low 
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rate qf reading, gives him a low efficiency. He needs to work both 
for speed and for accuracy. Pupil No. 4 reads at a rate consider- 
ably below the average. He gets, in a rather rough way, a very large 
percentage of the ideas, but he is very inaccurate. 

Mr. Brown's material illustrates the use of averages, 
measures of variability and graphic methods for diagnosing 
weaknesses in school work. 

j&. Scientific supervision of arOhmetio 

This type of statistical device may be supplemented by 
some of Mr. Courtis's recording devices in the improvement 
of teaching in arithmetic. Diagram 3 gives a simple chart 
for tabulating the number of pupils attempting various 
numbers of problems, the number of pupils working va- 
rious numbers of these correctly, the approximate median, 
(Ap. Med.); the correction (cor.); the true median (Med.); 
the mean deviation (M.D.) and the accuracy. 

Diagram 4 presents Courtis's "Diagnostic Curve of Me- 
dian Development in Speed and Accuracy" in arithmetic, 
the use of which is explained in the following quotation: — 

In Diagram 4 are drawn curves for two school systems. Curve 
A is for a small village school in New Hampshire. Curve B again 
represents the scores made by the group of 29 school districts in 
Boston which have been tested every year since 1912. 

The work in school A is very poor. Grade four falls entirely out^ 
side the diagram. Grades five and six in speed nearly equal the 
fourth- and fifth-grade standards, respectively, but in accuracy are 
way below the normal fourth-grade level. From the sixth grade on, 
the effect of school work is to emphasize accuracy, so that while the 
seventh and eighth grades approach more nearly the normal curve,i 

^ Mr. Courtis's use of "normal curve" in this connection should not be 
confused with the standard practice of reserving that term for the so-called 
"curve of error," the "normal probability curve," etc. There is great 
need for uniformity in practice in our statistical terminology. Such terms 
as "normal curve" have really become standard in our thinking and their 
qpecificnesa of meaning should not be clouded by multiplying terms. 



10 



STATISTICAL METHODS 



the increased accuracy is obtained at the expeoM of ipeed. Th« 
eighth-grade scores are lower than those of the seventh grade, 
and none ui the scores reach the normal fifth-grade level. Curves of 
this character are evidences of lack of aupervision, of poor, inef- 
fective teaching, and are far too common in country schoob. 

Curve B, on the other hand, indicates good quality of votk and 
steady progreu. Note that the curve lies wholly above the normal 
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DuoaAU 4. CooBTts'a Duonostic Cimvx fob ABrisucno 

(3. A. Conrtla, ISIT.) 

curve, and that each grade circle shows not only greater accuracy 
than normal, but greater speed as well. Note also that the largest 
growth occurs between tile fifth and sixth grades, the second largest 
between the seventh and eighth grades. The curves of the schools 
doing the best work tend, in similar fashion, to approximate the 
80% line in addition, although few attain to as high speed levels 
as those shown in curve B. 

S. Studiea of failures in the public achtxds 

One of the most important types of Bdmmistrative study 

that can be made of a school ^stem is a study of the failures 

of its pupils in the different grades and different subjects. 

Somewhat recently these problems of non-invmotion have 
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been studied analytically, to the great benefit of the schoola 
in question. A practical graphic device for revealing lack 
of adjustment between pupils and the work of specific 
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DiAOBAH 5. Pbb cent of FAiLUBEa IN Eacb Gbadk 
roH Three Sdccesbivi June Prouotioiib 

(C H. Jodd, Clntlml Sbtmv Riforl, ItlB.) 

grades or sulq'ects is shown by samples from Mr. Judd'' 
Beport in the Cleveland Survey,^ Diagrams 5, 6, and 7. 

4. Comparatiix method of analyzing city achod costs 
In recent years many superintendents of schools have been 

adopting simple quantitative and graphic methods of oc- 
■ Judd. C. H. Meamring the Work of Ih* Puilie SiAooU. (Cleveland 

Survey Foundatkin BcfOTti. 1916.} 
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quainting the public in their communities with school needs 
and school practice. Progressive among these has been Dr. 
F. E. Spaulding, head of the Department of Education, 
Graduate School, Yale University. Diagram 8 illustrates his 



Per. 
cent 



20 


• 

\ 














15 


\ 


\ 


* 










5 




\ 


^ 


% 














1 




■i-;^ 



5^56 

GRADES 



1913 
8 



Diagram 6. Per cent of Failures in Reading in 
Each Grade For Two Succebsivb Years 

(C H. Jndd, Clmfdand Surny Report, 191ff.) 



adaptation of the comparative method in studying the 
financial status of a school system. After a very detailed 
comparison of the expenditures of Minneapolis for specific 
school activities, with those of twenty-four other cities, he 
sums up the situation in the following diagram: — 
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5. Cost for high-school subjects 

The comparative method of studying school situations 
has led to the use of many statistical and graphic methods 
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DiAOBAM 7. Feb cent of Failubes in Kach Gbadb 
FOB Two SuccEaBivB Yeabs 

(C. H. Judd, Clndand Survey Report, 1910.) 

of presentation and interpretation. Mr. Babbitt's use of 
the middle 50 per cent (those between the two quartiles) 
to give a " zone of safety," by indicating both the attain- 
ment and relative position of each city> school, or class in 
the group is shown in Diagram 9. 
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€. Uaeqf "ranking" methods io determine relaiive 

ttajidards in gch4)ol trffuriency 

Comparative "ranking" methods of studying school 

efficiency were used by Updegraff, in his Stttdy of Expenses 

of City School Systems.^ 

la his discussion of method of treatment of data he says : — ' 

It has cotae to be generally a6cQ>ted tliat tlie wiqr in which to 
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Ib MiDiKftpotiii qKoding too Httle, compurAtively, for janit 
thowi UirmatpolU vu tbe UiirteeaLli or meduu city for thij item Of npeiuiiiun- uo idb 
■upcrviHn rMeivc too Urge t proportinn of the total icbool cipenilLliirFif Minnqpalu It 
tvelitbcompuvdwitb the other ritieii^ her clui. Hrs theHTeTngecipeaditui«rorfiv«3'eu« 
bem high tor teitbooki? Yea. It ffu the HCDDil in the liit. But during part of the period 
high icboDli teiti boM at cost to pu[nb wcra iDcluded under genercl m a jn ta n a o eg- (F' E. 

> Upd^raft, H. Bulletin no. 5, U^. Bumau of Education. (1913.) 
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^ve the clearest and at the same time the most accurate measure 
of a series of numbers is to state the median qf the eeries and the 
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IhAGRAM 0, Mean Costb of Hioh-School Subjects 

"TheTBrietyof pricei pidd for the lame quantity of initruction in the yariout rabjeeli 
b ahoim. The nibjeet of tiudioH eoii itands at $69. The middie ttms ^ vanabUUy ihowB a 
rongebom $5A to $70. For tboie that now stand above thb lone of *namuU fMriabUUv* it b 
poiible that administraUve leadjiutmentf are desirable for the purpose of bringing them 
down, and thus diminaling waste. For those bdow this mxrmal range of variabiOty dasset 
need to be cut down in siae, teachers better paid, or the teaching week shortened, so as to 
bring them at least nearer the range of normality. In other words, just as it is possible to de- 
termine standard eoats for each of the various subjects separately, out of the practical situa- 
tioDs where tboae subjects are tai^ht, so it may be possible to determine flexibility standards 
ef eost for the entire situation i4>plicable to the entire range of subjects. Whether or not this 
can be ptofitable can be known only after such standards have been derived for high schools 
ef homoienmu e^oMM, and involving large numbers. After the matter has been tried out its 
be known." (F. Babbitt, 1016.) 



limits ol the middle 50 per cent. In time past the arUkmeiicdl mean 
or average has been used for this purpose, and it still has its value. 
Nevertheless its disadvantages, especially that of the undue weight 
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exercised by a number which is very large or very small as com- 
pared with the others in the series, are causing tlie increased use 
of the median wherever practicable. 

The second feature of the general method of treatment is the 
** ranking*' of the various amoimts in each coliunn by groups. The 
**rank'* of an item is its place in the series, as arranged for the 
determination of the median and the middle 50 per cent, as just 
described, the item lowest in value being given rank 1, the next to 
the lowest rank 2, and so on. In other words, the ** ranks" are the 
result of the process of the numbering of the series, which neces- 
sarily precedes the determination of the median and the middle 
50 per cent. No element of comparative worth is attached to the 
niunbers given. In some items, as in fuel, it is creditable to a city 
to have a low number; in others, a high number. The piupose for 
the insertion of the columns entitled *'rank" in the tables is merely 
to facilitate the comparison of items. 

As an illustration of his use of the method> we may 

quote: — 

• 

Comparison of distribution of expenses in one city with distribu- 
tion of expenses in other cities of the same group. This may be 
done in a cursory manner by extending the process just indicated 
to all items, and forming a rough judgment as to the items in which 
the city is low or high as compared with the group as a whole. The 
more accurate method consists in computing the differeruces between 
the percerUages cf the various classes of expenses for the dty and the 
corresponding medianSy and arranging the excesses and deficiencies in 
separate lists. As those items that vary most from the medians are 
of greatest importance, and as variaiion from the median to the 
extent of the limits of the middle 50 per cent may be regarded as 
normal, the computation of differences in cases wherein the city's 
percentage is within the limits of the middle 50 per cent may be 
for all practical purposes neglected. The following diagram (10)» 
presents the result of such a computation for the city of Washing- 
ton. 

7. Use of the ''normal curve^^ in designing school tests 

In attempting to improve the marking of pupils and the 
planning of school tests> much recourse is had now to the 
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fwrmal probahUity curve. One example can be given from 
the writer's discussion of standardized tests in algebra.^ 

A more complete quotation from this study is given in 
Chapter VIII. This briefer one will serve to illustrate the 
method: — * 
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Diagram 10. Diitobences between the VABions Percentaoes ov 
Total Expenses that Lie outside the Ldots of the Middle 
Fdtt Feb cent, and the Median Percentages fob the Same Items* 
wasL Washington, D.C. 

(EL Updegraff, 191S.) 

Let Diagram 11 represent the distribution of algebraic abilities 
in the pupils represented by our 27 school systems. The base line 
then represents a "scale of algebraic difficulty" ranging, let us say, 
from neariy ability to nearly perfect or 100 per cent ability. . . . 
Taking as our unit of measurement on the base line, sigma, ^, or 
the ''standard deviation" of the distribution (indicated graphically 
on Diagram 11), and laying it off 2.5 times each way from the mid- 
point of the curve, gives us 5 divisions (which may be conveniently 
divided into 10 divisions, corresponding "practically" to our 
public-school marking system). In doing this we are arbitrary to 
the extent of neglecting only 0.62 of 1 per cent of our pupils at 
each end of the base line. If this 0.62 of 1 per cent is thrown into 
the middle of the curve where the individuals are more closely 
grouped, it is a negligible factor. Calling the point 2.5 x sigma 

^ Sdiool Renew, Februaiy and March, 1917. 



18 STATISTICAL iSETBODS 

tnaa the mid-point 0, and setting the successive points 10, SO, 80, 
etc., to 100, we now h&ve a practical working "scale of algebraic 
difficulty" over the successive points of which the correspoDding 
percentages of our pupils may be indicated. Doing tlus, we see in 




70 00 9o /oa 
DiAGSjuf 11. Scum of Alobbbaic DimcDurr 

IHrtu^ OB a» bue H» npment, to Kile. retitiTe dMkdtr "I proUnu. Aih imda 
Uk com nimHiiti toUl DDmbcr o( pnplk Unit were tnted For mbOity [o tmulsle nrbid 
problenB. imd 100 poJnU af^ ifbilAri^ Ht 9.BXr fcom the meui. Meui it Kt ubrltmrilr 
■t AO. Arck of the curve between and uiy point od bue Udc rcprewate pcrcenU^ of pujuli 
wbo luled the problem pUeed nt tlut pi^nt. (H. a Bugg, iat7.) 

Diagram II the proportions of our group of pupils that correspond 
to various degrees of difficulty on the base line. Thus a problem 
which is failed by 9S.6 per cent of the group falls at the point marked 
85; that failed by 84.8 percent is scored 70, etc., throughout the list. 
To enable us to mark in an accurate way, a table has been com- 
puted in which the base line has be^ divided into SCO parts. 
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8. DidribuHon of general inUUigence in school pujnls 

The study of the distribution of general intelligence in 
pupils in our public schools is likewise making use of quanti- 
tative methods. Terman ^ points out the symmetry of the 
plotted results of testing the intelligence of 905 school chil- 
dren» as follows: — 

The I 0*8 were then grouped in ranges of 10. In the middle 
group were thrown those from 06 to 105; the ascending groups in- 
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DuasuJi VL D u r rmBuw oN ov I Q's ov 905 Unbslbgted CmLMODQ 

i!kl4 Years of Agb 

(L. M. Termaii, 1916.) 

duding in <»der the I Q's from 106 to 115, 116 to 125, etc.; cor- 
respondingly with the descending groups. Figure 12 shows the dis- 
tribution found by this grouping for the 905 children of ages 5 to 
14 combined. The subjects above 14 are not included in this curve 
because they are left-overs and not representative of their ages. 

The distribution for the ages combined is seen to be remarkably 
^symmetrical. The symmetry for the separate ages was hardly less 
marked, considering that only 80 to 120 children were tested at each 
age. In fact, the ranges including the middle 60 per cent of I Q*s, 
was found practically constant from 5 to 14 years. The tendency 
18 for the middle 50 per cent to fall (approximately) between 93 
and 108. 

^ Termaii, L. M. The Meaturmnent of InUUigence, p. W, (Houston Mi^ 
flin Co., 1916.) 
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9. Correlation between mental tests 

A quotation from Freeman's ^ discussion of methods of 
testing in the laboratory shows the following use of corre- 
Uaion: — 

Table 2. Cobbeiation between Fibst and Second 

Oppobites Tests 



Individ- 
ual 


Score 
in I 


Score 
in II 


X 

diff. of 

scores in 

I from 

average 


y 

diff, of 
scores in 
II from 

average 


X* 


y* 


xy 


1 

8 

8 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 


15 

15.5 

16 

17.5 

17.5 

17.5 

18.5 

19.5 

20.5 

20.5 

20.5 

22 

23.5 

24 


10 
10 
6 
10 
11 

18.5 
11 
13 
10 
13 
20 
17.5 
16 
18 


-4 

-3.5 

-3 

-1.5 

-1.5 

-1.5 

- .5 

+ .5 

+1.5 

+1.5 

+1.5 

+3 

+4.5 

+5 


-3 
-3 

-7 
-3 

-2 

+5.5 

-2 


-3 


+7 
+4.5 
+3 
+5 


16 

12.25 
9 

2.25 
2.25 
2.25 
.25 
.25 
2.25 
2.25 
2.25 
9 

20.25 

25 


9 

9 
49 

9 

4 
30.25 

4 



9 


49 
20.25 

9 
25 


+12 
+10.5 

+21 
+ 4.5 
+ 3.0 

- 8.25 

+ 1 


- 4.5 


+10.5 
+13.5 
+13.5 

+25 


Average. 


19 


13 






105.5 


226.5 


101.75 



r — 



Sac- y 



101.76 



101.76 



(- 



VXacTTXyi V105.5X 226.5 154.6 
snm of the products of x andy 



65.8 



square root of (the sum of x* X the sum of y*) 



) 



Table 2 illustrates a form of procedure which is necessary, in 
many cases, to obtain a reliable calculation of correlaiion, that is, 
the determination first of the reliability of the measures secured 
in each test by itself. This is secured by finding the correlation 

^ Freeman, F. N. Experimental Education, pp. 177-79. (Houc^ton 
Mifflin CompaDy. 1916.; 
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between the two performances in the same test, using, where the 
nature of the test demands it, different subject-matter in the two 
performances. If this correlation is not fairly high — above .60 — 
the degree of correlation between this test and others is of little 
significance, since the scores are not accurate measures of the 
ability in question. A formula has been developed by Spearman 
to correct a coefficient of correlation when it is reduced by lack of 
precision in the results in the individual tests, but the reliability 
of this formula is doubtful, and it is far better to perfect the methods 
of giving the test until their results are consistent. In the case 
before us two series of opposites were used with the same persons. 
The correlation between them appears from the table to be satis- 
factory (f s 65^), though it might well be higher. 

Use of quantitative methods. The foregoing quotations 
offer but a crude and inadequate picture of the extent to 
which students of education axe making use of quantita- 
tive methods in attempting to solve their administrative 
and pedagogical problems. They merely serve to illustrate 
the principal statistical and graphical methods which will 
be taken up in the succeeding chapters. It is felt, however^ 
that there is a need for a more complete organization of the 
** field of educational research " than as yet has been made. 
Many quantitative studies have appeared in each of the 
various phases of scientific education. The student is baf- 
fled by a maze of scattered material. To aid him in organ- 
izing his thinking, by cataloguing the various educational 
problems and the methods by which school men are trying 
to solve them, Plate I is included in Chapter X. On this 
plate the writer has attempted to give definite reference to 
all the studies that are of any importance to school men. 
The chart is so built as to indicate two important charac- 
teristics; it states: (1) who has studied each of the various 
problems; and (2) by what methods these persons have 
attempted to solve these problems. The key number at- 
tached to each name refers to the position in the complete 
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bibliography given at the end of Chapter X. It will be 
noted that no attempt has been made to include the studies 
in the field of educational psychology. To give the student 
the key to this field, selected references containing complete 
bibliographies are given. 

II. The Mobs Impobtant Gboufs or School Pboblemb 

In summarizing the discussion of this chapter let us bring 
in review a brief statement of each of the more important 
groups of school problems. To enumerate them we find: — 

i. AdminidraHve problems 

Study of the curriculum. There have been concerted at- 
tempts to estabUsh minimum essentials in the course of 
study in our schools, — question-blanks have been sent out 
covering various phases of the content of the curriculum; 
textbooks have been analyased in a tabular way; judgments 
of speciaHsts have been secured concerning the proper 
organization of subject-matter; industrial, economic, and 
social conditions in various types of communities have been 
studied with a view to adapting school practice to them. 

Facts about the teaching staff. By means of question- 
blank methods and personal investigation of state school 
laws, city school-board by-laws, manuals, rules, and records^ 
and Federal, state, and city school reports, — quantitative 
facts have been collected about the teacher: who she is, what 
home environment she came from, how much training and 
experience she has had; facts about her appointment, cer- 
tification, salary, progress in the teaching profession, and 
her classroom efficiency. 

Problems centering about the pupiL Personal study of 
individual systems, supplemented by the question-blank^ 
has been used by private and public agencies to ascertain 
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the status of pupils in our schools; in what way tiiey are 
distributed through the elementary and secondary grades, 
according to relative ages; non-promotions and rates of 
progress through the grades; how pupils are eliminated 
from school; administrative devices ("promotion systems'* 
or ** plans ") for adapting the machinery of the school system 
to the capacities, needs, and interests of the child; method 
of '* marking" the pupils' achievement. 

Status of school finance. Recently school costs and busi- 
ness management have been studied m tiiis same quanti- 
tative way. Originally by question-blank, but mainly by 
individual investigation of school laws, charters, and rec- 
ords, specialists are establishing the legal basis of school 
fin&nce, the status of city and state school revenues and 
expenditures, unit costs for education, methods of raising 
and apportioning school funds, and the efficiency of the 
business management of our city schools. 

Measurement of school and teaching efficiency. During 
the last seven years the school world has at last turned to 
the construction and use of tests and ** scales" to measiue 
the results of teaching. Accompanying the attempt to study 
the content of the curriculum, to clarify and make definite 
the aims and outcomes of teaching, there has developed 
a most promising and important movement of educational 
measurement. In answer to the critics of the ''older peda- 
gogy" the newer and more scientific ''educationist" is de- 
vising and using tests to measure the results of teaching in 
practically all of the '* skill " or "formal " subjects. Th«» 
are now available six handwriting "scales," of varying de- 
grees dP usefulness to classroom work; as many standard- 
ized reading tests; many discussions of measuring spell- 
ing "ability"; a fairly large and definite body of results in 
testing arithmetical abilities, some extensive work in the 
Iteld of algebra tests, — with litUe or nothing done in the 
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remaining subjects. Accompanying this material, we now 
have a growing body of critical data on the validity of such 
tests. 

Furthermore, during the past five years more than fifty 
American school isystems have been "surveyed" by groups 
of outside specialists — men who came into the systems in 
question and collected, by detailed personal investigation 
from the officers, teachers, and records of the system itself, 
sufficient facts to adequately typify the practice of educa- 
tion in that city. " School measurement " has seen its most 
thorough-going development in this school-survey move- 
ment. 

Problems of central organization and administration. 
Even the board of education in American cities has been 
subjected to the same type of quantitative study. Its pres* 
ent status as to size, qualifications for membership, tenure, 
compensation, and methods of selecting board members; 
their functions, powers, and duties, and the way they carry 
on their business, have been numerically determined by 
both question-blank analysis and by personal study of the 
charters, by-laws, rules, and records of city school systems. 

Miscellaneous educational activities. In the same fashion, 
various miscellaneous educational activities have been can- 
vassed in a tabular way, — problems of school hygiene, medi- 
cal inspection, rearrangements of the school year, etc. 

All of the above types of problems are administrative in 
character. In each of them we have noted the recurrence 
of the fundamental initial methods of statistical inquiry, — 
the collection of educational data by either (1) question- 
blank; or (ft) some method of personal investigation. These 
will be discussed definitely in Chapter 11. 

In addition to these outstanding administrative '^prob- 
lems,'' we must bring into our perspective of the ^* field of 
educational research" a statement of the more important 
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experimental problems of learning and teaching. For our 
purposes a brief enumeration of the principal types of study 
will have to suffice. 

£. Pedagogical-Ejcperimenial problems 

Problems of 'beaming " were first studied in a controlled 
way under isolated conditions in the psychological labo- 
ratory three decades ago. The names of the leaders of va- 
rious German schools, Ebbinghaus, Meumann, Kraepelin, 
Lay, etc., are linked up, literally, with scores of specific 
quantitative studies of isolated learning. These may be 
listed under the following points: — 

Studies of the '^ practice '' or '^ learning '' curve. Data 
were collected and interpreted on the improvement of sub- 
jects in doing a particular mental act (e.g.^ memorizing se- 
ries of nonsense syllables) ; facts were collected on the rate of 
improvement, the amount of improvement, the limit of 
improvement, the mental qualities that conditioned im- 
provement, changes in the rate and the permanence of im- 
provement. Each of the studies involved the use of many 
quantitative methods. During the past fifteen years these 
studies have come out rapidly from American laboratories, 
and gradually have been extended to include specific types 
of mental work done in the class room.^ 

Formal discipline. Since James suggested the use of quan- 
titative methods in studying the possibilities in formal dis- 
cipline in 1890, thirty-odd reports have been made on the 
influence of training in one field of mental activity on per- 
formance in another field of mental activity. The old tra- 
ditional a priori method of controversial discussion has 
given way to an experimental and statistical attempt to es- 

^ For fairly complete bibliographies on the "Practice Curve,** "Mental 
Fatigue,*' "Mental Work,** and "Mental Types,** see Thomdike*s Eduoth 
tional Psychology, vol. n, entitled The Psychology of Learning, 
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tabliidi sdentificaUy the status of the possibility of "trans* 
ference of training." ^ 

Mental work and fatigue. In the same way the condition- 
ing factors of *' mental fatigue" and '"mental work" have 
been tested under controlled experimental conditions, and 
a fairly large body of data collected. 

General intelligence and mental inheritance. A very 
voluminous literature is already available giving the results 
of the application of experimental and statistical technique 
to this group of problems. Similarly, many studies have 
been reported on problems of mental inheritance, carrying 
over the same statistical methods from the field of biologi- 
cal investigation.^ 

These, then, are the administrative and experimental 
problems which the school .man of to-day is trying to solve. 
During the past ten years he has turned decidedly to quan- 
titative methods in studying school practice. Each phase of 
school work is being subjected to *' counting" methods of 
study. School discussions are becoming thoroughly f actuaL 

ni. Steps in Educational Rbbeabch 

In revealing the problems of school research we have 
pointed out the outstanding methods of coUeoting edtujcUional 
data. At this point the student should have in mind at 
least a rough perspective of the general steps in the com- 
plete procedure of working out a statistical problem. In 

^ For a complete summary of aH published litoature see the present 
writer's ExperimenUd DderminabUm of Menial Discipline in School 
Studies. (Warwick & York, Baltimore, Md.» 1916.) 

s Complete bibliography on these fields of study can be found in ThosH 
dike (referred to above); Whipple, G. M., A Mantud of Physical and 
Menial Tests (2 volumes, Warwick & York, Baltimore, Md., 1916); and 
Stem, W., Psychological Methods of Testing Intelligence (Warwick & York* 
1916); or in Meuoiann» £., Psychology of Learning (1916). 



USE OF STATISTICAL METHODS 87 

bringing to a dose this introductory discussion we should 
now connect this first step in school research with the re- 
maining steps. To merely enumerate them at this point, 
a complete statistical analysis of a carefully-defined educa- 
tional problem would necessitate the following steps: — 

A. Necessaiy steps. 

1. The careful definition of the problem. 
, S. The collection of educational data. 
8. The original tabulation or arrangement of data. 
4. The systematic classification of data (in frequency 

distributions). 
8. The siunmarization or condensation of data. Two 

general methods: 1. analytic; 2. graphic. 

B. Analytic methods* These are classified as: — 

1. The method of "averages" — representing the typical 

condition or "central tendency." 
fL The method of "variability," representing the extent 

to which data vary around the average, 
8. The method of relationship between various sets of 

data. 
4. The method of reliability — establishing the amount 

of dependence that one may place on the staUstical 

results of his investigation. ^ ^ 

C Graphic methods or the reporting of school facts. 

The use of various types of frequency curves, dia- 
grams, charts, etc.; the application of "type" fre- 
quency curves {e.g,p the normal probability curve) to 
educational data. 

These steps and methods will be taken up and eicplained 
and illustrated in the chapters which follow. 
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If a superintendent of schools or an '' interested citizen 
wished to collect facts on any of the types of problems men- 
tioned in Chapter I, he would have access to four principal 
sources of original data. These may be stated, in tabular 
form, as follows: — 

I. General Soubces of Original Educational Data 

These general soiux^es may be enumerated under the fol- 
lowing main headings: — 

A. State school laws and city board of education charters. 

B. Published official reports. 

I. Federal reports, generally published annually. 

a. Annual reports of the United States Bureau of the 
Census. 

b. Annual reports of the United States Bureau of Edu- 
cation. 

c. Annual reports of the United States Bureau of Labor 
Statistics. 

n. State reports. 

a. RepcHTts of state superintendents of public instruction 

(or equivalent officer), or state bouds of education, 

in each of the States. 
6. Reports of other state departments: e.g., Indiana 

Bureau of Statistics; state census reports; etc. 

m. Publications of city school systems. 

a. Manuals, by-laws, and rules and regulations of city 

boards of education. 
5. Periodic "proceedings" or "minutes'* of meetings: 

1. Of city boards of education. 
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2. Of permanent and special committees of boards 
of education. (Former are published in medium- 
sized and larger systems; latter are not.) 

c. Annual reports of city boards of education. 

d. Special bulletins, issued either by the superintendent 
or by some other school ofBcial, or, in a few cities, 
by the bureau in charge of school research. 

C* Types of school research by private agencies that may con* 
tain ''original" data. 

I. School survey reports. Published reports are now 
available for forty to fifty cities, and eight States, few of 
which, however, contain ''original" data. Material mostly 
of "summarized" and comparative type. 
n. Published reports of studies made by educational foun- 
dations (e.g., Russell Sage Foundation, Division of Edu- 
cation; Carnegie Foundation for the Advancement of 
. Teaching; Greneral Education Board). 
in. Published reports of studies made by individuals, coa« 
taining, in rare cases, "original" data« 

D. The original records of: 

I. Federal and state bureaus or departments. 
n. City school systems. 

Theae, then, are the sources ^ which are now available for 
the collection of facts about educational practice and con- 
ditions. It will be of some value to describe briefly each of 

^ Each student ol school research should also secure, each year, a bulle- 
tin issued by the United States Bureau of Education, entitled Educational 
Directory (for 1915-16, 1916-17, etc.)* This publication contains complete 
lists ol the names of officers of (1) United States Bureau of Education; 
(2) state school systems; (3) state library commissions; (4) superintendents 
of schools in cities and towns of 2500 population and over; (5) associate and 
assistant superintendents in larger cities; (6) county superintendents; and 
(7) officers of miscellaneous institutions; e.g., schools of pedagogy, normal 
schools, colleges, and universities, schools for blind and d^, feeble-minded* 
etc., schools of art and of industry, parochial schools, directors of museums, 
library schools, church educational boards and societies; state, natiomJy 
and international educational and other learned and dvic organizations. 
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the types of data that can be secured from each source, 
naming the kind of facts to be found* and characterizing 
the relative validity of each. 

A. School Laws and Crrr School Chabtbbs 

At the present time a codification of the state school 
laws (a summary of all legislation affecting the conduct of 
schools in each State) is issued by the Department of Edu- 
cation (or of Public Instruction) in nearly eveiy State. 
Those desiring to collect detailed facts on the legal status 
of any aspect of school administration should turn to these 
8otu*ces. Various compilations of state legal provisions, and 
decisions of state and federal courts on school matters, have 
been made under the direction of the United States Bureau 
of Education. Bulletin no. 47 (1915), Digest of State Laws 
Relating to Pvblic Education^ in Force January i, 1915^ is 
a rather extensive compilation of the actual legal basis of 
American schocd administration. In addition to this, the 
United States Biu-eau of Education has issued each year a 
compilation of legislative and judicial decisions on educa- 
tion for the current year. Of all these soiu*ces, the codi- 
fications of the state school laws themselves are the only 
ones containing the detailed legislation. 

City school-board charters are found in various published 
sources, sometimes published and bound with certain issues 
of the annual report of the board of education; more com- 
monly published and bound with the rules and by-laws of 
the board. Thus they are quite generally reprinted only on 
dates of revision. 

Students who desire to study the legal basis of any as- 
pect of city or state school administration should turn 
to the original statement of the law itself, found in one 
of these sources. 
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B. PuBUBHBD Official Reports 
i. Federal reporte 

Educational statistics have been published annually by 
three federal agencies : the Bureau of the Census, the Bureau 
of Education, and the Bureau of Labor Statistics. Let us 
characterize each of these briefly. 

(a) Educational statistics in reports of the United States 
Bureau of ihe Census. Prior to 1912 this bureau pubUshed 
completely analyzed data on public-school jGuiance. The 
most immediate sources were found in an annual bulletin 
called Financial Staiietics of Ciiieey and covered all Ameri- 
can cities of 80,000 population and over. The published 
facts induded complete descriptions of methods of securing 
the data, of the accounting terminology used by school 
statisticians, detailed statistics of receipts and disburse- 
ments, proi)erty valuations and municipal indebtedness for 
all city departments including schools, classified in such a 
way as to permit intelligent study of school costs. 

These data, as reported to and including the year 1911, 
were collected by agents of the bureau by personal tabula- 
tion from the records of the school systems in question. 
Data on school cost, to be comparable, must be classified 
on a uniform basis. Prior to 1911 it was a very evident fact 
there was no semblance of uniformity in the accounting 
methods of different city school systems. Hutchinson in 
1914 reported that he visited thirty-eight cities trying to 
secure comparable data on school costs, and found the sum- 
marized statistics worked out on so many different bases 
that it was impossible to make comparative statements 
about the cost of different kinds of school service and school 
activities from these summary statements. The agents of 
the Bureau of the Census, therefore, rendered a distinct 
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service in classifying, in detailed fashion, and on pertinent 
educational bases, various educational financial data. The 
best assumption the student can make about the validity 
of original administrative data on school costs is that those 
in the reports of the Bureau of the Census are approximately 
accurate. The relative validity of these data and those in the 
reports of the United States Bureau of Education will be 
discussed below. 

In addition to the purely educational statistics that can 
be found in the Financial Statistics of Cities, in detailed 
form through 1911, and in general summary form since 
1911, the Bureau of the Census published many reports 
containing municipal, economic, population, and industrial 
statistics. Various special bulletins can be secured by ad- 
dressing the Director of the Census, Department of Com- 
merce and Labor, Washington, D.C. 

(b) Annual Reports of the United States Bureau of 
Education. The Commissioner of Education publishes each 
year an annual report, in two volumes. Volume 1 contains 
descriptive summaries of educational movements, past and 
present. Volume S reports detailed statistics of all phases 
of public and higher education in this country, for cities and 
towns of 2500 population and over. These include all facts 
on school finance analyzed in very detailed fashion, facts 
on the distribution, grades, experience, training, age, sex, 
and pay of teachers; facts on attendance, enrollment of 
pupils in public and higher special schools, etc. In addition 
to these the bureau also publishes, intermittently, compila- 
tions of original statistics covering particular aspects of 
school administration, as, for example, salaries paid to va- 
rious grades of teachers, together with number of teachers 
receiving these salaries; salary schedules, etc., for all cities 
above 2500 population, etc. 
^ Validity of data in reports of the Bureau of Education. 
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These data have always been secured by question-blank 
methods; almost never by personal mvestigation of the 
records of the school systems by agents of the bureau. They 
are collected annually on a detailed blank form, the business 
and statistical clerks of the various systems filling in the 
required data. The result of the use of this method has 
been that the statistics have been very unreliable (for com- 
parative purposes), both absolutely and relatively. Prior 
to the year 1911 they were distinctly so, due to the fact 
that there was almost no uniformity in city school account- 
ing methods, and there was comparatively Uttle agitation 
(at least prior to 1905) for getting cities to use uniform sys- 
tems of records and reports. During the years 1905 to 1910, 
a growing demand for improvement in these conditions led 
to the co5peration of the United States Bureau of Educa- 
tion, the National Education Association, and the newly 
formed National Association of School Accounting Officers 
(1910) in an attempt to standardize accounting and sta- 
tistical methods in city schools. A joint committee of 
these agencies recommended the adoption of a " Standard 
Form," for recording and reporting all types of school sta- 
tistics. The Biu^au of Education adopted this form in 1911 
for its annual collection of data, and a decided improvement 
has taken place in the character and vaUdity of the school 
statistics during the past five years. It is estimated that 
f uUy five himdred American city systems are now classifying 
their records in accordance with this form. It is true, how- 
ever, that many cities, particularly some of oiu* larger 
cities, having school officers of initiative and originaUty, 
have been slow to change their school accounting systems 
to accord with the standard scheme. Even to-day some of 
these, although laboriously retabulating their statistics for 
the Commissioner's Report each year, use their own inde« 
pendent system of accounting. 
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Thus, it is believed that, since 1911, the educational sta« 
tistics of the Bureau of Education have increased steadily 
in reUability for ''comparative ranking purposes," although 
still collected by question-blank methods. It is to be re- 
gretted that, with the use of the standard form by the Bu- 
reau of Education, the Bureau of the Census stopped making 
its detailed classification of educational statistics in 1911» 
reporting since that time only very general summaries of 
school receipts, expenditiures, indebtedness, etc. 

In making the study of the Public School Costs and Busi^ 
ness Management in St. Louie (1916), the writer attempted to 
establish the validity of the statistics of the Bureau of Edu- 
cation for piu*poses of comparing various cities by arranging 
them in "rank" or "serial" order in their various financing 
activities. It was assumed that the financial statistics of the 
Bureau of the Census to and including the year 1911 were 
approximately correct. It was found that the Biu-eau of 
Education in the same year, 1911, published the same type 
of financial statistics, thus providing an opportunity for 
direct comparison of the absolute figures compiled by two 
agencies on identical school activities. Tables in the com- 
plete survey report give, as obtained from each source, the 
total expenditures and differences in amount spent for each 
of a list of cities, for nine different kinds of school service 
—special supervision, principalships, instruction, suppUes, 
etc. Tables computed and stated in the survey report give 
the per pupil cost for each of these nine kinds of service, to- 
gether with the rank of each of the cities in the group for each 
item. It is clear from inspection of those tables that we have 
to discuss the validity of the data as collected from these 
two sources strictly in terms of the use we are going to make 
of them. First : if we merely are going to rank cities in terms 
of per pupil cost, then the statements made in the survey 
report are valid^ namely: — 
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With few exceptions the tables show a very satisfactory agree- 
ment in position, the costs for supervision and principalships being 
the ones for which less agreement would be expected than for any 
other activities. The conclusions that we form from one set of rec- 
ords will not be unlike those formed from the other set of records. 
Especially is this true in the case of the one city in which we are 
interested, St. Louis. We may summarize its position in all the 
tables as follows: — 





SakarUt qf 


TetOtookf 




SupenUon 


Principals 


Teaehers 


Repairs 


Janitors 


Bureau of Cen- 
sus 


4 

4 


7 
6 


11 



8 
6 


4 

8 


8 


Bureau of Edu- 
cation 


8 



The largest displacement in the ranking for St. Louis is two places. 
As a result of the tabulation and ranking it is believed that the 
interpretations made on the financial situation in St. Louis, from 
cost tables computed from the Annual Report of the United States 
Bureau of Education, 1915, will be valid. Especially is this true 
since 1912 was the first year in which the bureau collected statis- 
tics on the standard form, and much improvement has come about 
since in the completeness and accuracy with which city systems 
report their school facts. * 

The most frequent use that school men want to make 
of educational statistics is of this very "comparative" and 
"ranking" type. One point should be noted, however. 
These cities are the largest cities in the country, and have 
the most thoroughly equipped accounting and statistical 
staffs, supervised by specialists in this field. The experience 
and investigations of the writer lead to the belief: — 

(1) That considerable reliance may be placed on the com- 
parability of the classification of educational statistics for 
groups of medium-sized cities (15,000 to 40,000 for example). 
These cities are following the " Standard Form," even more 
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closely than are the larger cities. The comparative financial 
statistics of the Bureau of Education for twenty-one cities in 
Indiana, lUinois and Wisconsin (between the sizes of 15,000 
and 25,000, and within 150 miles of Chicago) have been 
checked with care. The results show a fair agreement be- 
tween the records as compiled by the bureau and by other 
agencies. The methods have been checked personally in 
three of these cities, and show that considerable reliance 
may be placed on the absolute expenditures reported, as 
well as on the "position" of each city in the group. 

(2) In the study of larger cities, however, it was found 
that, if we wish to deal with the absolute statistics of cost, 
attendance, teaching staff, etc., we must make decided men- 
tal reservations in our acceptance of the Bureau of Edu- 
cation figures. In the first place, there are occasionally very 
large differences in reported figures due to incorrect classifica- 
tion (for example, expenditures for supervisors and principals 
in certain cities) . In the second place, differences of 10 to 20 
per cent are relatively common in these tables. The present 
study, however, can merely warn the student of the large 
inaccuracies in the absolute figures reported by certain cities 
to the Bureau of Education. 

(c) Annual reports of the United States Bureau of Labor 
Statistics. If the school man desires statistics on the occu- 
pational situation, distribution of workers as to grade, trade, 
salaries paid, etc., he can find such data in annual reports 
and bulletins of this bureau^ by addressing the director. 
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IB. State school reports 

The superintendent of public instruction, or the depart- 
iiient of education in each of the states, now issues either 
biennial or annual reports on educational activities in the 
state. A very considerable body of original statistical ma- 
terial may be found in these. It is fairly common, for ex- 
ample, to classify the statistics by counties, instead of enu- 
merating them for cities and towns. On the whole, it is rarely 
that one can find detailed data on city schools in state school 
reports. Furthermore, it is uncommon to find data detailed 
enough on town and rural schools to permit of comparative 
studies of educational practice in specific communities. The 
reports are filled up with narrative reports from county and 
other school officers, from various special and higher institu- 
tions controlled by the state, state courses of study, reports 
on county institutes, digests of school laws and legal deci- 
sions, state examination questions, and other types of de- 
scriptive material. They all give certain detailed financial 
and attendance statistics on the "common schools," ar- 
ranged by counties. In exceptional cases, good comparative 
data can be obtained. For example, the state report for 
Missouri contains a detailed financial analysis for several 
hundred towns and cities in the state. It is possible to use 
the data in making a comparative cost study for particular 
oonmiunities, grouped in various ways. 

S. Publication of dty school systems 

(a) ManualSi by-laws, rules, and regulations. All of our 
larger cities, and many of the smaller ones, print annually 
handbooks or "'manuals" giving miscellaneous data con- 
cerning the administration of the city schools. They may 
include certain fiscal data for various city departments, 
and sometimes the "charter" under which the board oper- 
ates; the "by-laws" enacted by the board to govern its con- 
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duct and to create a complete working organization for the 
schools of the city, to endow and state specifically for each of 
the officers his powers and duties, and to state the ** rules'* 
governing the schools. They also contain, very probably, the 
districting of the city system, rules governing: (1) pupils; 
(2) grading, salary schedules, eligibiUty, appointment, pro- 
motion, etc., of teachers; (S) operation of departments out- 
side the educational department. 

(b) ** Proceedings*' or ** minutes'' of meetings of city 
boards and their committees. These are now very generally 
printed for the larger cities, monthly, semi-monthly, or 
weekly. They very often are found to duplicate the fiscal 
facts printed annually in the school report; they often con- 
tain the detailed itemization of school facts that properly 
ought only to be typewritten and filed in the boards' offices 
(e.^., financial itemization of all vouchers paid, regardless of 
amounts; lists of names of pupils graduating from various 
schools, etc.) 

(c) Annual school reports. It is a fairly common practice 
now for cities of 30,000 to 50,000 population, and above, to 
print an annual school report. During the past ten years dis- 
tinct changes have come about in the types of original data 
that these contain. The tendency toward standardization, 
uniformity, and a clearer classification of school facts is 
evidenced by the better organization of data. To a student 
desirous of making a comparative study of school conditions 
(say of cost, elimination and retardation, non-promotion, 
teaching staff, or what-not), the statement should be made 
that even now, with all the improvements which have been 
made in recent years, comparable statistics on these or other 
phases of school practice are not to be obtained from the 
annual school reports of our cities. This is true even for 
the very largest cities, with their well-organized accounting 
staffs. 
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The above, in the mam, comprise the larger sources in 
which students of educational administrative problems may 
find original data. Li rare cases one can discover original 
detailed statistics in studies made by individual students, 
either working as officers of a city bureau of school research, 
or in some educational institution or ''foundation/' 

In summing up this brief discussion of the sources and 
validity of original data, the writer would urge the direct 
collection of statistics and data from the records and persons 
in the school i^stems in question. Question-blanks sent out 
by individuals rarely have resulted in sound comparative 
conclusions that benefit school practice. The tendency at the 
present time is for question-blanks to receive a decreasing 
amount of respectful attention from a much overburdened 
school world. When economically possible, personal collec- 
tion gives much more valid results. It leads to: (1) a more 
consistently uniform original record; (2) a complete original 
record (t.^., no data are suppressed); (3) thoroughly com- 
parable bases of interpretation; (4) a more consistent inter- 
pretation of the facts as expressed in original and summary 
tables. Studies which demand recourse to state school laws, 
charters, rules, and other official state and dty documents 
rest, of coiurse, upon a perfectly valid basis. 

n. Methods of collecting Educational Data 

The source and validity of the various types of educa^ 
tional statistics having been discussed, we now turn to the 
methods by which data are collected. The analysis of these 
methods, as given in Chapter I, made many references to 
the two most important methods: (1) use of the question- 
blank; (2) personal investigation. We shall next take up 
the detailed discussion of these two general methods, 
turning to the question-blank method first. 
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A. The qtiestiofi-blank method of collecting edticational 

data 

Plate I shows the very great use that school men have 
made of the question-blank in studying their problems. 
There is hardly a phase of school administration that has 
not been subjected to that type of analysis. Present practice 
and conditions as to the content of the course of study have 
been established in arithmetic by Jessup and Coffman, and 
by Van Houten; in algebra by Denny and Mensenkamp; 
in spelling by Pryor; in handwriting by Freeman; in the 
high-school subjects by Koos, etc.^ The present status of 
the teaching staff is tabulated from the '"Standard Form" 
replies each year by the United States Bureau of Educa- 
tion. It has been studied by the use of the same method 
by Coffman, Thomdike, Coffman and Jessup, Ruediger, 
Manny, and Boice; by committees of the National Educa- 
tion Association and other organizations. The question- 
blank method has given facts on the age-grade distribu- 
tion of pupils, — collected by Thomdike, by Strayer (both 
through the agency and authority of the United States 
Bureau of Education), and by Ayres, working through the 
Russell Sage Foundation. Data on promotion plans have 
been collected at various times by the United States Bureau 
of Education. The study of current practices in school fi- 
nance by the question-blank method, by Strayer, and by 
Elliott, although not leading to basic comparable results 
themselves, has stimulated the standardization of school 
financial methods very much. In the same way the status 
of certain phases of central administration has been de- 
termined by the work, for example, of Shapleigh, working 
for the Public Educational Association of Buffalo, in such 
studies as his determination of the effect of commission form 

^ For details of specific references in this chapter see bibliography at 
end cf Chapter X. 
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of government on city school administration — forty-eight 
cities — and the present status of janitorial service in city 
school systems. 

Enough has been said here, therefore, to indicate the 
frequent use that has been made of the question-blank in 
school research. As indicated above, use of this method by 
persons working in no official capacity, or by an organiza- 
tion of the government, has done little more than stimu- 
late discussion of present practice and the need for greater 
standardization. Even the Federal Bureau of Ekiucation has 
had no real " extractive power " in its search for school facts, 
and we have already indicated the large inaccuracies in 
its original records. However, under various conditions we 
shall be forced to make some use of the ^^questionary" in 
our attempt to determine the status of current practice. 
For that reason it will be pertinent to give here a discussion 
of its design and use. 

1. The design of ike question-blank 

Principal types of question-blanks. Question-blanks for 
the collection of educational data can be distinguished into 
three classes, in terms of the source and reliability of the 
facts for which they ask: (1) those asking for facts in the 
personal information of the reporter; (2) those asking for 
facts to be found in school records; and (3) those asking 
for introspective or retrospective analysis, judgments of spe- 
cialists, etc. 

I. Question-blanks asking for facts in the personal in- 
formation of the reporter. In the statistical studies in edu- 
cation many examples may be found of this type. They in- 
clude questions relating, for example, to the age and sex 
of the teachers, number of years of training in particular 
types of institutions, number of years of experience in 
various grades of public-school work, salary received dur- 
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ing various stages of the teacher's career, certificates held, 
etc. Such questions all relate to the personal history of the 
person reporting the facts. It is probable that more reliance 
may be placed on such types of fact than on any other col- 
lected by the question-blank method. They do not involve 
the labor, on the part of the reporter, of going to the records 
of class, school, or system to get the data, with the con- 
sequent chance for error in transcription and of decrease in 
number of returns caused by the inability of the reporter to 
take the time necessary to make the search. 

A second sort of data obtained from the personal in- 
formation of the reporter pertains to facts concerning par- 
ticular phases of school practice. For example, a question- 
blank sent to teachers of EngUsh in high schools contained 
questions such as the following: — 

1. Do you have a special teacher in oral composition? Yes 
; No 

2. Do you use a text in oral composition? Yes ; No 

If so, what? 

S. Have you a printed course of study in oral composition? 

Yes ; No 

4. Do you have a course in public speaking? Yes ; No 



6, Is the work in oral composition given id connection with 
public speaking? Yes. .....; No 

6. Do oral lessons precede work in written composition? Yes 
; No 

7. Who selects the topics in oral composition? The student 
; teacher 

Inquiries conducted for the purposes of getting facts con- 
cerning the content of a particular course of study, names of 
textbooks used, methods of grading pupils, etc., all fall within 
this class. Providing questions have been clearly asked and 
cannot be misinterpreted, data of this type should be very 
reliable. Question-blanks demanding information in the 
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immediate possession of the reporter ought to result in a 
very large percentage of returns to the investigator. If the 
blank is clearly written, well planned, short, and definite, 
it should result in a return of two thirds to three fourths of 
the blanks sent out. 

3. Question-blanks asking for facts to be found in school 
records. In this group we include the collection of facts, 
concerning, for example, the age-and-grade distribution of 
pupils in schools; various inquiries of specialists which 
demand detailed copying of records {e.g.^ on the problem of 
retardation and elimination), total expenditures for various 
types of school activities, administration, instruction, oper- 
ation, maintenance, etc.; distribution of teachers' time to 
various subjects; statements from payrolls, class enroll- 
ment records; total and unit costs, etc. With this type of 
inquiry nothing but intimate acquaintance with the aims, 
and full recognition of the importance, of the investigation, 
will cause the reporter to take the time to give comparable 
and complete data which will lead to the improvement of 
school practice. 

3* Question-blanks asking for introspective and retro- 
spective anal]rses, judgments of specialists^ etc. In this 
group are found various types of psychological question- 
blanks; e.g.i those from inquiries aimed at determining the 
status of methods of study. For example, a recent inquiry 
of this sort quotes Uberally from an article on Bow My 
Brain Functions^ and asks the reporter to check his own 
mental processes against those of the author, and tell him 
the result. The following excerpt illustrates this type: — 

Question: Often he "thinks of nothing.'* In this state he ex- 
periences euphoria, a feeling similar to that of the con- 
valescing patient, who prefers to lie absolutely quiet. 
He experiences together with this intellectual lethargy 
a physical inertia. While in this condition be per- 
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suades himself ''to postpone until to-morrow what he 
should do to-day." 
Answer: Do you note a similar phenomenon in your own ex- 
perience? Please state wherein your experience differs 
from that of Beaunis. 

The early stages of the child-study movement were quite 
given over to the "questionnaire" method, masses of judg- 
ments being accumulated concerning child life, mental and 
moral activity, and growth. Such studies involved most 
extreme types of *' judgment '' questions, and as such are the 
farthest removed from a purely factual basis* 

It is no doubt true that the compilation of data concern- 
ing particular phases of school practice by the question- 
blank method will be necessary for some time to come« Since 
governmental agencies, such as the United States Bureau 
of Education and the various state departments of educa- 
tion, have no "real extractive power *' as yet, it is clear that 
individuals must do the work. It is also clear, as will be 
shown later, that few question-blank inquiries have resulted 
in establishing beyond a doubt the status of the particular 
question they were designed to study. This is largely due 
to the fact of hasty and incomplete planning of inquiry 
blanks, and lack of recognition of the many issues and 
difficulties arising in the carrying on of the problem. For 
this reason it appears worth while to discuss, somewhat 
in detail, the necessary steps in the canying on of an in- 
quiry of this sort. 

18. Essential steps in school research by the quesiion-blank 

method 

First step: acquaint yourself with the literature covering 
the field of your problem. Your first duty is to know what 
others have contributed to the solution of such problems. 
Bead carefully, take notes, and make many comments on 
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every study made in your field. Many studies have contrib- 
uted little because of this very lack of acquaintance with 
what other workers have done. In this way needless dupli- 
cation will be avoided, needed repetition will be secured, 
and the mistakes and the excellencies of others' research will 
be utilized to advantage. Our great need is to have the vital 
gaps in our knowledge filled in. The careful study of the 
literature of a specific field of work will lead to the selection 
of the exact problefm upon which research is most urgently 
needed. 

Second step : specific definition of the problem. The suc- 
cess of your investigation depends upon the clearness with 
which you recognize the exact problem at hand, — espe- 
cially its educational implications. Write out a very specific 
and detailed statement of it. Visualize the carrying on of the 
study from the first step to the last. Ask yourself at every 
turn — what has this to do with school practice? What kind 
of facts shall be collected to throw light on this point? Does 
this point really belong in this inquiry? Plan in a rough way 
the tables to be made up as a result of sending out the ques- 
tion-blanks. In a word — project yom*self through the en- 
tire investigation in order to be able to start with a per- 
fectly clear idea of what you are to study. It is probable 
that a most specific definition of your problem can come only 
after you have read the Uterature on the subject, and after 
you have actually worked through, at least in a preliminary 
way, the design of the question-blank itself. 

Third step : exact delLnitation of the extent of the inquiry. 
Your study of the Uterature and your attempts to define 
your problem should lead to an exact determination of the 
points to be covered and the questions to be asked in your 
study. Plan the number and kinds of questions to be asked 
in the Ught of a careful estimate of the labor of tabulation 
and summary of results. Decide the number of replies 
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needed to establish definitely the status of your problem. 
In doing this, count on a return of from one third to three 
fourths of the blanks sent out, depending on the length of 
the blank, the possibility and ease of giving the information 
on the part of the reporter, and the clearness with which the 
pertinency of the investigation to the needs of school prac- 
tice is recognized by those to whom blanks are sent. In de* 
dding the number of blanks to be collected, make use of 
methods of determining the minimum number of cases, such 
as are described in Chapter VIII. 

Secure enough cases to satisfy statistical '^ criteria of 
reliability,*' and no more than are necessary to secure ac- 
ceptance of the results of your inquiry by the persons to 
whom you will present them. One study known to the 
writer involved the collection of 30,000 blanks, the original 
tabulation alone of the returns from which would have 
taken at least 700 hours of clerical labor. Careful study 
showed that the same conclusions could be derived from the 
tabulation of one fourth as many cases, with the reliability 
of the investigation established at every point. Further- 
more, the delimitation of the extent of the study calls for 
careful weighing of the relative value of having a small 
number of questions and a large number of replies, or of 
having a large number of questions with a small number of 
replies. 

Fourth step : design of the questions on the blank. Noth- 
ing is more important to the success of the study than the 
careful placing a^d wording of the questions. The most 
detailed analysis should be made of each one. Ask yourself 
concerning each one: Is this question so worded that the 
reporter cannot misinterpret it? Has every term been 
clearly defined, so that the returns from different reporters 
will be exactly comparable? Is the question ambiguous ? 
Cap it be answered by Yes, No, a phrase, a numb^^ or a 
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dieck mark? Has the person who will answer this question 
the information desired? Is there sufficient space allowed 
for the most complete answer desired? Will the questions 
lead to specific quantitative statements? Are they factual? 
Have I eliminated all confusion that might arise because 
** factual*' and ''judgment" questions have been put to- 
gether? A fundamental point to be kept in mind in this 
connection is: Can the replies to this question be tabulated 
so that the data can be definitely summarized and inter- 
preted? Still better, can the data called for at this point 
be more completely secured by tabulation on the question 
sheet itself ? Such points will be illustrated thoroughly in 
the next section. 

Fifth step : design of flie original tabulation forms. Chap- 
ter ni will take up in detail the tabulation of educational 
data. It should be pointed out here that an absolutely es- 
sential step in the design of a sound question-blank is the 
preparation of the forms upon which the original tabulation 
of the data is to be made. This means the planning of the 
specific headings of the tables to be compiled, and will re- 
quire definite decisions concerning the arrangement of 
questions and the probable types of returns to be secured. 
Preparation of the tables will lead to a clear-cut, logical 
arrangement of questions, so put together as to facilitate 
a clear presentation and discussion in the report. A little 
time spent at this stage of the work will aid much in the 
later organization of the completed discussion. 

Sixth step: preliminary collection of data on tentative 
questioa^blanks. Having decided on the wording and 
arrangement of the questions, collect some data for pre- 
liminary analysis of your blank and tabulation forms. Have 
your blank mimeographed, making say 20 to 30 copies, and 
ask members of the group to whom will be sent the final in- 
quiiy to fill in the questions. Tabulate these returns on your 
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forms, and note the difficulties of tabmlation and errors in 
interpretation of the questions. Only in this way can your 
blank or your forms be made thoroughly usable. Careful 
study of the returns will enable you to revise both the word- 
ing and the arrangement of the blank. Mimeograph it again 
and try it on another group, tabulating the returns. Re- 
vise once more and prepare the Ifinal copy for the printer. 
In selecting a group to fill in the preliminary blank, take 
the persons entirely at random (^.^., arrange them alpha- 
betically and take every nth one). This will enable you 
to foretell from the returns, roughly, the proportion of the 
entire nimiber of cases that you can expect to receive and 
will aid you in deciding how many blanks to send out. 

Seventh step: preparation of printed blank. If the in- 
vestigation is at all extensive the blank should be printed. 
Practical criteria of handling and filing returns should con- 
trol the selection of the material to be used. If financially 
expedient and practically possible, use a Ught-weight card 
instead of paper. If this is done use standard sizes, either 
8 by 5 inches, 5 by 8 inches, or 8 J by 11 inches. This will 
facilitate filing the returns later. 

These, then, are the necessary steps in the design of a 
sound question-blank: — know the literature concerning 
the problem; define the problem specifically; limit the 
extent of the inquiry carefully; scrutinize minutely each 
question included on the blank; design the forms upon 
which the original tabulation is to be made; organize the 
tentative question-blank, and try it on 20 to 30 persons; 
tabulate the returns, revise the blank, try it on another 
group, and tabulate again; print the final copy on standard- 
sized material, using cards where possible. 
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3. Ouiding principles conGeming the content and form 

of the question-blank 

There are many important points concerning the selec- 
tion of questions and the form of the blank that need to be 
commented upon before leaving this question. 

X. " Factual " questions. A fundamental principle for the 
selection of questions is that they must be as ''factual " as 
possible: Thus, questions should involve a minimum of 
"judgment," discrimination, or ''deferred memory" on the 
part of the reporter. For example, in this question, asked in 
an inquiry on the economic condition of the members of the 
general teaching staff of the country: — 

Check the item that would most nearly represent the parental 
annual income when you began teaching: — 

9^0 or less, 
9250 to $500, etc. 

The answer demanded memory of a situation many years 
past, in addition to the calculation of various items entering 
into the answer. The data obtained must be of very ques- 
tionable value. 

3. DifBculties with " general " questions. Education 
question-blanks have abotmded in "general" questions. 
One type is the sort that nearly always can be answered 
**Yes," while at the same time it is nearly impossible to 
reply more specifically. For example, in a recent state siu^ey 
of commercial education we find such questions as: -— 

Do you have difficulty in obtaining .clerical help? 
Do you find pupils, 14 to 18 years of age, who come from ele- 
mentary and high schools, deficient in general education? 

Another type of the " general " question is that which leads 
to unanalyzed and practically unanalyzable statements. 
It tends to hide up the specific facts out of which it might be 
possible to construct a valid general statement. To illustrate. 
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we quote a question on the cost of teacher's education, asked 
in a recent survey: — 

Estimated cost of your education beyond the high school, in- 
cluding specific items, as cost of tuition, books, board and 

room, etc ; and estimated cost of time as measured by 

the amount that you could have earned at productive employ* 
ment during this period of training; Total 

The answers to ''general" questions seldom can be tabu- 
lated and definitely interpreted. It is a safe rule to follow 
that data which do not lend themselves to tabulation and 
statistical treatment are of negUgible value to the investi- 
gator. That is, answers should be definite and susceptible 
of tabular classification and this should be a controlling 
criterion in the planning of questions. Such questions as 
those below, taken from a "study" of the course of study, 
hardly render themselves subject to that kind of treat- 
ment. 

1. In what way (if at all) is your teaching of the following sub- 
jects determined by the peculiar needs and opportimities of the 
local community or district served by the school: — 

Agriculture 

Manual training 

Arithmetic 

Greography 

etc. 

2. What in general is the attitude of the parents toward ''home 
work" in school studies 

8. What is the attitude of your community toward: — 

(a) Taking pupils on excursions to study neighboring in- 
dustries, etc 

Many of these "general" questions demand of the re- 
porter a type of discriminative judgment that but few 
people possess, and those only specialists trained to that 
particular thing. To illustrate: — 
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What difference in training do you notice between public high- 
school commercial graduates and graduates of tJie common 
private business colleges? 

3. Ambiguity of statement. Many difficulties in tabulation 
and interpretation arise from ambiguity of statement of the 
question. For example, the following question, on which 
thousands of replies had been collected from elementary 
public-school teachers, had to be eliminated from the study 
because of the confusion in interpretation of the word 
** school" by many of those reporting. 

Total number of pupils in the entire school 

Ntunber of teachers in the school, including superintendent or 

principal if he teaches 

Number of pupils in the high-school department 

In the grades 

The retiuns indicated that a large proportion of the re- 
porters had interpreted " school" to mean " school system." 
Many teachers from the same system reported on the 
same conditions, thus permitting a check. Of course, the 
question should never have been asked of teachers at all, 
but of the administrative officer. 

4. Information difficult to obtain. Apropos of asking for 
facts in the immediate personal information of the reporter, 
it will be recognized that we must not ask for general facts 
that the reporter cannot give without considerable search 
on his part. For example, we find on a question-blank con- 
cerning the distribution of workers in certain occupations, 
sent to the superintendent of schools of the city in question, 
the following: — 

1. Number of children in your community between 14 and 19 

years of age at work or idle 

What are they doing if at work 

Number of families of this whole out-of -school group to whom 
this income of the youth is necessaiy 
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2. State the number of workers (in this pursuit) , male and female^ 

with different ages; the number 14 years old, 

15 ,16 , etc., up to 80. The number of years of 

schooling of each of these workers by age and sex , etc. 

The impossibility of the reporter in question filling in 
these data is evident. 

In this connection it is clear that we should not ask for 
data which cannot be given accurately and in detail by the 
reporter, when at the same time the detailed information is 
available in printed records. For example, this question, on 
a blank directed to each of the teachers in various systems, 
should not have been asked: — 

State the population of the village, town, city, or district in 
which you teach 

5. Other lypes of information. If you desire to compute 
percentages, plan the questions concerning the number of 
items so that percentages can be worked from the collected 
data. For example, desiring to know the proportion of 
brothers and sisters who lived to adulthood, one investiga^ 
tor asked: — 

How many brothers and sisters Uved to early adulthood or 
longer? 

He omitted to ask for the total number of brothers and 
sisters. 

In studying problems involving many stages of growth 
or progress one must be careful to include all the possible 
stages or grades. A detailed question of this type is: — 

You attended country district school years, village 

school years, city graded school years, one- 
teacher high school years, larger high school 

years, private academy years, normal school 

years, military school years, college or imiversity 

years, graduate school years, etc. 
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i. Rules governing the form of questum-hlanks 

In concluding the discussion on the design of question- 
blanks there are certain rules of form that well may be set 
down: — 

1. State the questions specifically. Beware of general 
headings or word or phrase captions. Use complete sentences 
or phrases long enough to convey your exact meaning to 
your most careless repoiler. Discount the ability of your 
reporter to discriminate and interpret what is meant. Define 
and, if necessary, redefine each term which is in any respect 
technical, or which possibly can be misinterpreted by the 
least inteUigent reporter in your group. 

2. Plan the introductory or explanatory paragraph so 
clearly and completely that it will acquaint the reporter 
fully with what you are doing and enUst his interest in your 
problem. Be careful to show the pertinency of your inquiry 
to the improvement of his conditions or at least to the 
improvement of school practice in some particular. If you 
cannot do this your investigation is of doubtful value, and 
co5peration will not be given you. 

S. Questions of arranging the form of the sheet are very 
important. Striking defects of nearly all question-blanks are 
(a) lack of clear organization of questions; (6) lack of suffi- 
cient space for answers; (c) lack of tabular schemes by which 
the reporter can give numerical data. 

4. If the tabulation forms are designed in advance, and 
the complete plan of the report is sketched, the questions 
will be i^stematically organized on the sheet with this view. 
Arrange them in the order in which you wish to tabulate 
and to discuss the points of your report. Logical organiza- 
tion at such early stages of the procedure will enhance the 
clarity of your later discussion. 

5. Plan sufficient space for the longest possible answer to 
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the question. This can be done effectively by insisting on 
a preliminary filling-in of the blanks. If you do this you will 
be almost sure to redesign the blanks in order to give longer 
spaces. It is rare that question-blanks are well planned in 
this particular. 

6. When asking for continuous numerical data, provide 
a tabulation form on the question-blank upon which the re- 
porter can fill in the data. Plan this tabulation form very 
carefully, so as to prevent errors in interpretation and in 
subsequent tabulation. To illustrate this point, a portion of 
a question-blank on junior hi^-school costs is quoted here- 
with: — 

V. Omitting all names, will you give the individual yearly 
salaries that were paid junior high-school principals, 
teachers, supervisors of special subjects, and principals' 
clerks during the school year 1014-15. 

To make it easier for you, the salaries are arranged in groups 
in one column. In the opposite column (marked "No. re- 
ceiving"), will you place the numb^ who received the 
salary stated? 

Example. If four women teachers and one man teacher re- 
ceive annual salaries between 9800 and $825 respectively, 
enter them thus: — 



Annual $alarie9 


Mm 


Womem 


80a-S26 


1 


4 
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PrmeipaU* 


Number reeeimng each 
aalary given 


Teaehere* 
ealariet 


Number receiving each 
ealary given 


mdanet 


Men 


Women 


Men 


Wmmh 


1000-1099 






600- 549 






1100-1199 






560-599 






1200-129<) 






GOO- 649 






""1300-1399 






660- 699 






1400-1499 






700- 749 






1600-1599 






760-799 






1600-1689 






800- 849 






1700-1799 






850- 899 






1800-1809 






900- 949 






1900-1999 






950- 999 






2000-2099 






1000-1049 






2100-2199 






1050-1099 






2200-2299 






1100-1149 






2300-2399 






1150-1199 






2400-2499 






1200-1249 






2500-2599 






1250-1299 






2600-2699 






1300-1349 






2700-2799 






1350-13i)9 






' 2800-2899 






1400-1449 






2900-2999 






1460-1500 






3000-3600 

























Pnneipal^ 
elerkeor 

cUieradmi»- 

ietraUve 

elerke 


Number reeemng eadi 
ealary given 


Supervitore qf 
special eubjede^ 


Number receiving each 
ealary given 


Mem 


Wom$n 


Men 


Womien 


260-299 






700-799 






' 800-349 






800-899 






' 860-399 






900- 999 






' 400-449 






1000-1099 






' 460^499 


m 




1100-1199 






' 600-649 






1200-1299 






' 660-699 






1300-1399 






600-649 






1400-1499 






660-699 






1500-1599 






700-760 






1600-1700 



















> For example, mpenriaor of art, mosio, eto. 
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B. MXTTHODS OF PSBSONAL INVESTIGATION 

The foregoing pages have set before us essential principles 
and methods to govern our practice in the collection of edu- 
cational facts by the use of question-blanks. It is undoubted 
that the more important contributions to the improvement 
of school practice will come through personal collection of 
facts and actual contact with the school situation itself. 
We should next bring in review ways and means of utilizing 
such methods. Since these make such complete use of tabu- 
lar analysis we will take them up in connection with the 
tabulation of educational data, in the next chapter. 



CHAPTER m 

THE TABULATION OP EDUCATIONAL DATA 

As students of education have turned to quantitative 
methods of solving their problems, the use of '' questionary *' 
methods of collecting facts has rapidly given way to inten- 
sive personal investigation. Plate I shows semi-graphically 
the extent to which such methods have been used to estab^ 
lish the status of various types of problems. A brief summary 
of them may be given at this point. 

I. Methods of Peeisonal Investigation of 
Educational Problems 

A. Statistical compijation from printed material. Under 
this heading we have: — 

1. Tabular analysis of provisions of public school laws and 
city charters^ to establish the legal status of various ad- 
ministrative problems. For example: current practices in 
the various states concerning the certification of teachers; 
constitutional and state-school-code provisions for the ad- 
ministration of education in rural and city districts; the com« 
position, methods of selecting, powers, tenure of office, and 
compensation of boards of education; methods of raising 
and apportioning school funds. 

^. Tabular analysis of rules, by-laws, and manuals of city 
boards of education. By this method we determine the status 
of the appointment, pay, and tenure of teachers and other 
employees; the powers and duties of committees of the 
board and of its officers, and the basis of carrying on the 
instructional and business activities of the system. 
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3. Tabular analysis of textbooks and printed courses of 
study y to determine the present status of the content of the 
course of study and the relative eflSlciency of the order of 
presentation of topics in various subjects of study. 

4. Tabular analysis of the data given in federal^ state^ and 
city official reports. The types of data, validity of each, and 
problems which can be treated from these have been taken 
up in the previous chapters. 

6. Tabular analysis of the data found in the records of 
city school systems. Only by personal tabulation of facts 
from such records can we expect to make real progress in 
making known the facts on present school practice in this 
country. The school " survey movement " in this connection 
is lending great impetus to the work. Detailed comparative 
analysis of groups of cities is establishing definitely: — 
facts on the teaching staff; age-grade, elimination, and re* 
tardation facts on the pupil; facts on the marking system; 
detailed and systematic compilation of facts on revenue, ex- 
penditures, and unit costs; and facts on the central admin- 
istration and business management of pubUc schools. 

6. Tabular analysis of facts in experimental and statistical 
descriptive literature. 

B. Tabular anal]rsis of results of experimentation. Under 
this heading we have: — 

7. Tabular analysis of Uie ** abilities** or *^ achievements** 
of pupils^ through the design of **mental** or ** educational** 
tests. 

8. Tabular analysis of facts from experiments in ** learn- 
ing,** ** mental discipline,** etc. 

9. Tabular analysis of facts concerning the efficiency of 
teaching secured through the personal observation of teaching, 
with or urvihovt the aid of '* efficiency score-cards,** or schedules 
of ** quxdUies of merit in teaching J* 
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Systematic tabulation of facts. It will be noted that the 
collection of data in the '^scientific" study of education is 
either: (1) straight statistical compilation of facts, from vari- 
ous principal sources; or (2) dependent upon the preliminary 
setting up of auxiliary devices for measurement (stand- 
ard tests, score cards, etc.)> and the conducting of experi- 
mentation. Either procedure necessitates the same funda- 
mental auxiliary method: the systematic tabulation of facts. 
Experience has shown that the thoroughness and insight 
displayed in planning and carrying through the original 
tabulation is an important factor in determining the success 
of the investigation. We have seen already the necessity 
for planning the scheme of tabulation in detail at the time 
of designing the question-blank. The two steps in the general 
research thus must be carried on together — the eflSciency 
with which one is done contributing to the success of the 
other. Although it is recognized that the planning of tabula- 
tion forms is a task, the detailed execution of which must be 
carried on so as to fit each particular problem, there are cer- 
tain general guiding principles which, if discussed here, may 
save the student or investigator much wasted time and 
effort. 

Original and secondary tabulations. We speak of tabula- 
tion in general as '^original" tabulation and as ''secondary" 
tabulation. By original tabulation we shall mean the prep- 
aration of detailed tables on which are compiled the original 
data. By secondary tabulation we shall mean the prepara- 
tion of tables which summarize the original data, and which 
permit comparisons of "groups" by means of "averages, 
measures of "variabiUty," and measures of "relationship. 
The discussion of this chapter relates to the original tabu- 
lation of educational data. The complete treatment of second- 
ary tabidation is included in Chapters IV to IX inclusive. 
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n. The Original Tabulation of Educational 

Data 

i. hand tabulation 

There are two important phases to the work of tabulation. 
The first has to do with the selection of the general scheme 
of tabulation, while the second deals with the method of 
tabulation. 

We first face the question: What general scheme shall be 
used in compiling the original data — ruled cards, large 
ruled sheets, or ruled blank books? Two criteria control the 
selection of the general scheme: 

(1) How many separate points are to be covered by the 
inquiry and how many cases are to be tabulated? 

(i) Which method of tabulation is to be used, the "writing 
method" or the "checking method"? 

Since the selection of the general scheme depends so 
completely on the adopted method of tabulation, that will 
be discussed next. 

1. The method of tahvlaiion 

The writing method i;^. the checking method. In com- 
piling the original data of the inquiry, whether from ques- 
tion-blank returns or from original records, the investigator 
can adopt one of two procedures. He can write out the de- 
tailed data covering each point of his inquiry in the fashion 
indicated by Table 3. ITie data in the table are quoted 
from the illustrative tables in a study covering the social 
conditions and careers of more than five thousand teachers. 
It will be noted that the original data, compiled from the 
question-blanks, are written out in detail on this sheet. 
The only abbreviation of the data occurs in such questions 
as that covering "parental income," in which each of the 
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various intervals $250 or less, $250-$500, $500-$750, etc., 
is given a code number, and these numbers are tabulated, 
5, 2, 9, 9, 4, etc. This is done, however, merely to save the 
time of writing the complete record for each teacher, and 
does not contribute at all to the more rapid summarization 
of the data later. In fact, in having to apply the code number 
to each case the tabulator is very likely handicapped in the 
rapidity and accuracy with which he compiles the data. It 
should be noted carefully that as a result of such a detailed 
original tabulation the original records are transcribed in full 
at a very considerable expense, but that no sunmmrization 
has been done and none is possible on this table. The compu- 
tation of averages and measures of variabiUty and relation- 
ship for various comparable groups cannot be done without 
complete retabulation of the data. This brings us to a fun- 
damental principle of tabulation: the original tabulation 
should lead at once to group * ' totals ^^ ' and to the rapid compuia- 
Hon of the necessary statistical measures, averages, measures 
of variabiliiy, etc. It is clear that the "writing method" of 
tabulation does not do this, and that for extensive inves- 
tigations it is not an economical method. 

The checking method. This brings up the checking 
method of tabulation, and we can illustrate its use by 
representing the same data given in Table 3. Its first dis- 
tinctive feature is found in the form of the "heading" pre- 
pared for the tabulation. Now, instead of using a general 
blanket heading " age," for example, or " number of months " 
("for which present contract is drawn") etc., we prepare a 
scheme of column headings, one column of the table being 
left for each possible reply, or perhaps for the smallest range 
covered by such replies. To illustrate, the column headed 
"age" in Table 3, now becomes a series of columns as in 
Table 4. 
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The records of "age" from Table S are ^tabulated by 
"chedcing" the appropriate column for each teacher. A 
second distinctive feature now stands out, — this method of 
tabulation at once permits grouping of data, and the im- 
mediate and easy compilation of totals, and «rf "averages" 
and measures of "variability." The student should be cau- 
tioned to classify his records carefully at the start so as to per- 
mit the tabulation of the data on a perfectly uniform group 
of individuals on one sheet or page. For example, the data 
^ven in Tables 3 and 4 should refer to teachers who are 
teaching under the same conditions, or who are from other 
standpoints perfectly comparable with each other. If this is 
done, as far as possible, the labor of retabulation in the 
subsequent statistical treatment of the data will be cut to a 
minimum. 

To adopt the checking method on such points as " Age," 
in which many columns are needed, raises the question 
"How large shall the interval be made, — 1 year, S years, 
5 years, or what?" Chapter IV discusses the statistical 
classification of data in great detail, and this question can 
best be answo^ for the read^ by suggesting the reading 
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of that chapter, with the subsequent rereading of this dis« 
cussion. In that treatment a complete discussion of the size 
of the interval, its position, and best methods of marking 
limits, etc., are given. 

To use the checking method, therefore, we must plan, 
at the start, a series of column headings sufficiently detailed 
to cover the range of possible replies on each point. The 
thought will arise inmiediately in the mind of the reader: 
"But the preparation of colunm headings is expensive, both 
of material and of the time of the tabulator." The first point 
is admittedly of not sufficient weight to demand consider- 
ation. The second is important, however. As the result of 
the detailed experience of the writer with both the writing 
and the checking methods, it can be said that the latter is 
by far the more economical in the long run. To offset the 
utilization of time in preparing column headings we have 
three distinct savings: (1) that due to checking answers 
instead of writing them out in detail; (i) that due to the 
possibiUty of totaling the data in each colunm rapidly and 
accurately; (3) the fact that averages and other statistical meaS" 
ures can he computed for the various groups of data from the 
original record. To these we should add that the checking 
method gives a more accurate perspective of the returns, per- 
mits better preliminary planning of the treatment of the 
data, and leads to a more adequate interpretation of results. 

Schemes for tabulation. We said above that the selec- 
tion of the scheme of tabulation depended not only on the 
method of tabulation, but also upon the number of points 
to be covered by the inquiry and the number of cases to be 
collected. In deciding on the scheme of tabulation we have 
a choice of the use of : (1) the ruled card; (2) the large ruled 
sheet; and (3) the ruled blankbook. 

z. Use of the ruled card. It will be evident that the ruled 
card (regulation sizes, 4 by 6, 5 by 8, 8} by 11) is adapted 
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io only the most restricted investigations, — those covering 
a comparatively small number of separate points and in 
which but few cases (perhaps 25 to 50) are to be collected. 
It has the advantage of facihtating manipulation and filing 
of the data. Such a scheme is excellently adapted to those 
compilations of data in which a single question may be put 
on a card, rulings being adapted in such a way as to give the 
data from each case on this particular point. This scheme 
is well adapted to the collection of data on various phases of 
city school administration by buildings, by kinds of schools^ 
or by kinds of activities. 

2. Use of the large ruled sheet. This is adapted to some- 
what more extensive investigations, — those covering per- 
haps 50 to 100 points and as many cases. To the tabu- 
lation, for example, of the content of courses of study, or 
of the study of the content of textbooks, the large ruled 
sheet (19 by 24 inches is a standard size and easily manip- 
ulated) is well fitted. Its chief advantage lies in the clear 
perspective which it gives of all of the data covering a par- 
ticular group of items or cases. It also permits easy second- 
ary tabulation. It is used in large city systems, in many 
phases of the office tabulation of records; for example, in 
the standardizing of school supplies, both as to kind and 
amount, tabulation of ''building" records, tabulation of 
bids, etc. 

3. Use of the ruled blankbook. Nearly all educational 
investigations are extensive enough in number of points 
covered and in number of cases collected to demand tabu- 
lation of the original records in ruled blankbooks. A good 
rule is to use a book of standard size (say 8 by 10 inches) 
with cross-sectional ruling (to facilitate the non-uniform rul- 
ings which will be needed for data of the particular inquiry 
at hand) and including perhaps 60 to 100 pages. Thirty to 
forty cases can be tabulated on the length of the page. If 
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the checking method of tabulation is being used, the column 
headings should be arranged in the order of questions on 
the question-blank (if it is a question-blank inquiry), and 
the edge of the pages should be "cut-back" sufficiently to 
permit the use of the original list of names or numbers, writ« 
ten on the first page of the record. In this way, the entire 
record of an individual appears on the same line of the tab^ 
ulation even though it may cover many pages in length. If 
the questions on the blank have been numbered consecu* 
tively as they should, these numbers could be used as column 
headings. There is almost no type of extensive investiga* 
tion to which the ruled book is not well adapted, and in 
general it should have wide usage. 

U. THE MECHANICAL TABULATION OF EDUCATIONAL 

STATISTICS 

A recent development in statistical work. The discussion 
thus far has dealt with problems of school research which 
have implied the use of hand tabulation. For the tabulation 
and manipulation of the detailed educational and business 
records of a school system, the experience of school men is 
proving that electrical mechanical tabulation is both more 
economical and more efficient. Within the past few years. 
New York, Philadelphia, Rochester, Oakland (California), 
and other cities have adopted such methods and have 
proven their superiority to hand methods. To get the meth^ 
ods clearly before us, together with the consensus of prac- 
tical judgment on their availability, quotations from recent 
discussions of the matter will be given. 

Four methods. The following statement, by the Audi- 
tor of the Board of Education, New York City,^ indicates 
four distinct methods of preparing statistical data: — 

^ Cook, H. R. M. "The Standardization of School Accounting and of 
School Statistics "; in American School Board Journal, June and July, 191& 
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1. By means of the electrical tabulating and sorting machine 
and electrical battery adding machine, and by the use of perforated 
cards. 

2. By means of cards of uniform size, on which are printed the 
statistical classifications, while the figures or amounts are inserted 
by hand. The margin of the card may be perforated by hand. 
This last process permits of a limited range of information being 
assembled. It also affords a means of assembling quickly all cards 
which relate to one or more items of classification. When assembling 
statistics from these cards, the use of the adding machine is ad- 
visable. 

S. By the use of a colunmar collateral ledger, exhibiting the 
various statistical classifications under which may be recorded the 
salient feature of the expenditure as shown by the voucher or by 
the voucher register. 

4. By so planning the books of accounts as to include analysis 
columns in which should be entered, synchronously with the passage 
of a voucher, that particular statistical classification to which the 
expenditure may be applicable. 

The first method is suitable either for large or for moderate-sized 
school systems, in fact, it may be profitably used anywhere, ex- 
cept in the case of the small rural organizations. In any city or 
town where the population exceeds 20,000 inhabitants, the installa- 
tion of a statistical plant of this kind would be advantageous. Not 
only is it possible to make a complete distribution of school expen- 
ditures, but school facts of important character, both educational 
and physical, may be recorded with great speed, accuracy, and 
minuteness. A uniformly printed card, a few square inches in size, 
IS susceptible of use for the piupose of recording thousands of facts 
of most varied nature. No matter how the cards may be fed 
through the machine, the sorting machine automatically separates 
each fact. The widest imaginable range of statistical information 
can be produced by the adoption of the first method. The system 
involves the compilation of a ''code" in which each statistical 
point of information or fact is assigned to a number or combination 
of numbers. An illustration of the form of card used will be found 
among the diagrams. The cost of rental and operation of this type 
of statistical outfit in a small or moderate sized school system would 
be about the same as the salary of a clerk. In a lai^e system it 
might reach the cost of two such clerks. 

The second method is suitable for a system of any size and is 
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Tery elastic, but it lacks the speed and wide range of the first- 
described method. It was actually and successfully employed for 
some years in one of the largest school systems in the world. It 
was only displaced because of the superiority of the first-described 
method, because the rental of a machine is cheaper than clerk 
hire. The cost of stationery is about the same. In a small school 
system the total cost would probably trend the other way^ but not 
sufficiently far to make up for the extra efficiency and wide range 
of the mechanical device. An illustration suggestive of a suitable 
form of card will be found among the diagrams accompanying this 
treatise. 

The third method represents a purely hand-made system, and is 
intended to operate in parallel with the regular books of account. 
The volume of the expenditures in the fund accounting will neces- 
sarily equal the volume of the statistical accounting between given 
points. This method permits of the preparation of data sufficient 
for the purposes of the standard blanks of the United States Bureau 
of Education, but it does not afford any very wide range of in- 
formation which it might be desirable to collect for local purposes. 

The fourth method is a modification of the third just-described 
method. It is suitable for school systems of a size which are re- 
quired to present information for the purposes of the *' abridged " 
standard blank adopted by the United States Bureau of Education. 

All of the foregoing methods are practical. They have been tried 
and found to work successfully. They will furnish results within 
their limits and scope. 

The Oakland) Calif omiai method. That the utilization of 
^^mechanical tabulation" is not confined to the largest sys- 
tems, but that it is efiSeient and economical in any city in 
which Tabulating Service Bureaus have been established^ 
is shown by a recent report of Mr. Wilford E. Talbert, 
Director of Reference and Research, Oakland, California. 
After discussing the way in which the statistical reports of 
teachers, principals, and other employees are compiled by 
time-saving methods he says: — 

Tranrferring reports to Hollerith cards. As soon as the teachers' 
reports are received in the Superintendent's office, the information 
they contain is punched onto Hollerith cards by a clerk who> be- 
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cause she specializes on this sort of wwk, is at least as apt to 
detect errors as any but the most careful principals. After the 
cards are punched they are all checked for accuracy by reading back 
the data to another clerk holding the original reports. 

On the Hollerith cards (Diagram 13 reproduces an Oakland 
card), error has been carefully guarded against by color of cards» 
by clipping of comers, and by code numbers. Also an attempt has 
been made to foresee every possible kind of information that 
might ever be wanted from the reports for the given period. By the 
use of code numbers for sorting fields, this becomes very simple 
under the Hollerith system. In fact, someone has called the 
Hollerith cards ''canned information," and, like canned goods, they 
are always on hand, they are compact, and their contents is al- 
ways readily available. For example, it is possible in a few min- 
utes on the sorting machine to take from the entire year's reports, 
the cards for special classes, for any given teacher, for any desired 
grade, for any teacher's register in the city (even though that regis- 
ter itself may have been burned), and all the data on these cards 
can be quickly tabulated in any desired way, even though none of 
this information is tabulated from month to month. 

The work 0/ tabulating results. As soon as all reports are received 
and all data have been transferred to the Hollerith cards, the latter 
are called for in the morning by the Tabulating Service Co., and 
the following four reports are returned by the same evening: — 

1. Attendance and absence by schools and kinds of schools. 
(188 sums.) 

2. Total enrollment by schools, by kinds of schools, and by de- 
partments of each school. (141 sums.) 

8. Distribution of enrollment in non-departmental, and in de- 
partmental classes of the elementary schools, showing the 
number of classes of each size from the smallest to the largest, 
and giving the location by schools of all classes which are 
either exceptionally large or exceptionally small. (790 signifi- 
cant figures reported last month.) 

These reports are all typed and arranged in such shape that 
this office can readily write in the names of schools and such aver- 
ages, etc., as it is necessary to compute on the calculating machine. 
Even the typing is mechanically checked for error, so that we have 
absolutely reliable and unchangeable data as a basis for further 
computations. 
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Use of the plan at Rochesteri New York. The statistical 
bureau of the school system of Rochester, New York, uses 
mechanical tabulation methods. Mr. J. S. MuUan, Sec- 
retary of the Board of Education, discusses the method in 
part as follows: ^ 

Up to the present time, the analysis of school expenditures and 
the development of school statistics have been restricted because 
of cost and the time element, — that is, whether the information 
would be worth what it would cost, and whether it could be compiled 
in time for administrative and legislative use. With the adaptation 
of machinery to statistical purposes, we are entering upon a new 
era of statistical possibilities. With mechanical tabulation, cost 
and the time element are being reduced to the minimum. In fact, 
statistical analyses, heretofore prohibitive and practically impos- 
sible, are now being compiled, used, and demanded. 

With mechanical tabulation, the bookkeeping division becomes 
a machine shop. The machinery consists of card-punching ma- 
chines operated by hand (for individual cards and cards in gangs), 
a card-sorting machine [pictured in Diagram 14] operated by elec- 
tricity, and a tabulating machine [pictured in Diagram 15], also 
operated electricaUy. The cards used in connection with the ma- 
chines are somewhat larger than regular index cards. Upon the 
cards are printed what are technically known as "fields," each 
field representing an item of information. The field consists of 
vertical lines of varying distances apuirt, in which appear numerals, 
each field containing one or more perpendicular rows of numerals 
according to the requirements of each of the fields. The card which 
has been adopted for use in the accoimting division of the Rochester 
school system shows the year and month; voucher number; vendor; 
school building ; day, night, continuation or normal school ; function; 
sub-fimction; educational subject; character of expenditure; quan- 
tity; unit of measure; commodity; class and number; price;amount; 
fund; and whether contract, open-market order, pay-roll, or mis- 
cellaneous expenditure. 

Expressed in a numerical code, the information is punched on the 
cards by the operator striking keys which perforate the cards with 

^ "Mechanical Tabulation of School Financial Statistics"; in Proceed/' 
ings of the Fifth Annwd Meeting of (he NnHonal Association of School Ao- 
counting Qfficeri^ p* 4S. , 
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smaU holes. Any data appearing on the requisition, invoice* pay- 
roll, or voucher can thus be transferred to the cards, after which 
the cards are ready for sorting and tabulation. It can be seen that 
once the cards are punched and checked with the original docu- 
ment, the period of detail checking is over. All the data punched 
on the cards are elemental* The total of the cards is the sum of the 
elements. Once punched and checked, the cards go to the sorting 
machine, where by electrical contact through the holes in the cards 
they are sorted into any pre-determined group; thence they go to 
the tabulating machine, where in the same way they are tabulated 
by groups and in total, the totals when obtained being entered 
on a prearranged form. The sorting and tabulating may be repeated 
until all the fields on the cards have been covered, the final totals of 
the various sortings being the automatic check. Furthermore, the 
punching of the cards and their tabulation are accomplished in a 
comparatively short period of time, so that any group result or com- 
bination of results is expeditiously produced, and at a minimum of 
cost. 

Compare the possibilities of this procedure with distribution by 
hand posting, including the factor of possible clerical error, the diffi- 
culty of attempting to carry on more than one analysis at one and 
the same time, t.^., functional service, amounts of compensation, 
quantities and prices of commodities, repuiirs, interest, refunds, 
bond payments, etc., and the confusion of thought in handling such 
a conglomerate, — and we begin to appreciate the possibilities 
of mechanical tabulation and its superlative advantages. 



ni. Sbcondaby Tabulation 

The future chapters. In Chapter II the initial steps in 
the study of an educational problem were shown to be the 
careful definition of the problem and the collection and origi- 
nal tabulation of the educational data. These were to be 
followed by the systematic classification of the data in the 
frequency distribution, and its siunmarization by means of 
various analytic and graphic methods. The discussion of the 
checking method pointed out that systematic planning of 
column headings for the original tables really amounted to 
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the statistical classification of the facts. The principles and 
methods controlling this work are treated in detail in Chap- 
ter rV. The succeeding chapters, V to IX inclusive, take up 
the remaining steps in the statistical treatment of facts. 
In a fashion, they may all be called Secondary Tabidaiion, 
Chapter V presents the various methods of typifying 
data by " averages." Chapter VI shows how the data may 
be represented somewhat more completely by measures 
of "variability.** Chapter VII discusses the methods of 
graphic representation of educational facts, and their connec- 
tion with ideal frequency curves. Chapter VIII shows the 
application of such type curves to practical educational 
problems. In Chapter IX will be given a complete discus- 
sion of ways and means of determining the possibility and 
degree of relationship that exists between various aspects 
of school work. 



CHAPTER IV 

STATISTICAL CLASSIFICATION OP EDUCATIONAL DATA: 
THE FREQUENCY DISTRIBUTION 

I. Intboductoby 

Statistics of attributes and variables. The study of the 
quantitative problems with which we deal in education re- 
Veals two principal statistical methods of treating the meas- 
urement of human traits: (I) the method of '* attributes"; 
and (2) the method of *' variables." The measurement of 
human traits may vary in refinement all the way from the 
mere counting of the presence or absence of a trait (treated 
by the method of attributes) to the rather minute quanti- 
tative measurement of the trait (better treated by the 
method of variables). The grouping of individuals accord- 
ing to the presence or absence of a trait may be illustrated 
by: the counting of the number of pupils in a class that have 
passed or not passed; the nimiber that are of normal men- 
tality, or are mentally deficient; the number that have light 
hair or dark hair, are tall or short, blind or seeing, sane or 
insane, and so on. The methods by which we would treat 
statistics collected in this way have been denoted by Yule, 
**THE STATISTICS OF ATTRIBUTES," and they are 
to be thought of as somewhat distinct from the methods of 
treating statistics collected by more refined methods of 
measurement. These latter, which are known as the " STA- 
TISTICS OF VARIABLES," imply that the specific mag- 
nitude of the trait has been measured with reference to a 
scale made up of known units. In general the statistics 
gathered in educational research are those of measurable 
traits, i.e.| the statistics of variables. For example, we can 
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measure, in a fairly refined way, the ability of pupils in 
arithmetic, or in algebra; the mental age of children; the cost 
of teaching various subjects of study; the retardation of 
pupils in the public school, and so on. We should have 
clearly in mind therefore that the statistical methods with 
which we treat one kind of statistics — those of attributes 
— may be different from those with which we treat the other 
kind — those of variables. The term variable as used in thiis 
book may be taken to mean a varying quantity or human 
trait, — for example, arithmetic abiUty, teaching skill, the 
height of men, etc. Thus, these traits are subject to statisti- 
cal study by either mere enumeration or counting methods, 
or may be subject to fairly accurate measiurement. 

II. Classification of Statistical Data 

Grouping of data into classes. Whatever may be the 
method by which, or the degree of refinement with which 
data are collected, when we turn to their organization so that 
we may interpret the situations that they represent, we face 
the problem of " grouping." Clear thinking about large num- 
bers of facts neeessitates the condensation and organization 
of the data in systematic form. That is, we are forced to 
group our data in '"classes," and the statistical treatment of 
the data depends upon the determination of these *' classes." 

A statistical CLASS, whether of attributes or of variables, 
may be illustrated by Tables 5 and 6.^ They picture the re- 
lation that ejdsts, for example (Table 5) between the peda- 
gogical standing and the mental standing of school children. 
To do this, the pedagogical ages of the children in question 
are grouped in three classes, — "retarded," "normal," and 
"advanced," — and the mental ages according to whether 
they are "retarded," "at level" (f.e., normal) and "ad- 

^ From Stem's Psyefuiofficd Methods cf TuHnglfUdligenee, pp. 50 and 61. 
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vanoed." Coiresponding to this same classification of mental 
age> Table 6 ''groups" the pupils in three classes according 
to whether their school marks were poor, satisfactory, or 
good. Thus the 14 pupils ''retarded" in both pedagogical 
age and mental age form a "class"; 16 that were "normal" 
in pedagogical age and "retarded" in mental age form an- 
other "class." Or, turning to the "total" columns, in the 
entire group of 101 there are found: a class of 24 pupils re- 
tarded, 65 pupils normal, and 12 pupils advanced. Because 
of the fact that refined quantitative methods were not em- 
ployed in classifying the records we call these data, "STA- 
TISTICS OF ATTRIBUTES." 

Table 5. Reocation of Pbdagogical and Mental Age * 



Ptdagogieal Ag§ 


Menial Age 


Total 


Retarded 


At heel 


Adeaneed 




14 

16 






88 

5 


1 

16 

7 


24 




65 


AdvAncftd. ........r..tT 


12 






Total 


80 


47 


24 


101 
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Table 6. Relation < 


OF Mental Age and School Marks t 


adtoolMarki 


Mental Age 


• 

Tatd 


Retarded 


Atleed 


Advanced 


Poor 


29 

26 




17 
79 
13 



21 
81 


46 


Satisfactory 


126 


Good 


44 






Total 


55 


109 


52 


216 
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Suppose, however, that the standing of the 216 pupils 
represented in Table 7, instead of being grouped as poor, 
satisfactory, and good, had been given in terms of numerical 
marks on a 100 per cent scale, say, — 87, 82, 54, 76, 91, etc. 
It will be clear that the grouping of these data now neces- 
sitates setting definite numerical limits to the classes in 
which the various measures (individual marks), are going to 
fall. Now, instead of being called poor, satisfactory, good, the 
marks will be found to fall within some definite interval of 
the scale, 85.0 to 89.99; 80.0 to 84.99; 50.0 to 54.99; 75.0 to 
79.99; 90.0 to 94.99, etc. Our data thus illustrate again the 
STATISTICS OF VARIABLES, and point out the differ- 
ences between the method of treating such measures and the 
ATTRIBUTES represented in Stem's tables. 

Distribution on scales. This discussion of the grouping of 
measures has made use of several important concepts, which 
must be clearly grasped by the student. Fundamental to 
the practice of measurement are the concepts of SCALE 
and UNIT. We shall think always of mental and social 
measurements as distributed over a "scale" — i.e., a linear 
distance or a difference in numerical magnitude which will 
represent or stand for the magnitude of the measiu<es in 
question. 

For example, the ability of a group of children in hand- 
writing may vary in magnitude, let us say, from 40 to 75, 
when measured on a total scale of ''handwriting merit,'' 
such as is given in the Scale for Measuring Handwriting, 
devised by Dr. L. P. Ayres, from 20 to 90. 

Scholastic abiUties are measured, very generally, by the 
percentile marks of teachers, which are taken to represent 
the relative position of pupils on a one hundred per cent scale. 
The per-pupil costs of teaching the various high-school sub- 
jects may be pictured clearly as distributed over a "cost- 
scale/' The scale may be pictured in numerical or graphic 
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terms. Let us illustrate these points by graphic illustra- 
tions. The student will be aided in grasping the reasons for 
certain steps in statistical computation if he will always 
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supplement his numerical thinking about the ''scale" with 
a graphic picture of it. For example. Diagrams 16 and 17 
give a numerical representation of the handwriting scores of 
198 pupils grouped in various CLASS INTERVALS along 
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a SCALE, whose RANGE (the distance from the smallest 
measure to the largest measure) extends from 20 per cent 
to 90 per cent. 

ni. CiiAssBs AND Class Limits 

Manifold classification. In distinction from the rough 
grouping of attributes illustrated above, this numerical 
classification of measures is called "" manifold-classification." 
The student should be cautioned that the classes should be 
clearly marked oflf from each other by definite nmnerical 
limits, 50.0-54.99; 55.0-59.99; or 47.5-52.49; 52.5-57.49, 
etc., if the class-interval is to contain, for example, five 
units. There are three different ways in which the limits may 
be set to the intervals on the scale: 

The first method of setting class limits is to give the limits 
themselves, as: 5.0-9.99; 10.0-14.99; 15.0-19.99, etc., as 
is given in Diagram 17. The student, in beginning the 
tabulation of frequency distributions, is advised to make use 
of this definite method, clearly distinguishing the position 
of the intervals. Especially is it a helpful devi^ in increasing ^ 
the accuracy of tabulation. The use of the method 5-10.; 
10-15; 15-20, etc., leads to many errors in tabulation. The 
routine statistical work should be safeguarded at every pos- 
sible step. Clear marking off of class-intervals will tend to 
reduce errors in this particular. 

The second method of setting class limits is to express the 
interval in terms of the mid- value of the class-interval; for 
example: 7.5; 12.5; 17.5. From the standpoint of accuracy in 
tabulating the frequencies this is a very poor method, and 
leads to many errors in tabulation. 

The third mMhod is to state the interval in words in the 
form, " 5 and less than 10 "; " 10 and less than 15 "; " 15 and 
less than 20/' etc. As cautioned above, the use of the same 
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numbers in expressing the numerical limits of class-intervals, 
10, 15, 20, etc., and the complication of the word-heading 
leads to error. It should be clear that, at least for the novice 
in statistical work, class-intervals should be defined very 
carefully. Students consistently make more mistakes in the 
routine tabulation of measures than in the computation of 
means, measures of variability, etc., after the data have 
been arranged. 

IV. The Frequency Distribution: The Steps m 

ITS Construction 

Arranging a frequency distribution. The grouping or clas- 
sifying of measures consists, therefore, (1) in noting the 
length of the range, i.e., the distance between the largest 
and the smallest measures; (2) in deciding on the number of 
class-intervals (or, the size of a class-interval) into which 
you are to divide the total range of the measiures; (3) set- 
ting the position of the class-intervals (t.^., determining the 
specific class-limits) ; and (4) tabulating the FREQUENCY 
of occurrence of the measures in each of the class-intervals. 
The result of such grouping of measures is called a "FRE- 
QUENCY DISTRIBUTION," and is made up of two 
columns of figures, first a serial list of the " CLASS^INTER- 
VALS," arranged preferably with the smaller measures at 
the lower end of the scale; second, a column of " frequencies," 
which gives the number of measures tabulated in each class 
interval. Tables 7 and 8^ give illustrations of the fre- 
quency distribution as it is used in the study of educational 
problems, and which make use of the method of defining 
class-limits very carefully. 

^ Judd» C. H., and Parker, S. C, ProUem» Involved in Standardizing 
Biate Normal Schools, pp. 17, 18, 10. Bulletin no. 12, U.S. Bureau of £du« 
Cfttion. (1016.) 
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Table 7. Advancsd Dbgrbbb hbld bt Membsbs of 

Normal School Facui/tiss 



p0re0niag$ qffaeuUif 


CciUget and wiMwrnftw 


NomudtekooU 


PkJ).* 


MoHtr* 


PkD.i 


Matt^rf 


Oto 9 


2 
11 
16 
IS 

6 
10 

2 

8 

• • 

• • 


1 
1 
1 

2 

7 

8 

11 

11 

15 

6 


22 
8 

2 

■■ !■ II 1 1 


8 


10 to 19 


6 


20 to 29 


5 


80to 89 


7 


40 to 49 


6 


50 to 59 


A 


60 to 69 





70 to 79 


1 


80 to 89 




90 to 100 








Total 


68 


68 


82 


82 
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Tablb 8. AvsRAOE Salabieb in North Central 
Colleges and Noriial Schools 



Balanst 


Univern- 

tiuand 

ooUtgn 


Normal 
•ekooU 


BaktriM 


I7tttff0r«t- 

Heiond 

coOtgtt 


Noma 
tckooU 


$900 to $999 
1000 to 1099 
1100 to 1199 
1200 to 1299 
1800 to 1899 
1400 to 1499 
1500 to 1599 


• • 
8 
4 
8 
6 
7 
6 


1 

• • 
1 
2 
1 
5 
8 


$1600 to $1600 
1700 to 1799 
1800 to 1899 
1900 to 1999 
2000 to 2099 
2100 and over 

No information 


9 
9 

2 
5 
1 
2 
10 


8 
8 
5 
1 

.• • 
8 
7 


Total 


84 


18 


Total 


88 


22 



The first step in constructing the frequency distribution. 
To make clear the construction of the frequency distribution 
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let us work through a problem with the following illustrative 
data. Table 9 gives the "original measures," — in this 
case, the marks given to 123 pupils in English. Running 
down each of the columns we note that the lowest mark given 
was 20; the highest, 95. Thus the range is 75. In the treat- 
ment of these data our aim is to classify them in such a way 
that, for example, an "average," computed for the data 
in the classified or condensed form, will be very closely the 
same as the " true average," which would be computed from 
the entire list of the original measures themselves. 

Table 9. Class Mabks qjyes to 123 High-School 

Pupils in English 

80 57 45 74 05 80 78 87 58 80 57 52 
75 75 63 75 84 50 77 76 63 00 79 80 
58 71 60 85 76 76 72 78 56 75 84 80 
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The second step in constructing the frequency distribu- 
tion. This b: deciding on the number of class-intervals into 
which the range shall be divided; {.«., how many units on 
the scale shall be included in one class-interval. Two ques- 
tions have to be answered: — 

(1) How large may the class-interval be made and still 
give reasonably small errors in the computation of ** aver- 
ages," etc. The larger we make the interval — that is, the 
more greatly measures are condensed — the more do we 
cut down our labor of arithmetic computation. In an ex- 
tensive investigation, which includes many frequency dis> 
tributions made up from data that show similar diaracteris- 
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tics as to variation, it may be feasible to take the time to 
group the data in several diflFerent frequency-distributions, 
computing, say, some average value for each. If the student 
does so he will note that as he makes the size of class-inter- 
val smaller there will be an "optimimi size" beyond which 
further reduction will not give an increase of accuracy of the 
average. In most educational investigations, however, an em- 
pirical rule can be given to guide the student in his work. In 
general, when the units of the scale covered by the range are 
as few as 10, 15, or even 20, nothing is to be gained by group- 
ing the data in fewer classes, and we may let each unit repre- 

i sent a class-interval. For example, in the problem given in 
Table 18 there are 12 different unit costs of teaching 
English, the frequency, of the occurrence of each of which 
is given for 148 Kansas cities. The true mean may be rapidly 
computed without grouping. On the other hand, the 123 
class marks given in the foregoing problem cover a range 
of 75 units, and obviously must be grouped. A practical 
rule is to condense to not more than 20 intervals, and to 

' choose a size that gives ease of tabulation. In this case 

. class-intervals of 5 units convert a range of 75 units into 15 

■ class-intervals, a good working number. 

(2) In what ways are the measures concentrated around 
certain average values? For example, are most of the marks 
in the illustrative example grouped in the middle of the scale, 
with about the same number of measures on each side (that 
is, do they form a fairly "symmetrical" distribution), or are 
they widely scattered over the scale, each value occurring 
only a few times? This question can be answered roughly 
by careful inspection of the Usts of original measures. If 
such inspection leads to the conclusion that the measures 
are fairly well concentrated, or are synunetrically dispersed 
over the scale, the particular method of grouping will not 
cfoiae a fluctuation in the value of the ** average" or the 
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** measure of variability" that is computed from the fre- 
quency distribution. 

Fundamental assumption underlying grouping. There is 
one fundamental assumption that we make in all ""group- 
ing" of measures in a frequency distribution, namely, that 
all the values in any class-interval are concentrated at the 
mid-point of the interval, and may be represented by the 
value of this mid-point. For example, if the data of Table 
9 were grouped in class-intervals of 5 per cent, as in 73.0- 
77.99; 78.0-82.99; etc., then the values of 74, 73, 75, 76, 77 
all fall within the interval 73.0-77.99, and for all practical 
purposes are each assumed to be equal to the mid-value, 
75.5. It will be clear that, with very unsymmetrical dis- 
tributions, the assumption is untenable as large errors of 
computation come about. For example in the cost prob- 
lem on page 116, grouping the original distribution in class 
intervals of 2 makes at the low end of the range a very ma- 
terial error in the first interval, one city actually having a 
per-pupil recitation cost of one cent, and 26 cities a cost of 
two cents, the "grouping" causing us to assume that 27 
cities each have a cost of 1.5 cents. The error in computing 
the "average," due to this assumption, is partly compen- 
sated for, however, by the next interval in whidi are com- 
bined 46 measures at three cents, and 26 measures at four 
oents, oflFsetting in part the "skewing " of the average toward 
the low end of the scale. In some educational investiga- 
tions the data are either so scattered, or are concentrated 
unsymmetrically, — more heavily at one end of the scale, — 
that it is necessary to be cautious about grouping. It should , 
be pointed out that with most educational measurements 
the data are concentrated fairly near the middle of the scale, < 
and tend to be fairly symmetrical. This is a fortunate con- 
dition, and makes relatively easy for the student the problem 
of grouping his data. In general he may accept it as a rule. 
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for guiding the preparation of frequency distributions, that 
he should get a working number of class-intervals, say from 
10 to 20, but at the same time should make the interval as 
small as is necessary to reveal any particularly predominant 
points on the scale. 

Summary as to dass-intervalsu Summing up the fore- 
going statements on the question of deciding the number of 
dass-intervals, we see that the class-interval must be made 
as large as is possible, and at the same time give relatively 
slight error in computation from the frequency distribution; 
that the intervals should not exceed approximately 20 in 
number, or, in general, be less than 10; that the grouping 
can be done much more completely if the measures are con- 
centrated fairly near the middle of the range, and are dis- 
tributed in a somewhat symmetrical manner on both sides 
of this general point of concentration; that in all grouping 
we make the very important assumption that all measures 
in a class-interval are grouped at the mid-point of the inter- 
val, and are equal to it in value, and that this assumption is 
[pertinent to the determination of the size of the interval, the 
J larger and more unsfynmietrical the distribution of measures 
J in the interval the greater the error made in making the 
assumption. 

Third step in constracting the frequency distribution — 
determining the position ctf the class-intenmls. In dividing 
up the range into class-intervals we are forced to decide at 
what digits to set the numerical limits of the intervals, — 
50.0, 55.0, or 47.5, 52.5, 57.5, or 53, 58, 63, etc. Two criteria 
control this decision: First, the interval should be set at 
such points on the scale as will lead to the greatest ease and 
accuracy of tabulation. The experience of the writer and 
his students leads to the belief that to satisfy this criterion, 

f intervals should not only start and stop with digits, but 
should make use of the basic tens eystem wherever pos- 
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sible. Thus the measures given m Table 10, Classifications 
I and II, make use of this method, — 50.0-54.99; 55.0-^9.99; 
60.O~64.99, etc. The second criterion has to do with the 
later manipulation of the measures in the frequency dis- 
tributions, — such as is required in the working of the 
weighted arithmetic mean. Such computation requires the 
multiplication of the frequencies by the mid-points of the 
class-intervals. To cut down the arithmetic labor involved 
in this process would seem to demand that the mid-point be 
an integer, — for example, 55^ 60, 65, 70, etc. Classifications 
I, II, m, and rV of the data in Table 10 illustrate the differ- 
ences in the computation with the mid-points at integral 
and decimal points. 

The later discussion of the computation of averages and 
variability shows, however, that the actual multiplication 
may all be reduced to mental processes (by the use of short 
methods). For this reason the second criterion should not 
hold in deciding on the position of class-intervals. It is the 
writer's judgment that accuracy and rapidity of tabulation 
should guide the student, and cause him to use that classi- 
fication of Umits for his intervals that bring about the most 
rapid and most accurate tabulation. It is recommended that 
for distributions covering a large portion of the percentile / 
range, intervals of 5 be used, and that their limits be set at i 
80.0, 25.0, 30.0, 35.0, etc. J 

V. The Graphic Representation op EDUCATtoNAL 

Data 

Importance of graphic representation. The fundamental 
aim of all statistical organization of educational data is to 
secure clear interpretation of the situation represented by 
the data. The numerical classification of large numbers of 
facts in the frequency distribution is certainly the first im« 
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portant step in condensing the original measures so that the 
mind can deal clearly with them. It will be shown in the 
. next two chapters that there are two major numerical 
i methods of further condensing the material, — the method 
I of " averages," and the method of " variability." Each of the 
methods condenses the facts of the frequency distribution 
into a smgle number, and aids materially in the interpre- 
tation of the data. But thorough use can be made of such 
measures only by the most experienced manipulator of 
statistical methods. The student needs still more concrete 
methods of representing facts. Probably the greatest aid to 
sound interpretation of statistical data will come from the 
graphic representation of the facts in question. At this point, 
then, it will be well to take up a brief discussion of the 
plotting of frequency distributions. 

Representing a frequency distribution. There are two 

principal methods of representing a frequency distribution 

} by a graph: (1) that which gives the FREQUENCY POLY- 

; GON; and (2) that which gives the HISTOGRAM or 

; COLUMN DIAGRAM. The two methods are illustrated by 

' Diagrams 20 and 21, which graphically represent the data 

of Table 10, in three different classifications. In both types 

the horizontal base line represents Ike scale along which the 

class-intervals of the frequency distribution are laid off. 

The class-intervals are laid off on this scale by making use 

of the largest " unit " that the width of the paper will permit. 

The vertical lines represent the number of measures found to 

fall in a particular class-interval or at a particular point on 

the scale. 

General directions for plotting. All graphing is done on 
two basic lines or axes. Using our established notation we 
may call these OX and OY. Keeping the accepted alge- 
braic methods of graphing we shall lay off all units on the 
horizontal scale from left to right, and all units on the 
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vertical scale from bottom to top. Doing this, as in Dia- 
gram 18, the steps in making the frequency polygon are 
these: — 

1. Note the numerical amount of the range of the fre* 
quency distribuiion, 

2. Lay off the units of the frequency distribution on the 
base line OX. Make the units as large as possible and yet 
get all of the distribution on 

one piece of paper. Obviously 
the selection of units must be 
left to the judgment of the 
draftsman. Mark clearly the 
limits of the class-intervals on 
the base line. 

3. At the mid-point of each 
class-interval draw a vertical 
line, the length of which repre- 
sents, to any selected scale, the 
number of measures that have 
been found to fall within that 

class-interval. K your data are definite integral records* 
varying by units of one each, such as the number of prob- 
lems solved by large numbers of pupils in arithmetic, — say, 
10 solving 5, 14 solvmg 6, 72 solving 7, 158 solving 8, 49 
solving 9, 10 solving 10, etc., — then draw the vertical lines 
representing the number of individuals at these definite unit 
points, 5, 6, 7, 8, 9, 10, etc. No grouping of records is done, 
and no assumption is made that the measures are concen- 
trated at the mid-point of the class-interval. 

Size of unit. The selection of the size of the "unit** in 
laying off the number of measures on the vertical lines is 
arbitrary. Two principles of construction should control it 
however: (1) The units should be made large enough that 
the whole distribution may be pictiured on one graph — the 
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size of the paper chosen will determine this point. (2) The 
units must be large enough to make very clear the charac- 
teristic features of the distribution. This means that the 
horizontal and vertical scales shall be so taken that the 
polygon is sufficiently *' steep" to indicate distinct changes 
in the distribution of the data. Especially is this true of 
graphs which picture rates of increase, in which case we 
should avoid using a small scale, which will result in a very 
"flat" polygon. 

The student should be directed to indicate very clearly 
on the graph: (1) the limits of the class-intervals; (2) th< 
distribution of the units along the vertical axis OY. 

The frequency polygon. Diagrams 19, 20, and 21 illus- 
trate the plotting of the frequency-distribution for two kinds 
of records: (1) ungrouped measures expressed in integral 
units; (2) measures grouped in class-intervals. The measm^s 
for the first illustration are arranged in the frequency dis- 
tribution, shown in Table 11. Such a table is then plotted 
as is shown in Diagram 19. 

Table 11. Numbbb of Factobino PBOBLsaiffs solved cob- 

BBCTLT BY 137 PUPIIA IN FiB8T-YeAB AlGEBBA 



No. qfprobUmt 
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85 
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21 
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16 
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Diagram 20 illustrates the plotting of measures which 
Jiave been grouped in the frequency polygon. The student 
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should be reminded again of the fundamental assumption 
underlying this method, namely: the values of all meas- 
ures in the class-interval are assumed to be equal to the 
mid-value of the interval) and in jAotting are actually con- 
centrated at this mid-value. An important corollary to the 
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above statement, then, is this : the total number of measures ' 
in the frequency distribution is equal, to scale, to the total ! 
length of all the vertical distances laid off above the mid- i 
points of the clasa-intervals. 

The histc^ram, or column diagram. Thus the procedure 
stated above for the plotting of frequency polygons repre- 
sents the frequency distributions by the length of vertical 
lines erected at the mid-points of class-intervals. Another 
specific method of graphically representing the distribution 
of measures over a scale is to assume that the measures may 
be represented by the area of rectangles, constructed with 
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the base of the rectangle equal to the length of the class- 
interval, and the altitude equal (to the chosen scale) to the 
number of measures in that class-interval. (Diagram 21.) 
It will be clear that such plotting of measures makes the 
definite assumption that measures are distributed uniformly 
throughout the interval. This assumption is to be contrasted 
with the one made in the case of the frequency polygon, — 
namely, that all measures in the class-interval are concen- 
trated at the mid-point of the interval. 

Plotting of this kind has to do with a definite and gen- 
erally fairly small number of measurements which have been 
made, in educational research, with rather rough measuring 
instruments. With the development of very refined meth- 
ods of measuring, and the collection of a large number of 
measiu'es, the measures would be found to vary from each 
other by very small amounts. Furthermore, human measure- 
ments, when compiled in large numbers, point to the fact 
that the numbers of measures at consecutive points on 
the scale are closely the same. That is, as we increase the 
accurapy of measurement and the number of observations, 
the mid-points of our class-intervals move more and more 
closely together. Furthermore, the tops of the ordinates 
erected at these points tend to form a continuous ciu've, 
instead of a polygon of broken lines. This curve we speak of 
then, as a FREQUENCY CURVE, and the total area be- 
tween the curve and the base line represents the total number of 
measures. This is important for the student to hold in mind 
in connection with the later graphic treatment of measures. 

It will be evident that the area under the frequency poly- 
gon represents very inadequately the number of measures in 
the distribution, in those cases in which the number is 
small and the range is relatively large. In such cases it is 
suggested that the column diagram be drawn, as typifying 
more clearly, by its area, the true status of the measures. 
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S. Plot & frequency polygon for each of the three distributions of problem 
No. 1. Select such a scale on X and Y that you can plot the three graphs 
one above the other on one cross-section sheet. Place the graphs so that 
corresponding points on the scales of the three distributions will fall on 
the same vertical line. 

4. For the data given in each series in problem No. 2, plot a column diet- 
gram. Select such a scale on X and Y that you can plot the three 
graphs one above the other on one cross-section sheet. Place the graphs so 
that corresponding points on the scales of the three distributions will fall 
on the same vertical line. 



CHAPTER V 

THE METHOD OF AVERAGES 

The FmsT Mbthod of describing a Fbequenct 

Distribution 

1. General statement of methods of describing a frequency- 

distrihviion 

Measures of condensation and organization. Having 
discussed the method of organizing material in the form of a 
frequency distribution, we are now prepared to take up the 
consideration of methods of statistically treating the distri- 
bution. It seems clear that the organization of the material 
in serial class arrangement, as in a f requenqy distribution, is 
but a preUminary step to the definite quantitative treatment 
of the material itself. The frequency distribution with its 
accompanying diagrams may represent adequately the 
status of the numerical data. It does not, however, enable 
definite comparison of its central tendency («.^., the "aver- 
age") with that of the typical status (the "average") of 
other distributions. To make these comparisons, to be 
able to portray the typical numerical situation concisely and 
completely, we need measures of condensation and organiza- 
tion. There are three principal methods of typifying fre- 
quency distributions that wiU aid in comparison. 

Central tendency and variability. The first method is 
the method of averages or of "central tendenpy "; i.«., the 
method that shows how distributions differ in position^ as 
shown by the size of the measure around which the measures 
largely cluster. The second method is, method of varia- 
bility; i.e.y the method that indicates the way in which 
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the separate measures of two distributions, '* spread,'' or 
"fluctuate," aroimd the "average/* It is clearly not suffi- 
cient to be able to compare the status of two distributions 
by stating their average value. The average value may be 
and often is a deceptive value for use in comparative work. 

In fact, any one 
statistical measure 
will probably be an 
inadequate means 
of f uUy describing 
any group of data* 
This is clearly shown 
by the frequency 
curves drawn in Di- 
agram 22, in which 
the average value 
of the two distribu- 
tions is identical, 
but in which one 
DuoRAif %%. Ideal Cttbvbs drawn to iLLt7»- distribution is twice 
, TBATB DnrrEBENOB IN Vabiabujty in Two ^. ^^u^ -.- 4.u^ 

Dl8TIIIBUnON8.WH08EMi;ANBABEIDENnCAL a«/«^W« f« the 

other. In this illus- 
trative case it would be quite incorrect to infer from the 
identity of the average standing of the two classes that the 
distributions of abilities are equal. In this case at least we 
need a measure which will enable us to compare ih^ variaiion 
of ability in the two classes about the average ability of each. 

The method of relationship. The third method of treat- 
ing frequency distributions is the method of relationship. For 
example, we need to know how one type of ability is related 
to another type of ability; how one type of activity "cor- 
responds" to, or "correlates" with, another; what efiFect one 
type of learning has on another type; how ability in mathe- 
matics is related to ability in languages, etc., etc. 
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Throughout the discussion of the use of averages and 
measures of variability we should have in mind the fact 
that for an adequate comprehension of the status of a group 
of numerical data one needs to study and interpret the whole 
distribution. Averages* and variability measures, and meas- 
ures of relationship are but means of representing central 
tendency by statements of the most probable value of the 
measure in question. For example, the arithmetic mean 
(the commonly used ^'average") may be said to be the **most 
probcMe value of a eeries of measures" The value of the corre- 
lation coeflScient, "r" (.17, .83, .42, or what-not) may be 
said to be only a statement of the most probable value of the 
degree of relationship which exists between the two traits in 
question. If it were said that the coefficient of correlation, 
"r '* for the relationship that exists between scholastic abiUty 
in mathematics and that in languages, is .70, we should be 
able to use this value of .70 as a statement of the probability 
that as ** ability in langtmge" increases, so does ** ability in 
mathematics" tend to increase. That is, that pupils high in 
mathematics tend to be high in languages. It is desired to 
emphasize this precaution against the wholesale acceptance 
of statistical devices, and to point out the need for a thorough 
tabulation of the original data in such complete fashion 
that detailed study and interpretation may be made of the 
raw material. With this brief preliminary statement we shall 
turn at once to the treatment of the problem of " averages.'* 

2. Discussion of aiverages used in educational research 

Averages describe frequency distributions by pointing 
out central tendencies. The attempt to describe a classi- 
fication of educational data by a single number must be an 
arbitrary process. The student thrown on his own resoiurces 
and forced to invent a way of typifying a distribution 
would doubtless hit upon one of the several accepted ways 



100 STATISTICAL BCETHODS 

of doing that. Suppose that he had plotted a frequency 
polygon from his data, as in Diagram 19, and had raised the 
questions — What is the most evident "central tendency'* 
of these data? What is their most characteristic or typical 
feature? It is evident that the most outstanding charac- 
teristic is shown by the high point or peak existing in the 
frequenpy polygon. Since the height of the vertical ordi- 
nate in each case represents the number of measures, this 
high point means that a larger number of pupils solved 
eight problems correctly than any other particular number 
of problems. The corresponding point on the scale, then» 
may be called: — 

I. The Mode 

First method of pointing out central tendencies. The mode 
is simply that value on the scale which occurs most fre- 
quently. It is clear that we have here a rough device for 
indicating the typical tendency of a mass of data. The value 
that occurs the most frequently obviously points out ceu" 
tral tendencies^ provided a large enough number of meas- 
ures is included in the frequency distribution to make it a 
representative or "random" sample of the total group. 
We shall dear up the question of "sampling" in a later 
chapter, but may point out now that the number of meas- 
ures in a distribution is large enough to form a "random 
sample" when it reaches such a number that the addition of 
another similar group of measures will not cause a fluctua- 
tion in the magnitude of the "average" that is computed 
from it. Under such a condition, the mode roughly typifies 
the distribution in question. 

The student should recognize two distinct problems arising 
in connection with the use of the mode in interpreting his 
data. (1) It may be used only as an approximate " inspec- 
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tion" average. Inspection of the frequency: polygon re- 
veals the modal value (or modal values if ther^' should prove 
to be more than one distinct peak in the pofygon). This 
specific modal value, which is the mid-value of the class- 
interval that contains the largest number of mea^ur^, 
depends — within a certain range over the scale — upon the' 
size and position of class-intervals. To a considerable eident^ 
with distributions of Umited numbers of ca^s, and with 
distributions decidedly unsymmetrical in shape, this crude 
inspection mode is an unstable average. On the whole we 
should caution against using it for any purpose except as a 
very rough aid in the preUminary inspection of the fre- 
quency distribution, as an aid in "characterizing the type," 
— picking out smnmit points and central tendencies in the 
frequency curve. 

(i) The term "mode" should be technically reserved for 
the "theoretical mode" (introduced by Professor Karl 
Pearson in 190^), which is thoroughly mathematical in its 
origin. It was noted above that the mid-value of the class- 
interval containing the largest frequency depends upon the 
selection of the size and position of class-intervals. It should 
be emphasized that the larger part of our statistical work in 
school research is done on a distinctly limited number of 
measures, and with unrefined measuring instruments. If we 
will postulate the increase of the number of measures to a 
number relatively large, and an increasing refinement of the 
measurement itself, then the frequency polygon (or column 
diagram), which we draw to represent our actual recorded 
data, may be said to approach continually a "continuous" 
or "ideal" frequency curve as a limit. That is, the smooth 
frequency curve (for example. Diagram 23, from the data 
of Table 11) rei)resents the ideal situation, — the law that 
would be obtained by refined measurement of a very large 
number of cases. 
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Practically, however, we cannot attain to suffidently re- 
fined measurement of an infinitely large number of cases, 
and we have. to cont^it ourselves with a theoretical fitting 
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ftf some (re<iuency curve, whose equation is known, to the 
actual measurements. This takes the student at once to 
the advanced theory of curve-fitting, the thorough tmde^ 
standing of which implies a considerable amount of mathe- 
matical training. Thus, the discussion of the calculation dL 



THE METHOD OF AVERAGES \6S 

the "true mode" is cleaxly beyond the scope of the present 
work.^ 

Pearson's empirical rule for calculating mode. Fortu- 
nately, most of our distributions in educational research are 
but " moderately skewed," — that is, the measures are 
largely concentrated somewhere near the central portion of 
the range. For such distributions (for example Diagram iS, 
from data on Table 12) Pearson has given us an em- 
pirical rule for quickly calculating an approximation to 
this mode, which will very closely approach the true mode. 
It depends, however, on the previous computation of the 
arithmetic mean and the median. (These averages will be 
taken up next m this discussion.) This may be expressed 
as: — 

The mode « Mean — 3 (mean —median). 

That is, with moderately unsymmetrical distributions the 
median, mean, and mode stand in such a relation that 
the median is always about one third of the distance from 
the mean towards the mode. Applying this to our illustra* 
tion in Diagram 20 we find, mean = 72.6; median »= 75.64; 
difference between them = S.04. Therefore the approxi- 
mate mode is 81.72. 

To give an estimate of the closeness with which the mode 
calculated by the use of this empirical* relation approaches 
the "true" mode we give on page 104 two tables from Yule. 

II. The Median 

Second method of pointing out central tendencies. If the 
commonest measure or value on the scale is the most evident 

^ Complete directions are given in the complete bibliography in the 
Appendix concerning methods of finding the mathematical literature 
oovering the theory of curve fitting. 
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Table 12. Compabibon of the Approximate and Trttb 
Modes in the Case op Five Distributions of Pauperism 
(Percentages of the Population in Receipt of Relief) 
IN THE Unions of England and Wales* 



Year 


Mean 


Median 


Approximats 
mode 


True mode 


1850 


6.508 
5.195 
5.451 
3.676 
3.289 


6.261 
5.000 
5.380 
3.523 
3.195 


5.767 
4.610 
5.238 
3.217 
3.007 


5.815 


I860 


4.657 


1870 


5.038 


1881 


3.240 


1891 


2.987 







• * Yule, Jour, Bay. 8UU, 8oe., yoI. uz, p. 122. (1896.) 

Table 13. Comparison of the Approximate and True 
Modes in the Case of Five Distributions of the Height 
OF THE Barometer for Daily Observations at the Sta- 

TIONS NAMED t 



Station 


Mean 


Median 


Approximate 
mode 


True mods 


Southampton . . 
Londonderry.. . 
Carmarthen . . . 

Glasgow 

Dundee 


29.981 
29.891 
29.952 
29.886 
29.870 


30.000 
29.915 
29.974 
29.906 
29.890 


30.038 
29.963 
30.018 
29.946 
29.930 


30.039 
29.960 
30.013 
29.967 
29.951 



t Distribationa given by EJurl Pearson and Alice Lee, Phil, Trane.t A, yoI. ozo, p. 423. 
(1897.) 



method of pointing out central tendencies in a distribution, 
the second is plain: find some pertinent middle value. Such 
a value is tiie median^ defined rigorously as that point on the 
scale of the frequency distribviion^ on each side of which one 
half of the measures falls. It will be helpful to the student 
to do his thinking strictly in terms of the linear scale which 
represents the frequency distribution. The completeness 
with which the student refers to a scale all of his work with 
frequency distributions will be determined largely by the 
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number of cases involved, and the distribution of their 
respective values. For example, we face two distinct prob- 
lems in averaging. 

Continuous series at measures. First — we have to do 
with two distinctly difierent kinds of measures in educational 
research: continuous series of measures, and discontinuous 
series of measures. A continuous series of measures is one in 
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which the quantities are subject to any degree of di\nb9ion. 
For example, the arithmetical ability of a class of boys, as 
shown by the scores made on tests or by their class marks; 
their heights, weights and other anthropometrical measure- 
ments; in fact nearly all anthropometrical and social attri- 
butes such as we meet in educational research. We shall 
comment in detail in a later chapter on the form of the dis- 
tribution of such human traits, but we may point out here, 
in order to iUustrate the point of the discussion, that most 
human measurements have been found to conform rcyughly 
to some such smooth curve as is given in Diagram 24, Fig. %. 

The base line of this curve represents, in each case, the 
status of the trait in question, for a very large number dt 
persons. The method of testing such ability results in inte- 
gral scores, it is true, but in each case these irUegral scores 
represent the mid-valites of various dass-irdervals on the scale. 

For example. Tables 14 and 15 give the scores obtained 
by two groups of eleven pupils in a test for ability in 
factoring. 

Each of these scores, 24, 23, 22, etc., means that the pupil 
had solved 24, or 23, or 22 problems, and was working on the 
next. That is, we let the integral score 22, for example, 
represent a distance in the scale, say the distance (or class- 
interval) from 21.5 to 22.5, or from 22.0 to 22.99. We spoke 
of it, in the previous chapter, as the mid-value of the class- 
interval. Thus we see that such measures form continuous 
series, — that if we refine our methods of testing we will 
get scores of 22.1, 22.2, etc., instead of 22, 23, 24. 

Discontinuous series of measures. On the other hand, 
although most of our measurements are of the foregoing type, 
we do meet discontinuous series in our study of educational 
problems. For example, all our records of attendance contain 
gaps, — whether by classes, schools, or grades; the salary 
schedules of teachers contain distinct gaps, — we advance 
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teachers by jumps of $25.00, or $50.00, or $100.00, etc. It 
should be clear, however, that jor 'purposes of pointing out 
central tendencies these measures may best be distributed 
along a scale and grouped, each group thus representing a 
distance on the "salary scale." 

The second definite problem that has to be clear to the stu- 
dent who wishes to grasp sound methods of ^'averaging'* 
takes aocoimt, first, of the differences in proper methods to 
use in the case of small numbers of measures, as opposed to 
large numbers, and, second, of the shape of the frequency 
distribution. This latter point takes account of the degree 
to which the measures are concentrated at different points 
on the scale, — whether near the middle or at the extreme 
ends. The two points must, however, be discussed together. 

With small numbers of measures (perhaps 10 to ^ or 
80), and anything but a very symmetrical distribution over 
a fairly short range, the wisdom of using any average to 
typify the measures is questionable. Rather than do this» 
the whole distribution should be presented and discussed in 
detail. Furthermore, the form of the distribution or the way 
in which the measures are concentrated at particular points 
on the scale may render any single measiu'e decidedly ficti- 
tious. For example, suppose that the distribution showed 
a large proportion of measures largely concentrated at the 
very end of the range, but with decided numbers scattered 
throughout the entire range. The attempt to find some one 
typical measure to point out the central tendency of these 
measures must result in a partially fictitious statement of 
affairs. On the other hand, with the distribution of algebra 
scores shown in Diagram 19, a middle value, say 8, in 
Table 11, typifies the group very well. So, in turning to the 
discussion of the finding of the median, a central-most value, 
we should take up the discussion with a full recognition of 
the Umitations of such single measures in typifying distri- 
butions of certain kinds. 
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We said that the mode was an " inspectional average." 
In the same way, the median is a counting average. Its de- 
termmation includes two steps: (1) the arrangement of the 
measures in serial or rank order, placing the largest one first 
and the smallest one last or vice-versa; (2) the counting in 
of the measures from one end to determine the point on 
each side of which half of the measiu'es fall. The specific 
computation of the median depends upon whether the meas- 
iu'es are arranged in a simple series or in a grouped fre- 
quency distribution. 

Computation of the m^edian 

(A) With tiie measures in a simple series. By a simple 
series we mean a distribution of values on a scale, each of 
which values occurs once. Thus Tables 14 and 15 give 
simple series of an odd number of measures, 11. In * 
Table 14 it is clear that the middle-most meastu*e, the 
sixth (19) is the median of the series, regardless of whether 
we define the median carefully as the point on the scale on 
each side of which there is an equal number of cases, or 
as the middle measure. Many people have been defining 
the median as the middle-most measure in the series. Ob- 
viously if we add a twelfth measure (say one case of 13 prob- 
lems in Table 14) we now have no middle measure. We 
are forced to assume that the median is the value half-way 
between 18 and 19, or 18.5. This latter way of defining the 
median assumes that the median is the (N + l)th measure | 

•» — -s g|^ measure). We shall define 

it throughout this discussion as a point on the scale on each \ 
side of which iV/2 measures are found to fall. \ 

Table 14 therefore offers no very real difficulty in typi- 
fying the distribution, — the measures are uniformly dis'* 
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tribvied by units of one. In Table 15, however, the 11 meas< 
ures are scattered over a wider range. Now the middle 
measiure is 10, the median under the i V + 1 definition. 

Adding a measure, say 21, mak;es our total 12, with no 
middle measure but a hypothetical median at 13, half 
way between 10 and 16. It should, of course, be stressed 
that with 11 measures, any "average'' is a questionable 
measure of central tendency. 

(B) With the measures grouped in a frequency distribu- 
tion. As the number of measures becomes larger (30 or 40, 
perhaps, and upward) we are forced to group our measures 
in a frequency-distribution. For purposes of computing the 
median we now make an important assumption: the meas^ 
ures in any doss-interval are distributed uniformly through- 
out the interval, but may be represented by the value of the 
mid-point. The computation may now be illustrated by the 
distribution in Table 16. 



Table 16. Distribvtion op Marks in Latin givbn to 

£89 HiOH-ScHoOL Pupils 



-^4 \ 



CUut'ifUmd 


No.(ifpupiti 


95.0-100.00 


22) 
68) 


90.0- 94.99 


85.0- 89.99 


51^ 


80.0- 84.99 


28 


75.0- 79.99 


47 


70.0- 74.99 


83 


65.0- 69.99 


21 


60.0- 64.99 


9 


55.0- 59.99 


6 


50.0- 54.99 


2 


45.0- 49.99 


1 


40.0- 44.99 


1 



N»289 



Half the measures, i.e., iV/2 = 144.5. Therefore we wish a 
point on the scale on each side of which there are 144.5 



THE METHOD OF AVERAGES 



111 



. Counting down from the top the three class-inter- 
vals 95.0-100.0, 90.0-94.99, and 85.0-89.99 contain 141 
measures. That is, 141 measures have values greater than 
85.0. In the class-interval 80.0-84.99, there are 28 measures, 
assumed to be distributed uniformly throughout the interval. 
Diagrams 25 and 26 show graphically the method of finding 



fr/bujer^ unl- 
'**■' out /r^rya/^ 




A7F^fiiIs~ 




DiAOBAMa 2A AND M. To nxcaTBATX Coufdtation 



the median point on the scale. It is found to tall at a point I 
in the mterval, 3.5/28th3 of the distance from 85.0 to 80.0. j 
In numerical terms, then, the median is: 85.0 — 8.5/28 X 5 
-85.0 -0.63 -84.87. 

The same result b obtained working up from the bottom 
of the scale. Thus, class-intervals, 40.0-~44.99 to 75.0-79.99 
inclusive (or from 40.0 to 80.0) contain 120 measures. We 



0^ 



112 STATISTICAL METHODS 

wish the pomt on the scale on each side of which there are 
144.5 cases. Therefore we need to go up into the class-in- 
terval 80.0-84.99, 24.5/28ths of the entire distance in the 
intervals. In units on the scale this means £4.5/£8 X 5 added 
to 80.0, which is the value of the lower limit of the scale, 
" 84.37 as before. 

It will be noted that, to define the median as the point 
on the scale on each side of which there are iV/2 measures, 
makes it possible to compute the median from either end of 
the scale and secure a constant value. This calls attention to 
the fact that the definition of the median as the (iV + l/2)th 
measure leads to inconsistent results. For example, in the 
computation of the foUowing simple problem: — 

A' ,. 

1 ■■«' ^f. 



.': ''{'. ••* 


CUut-interval 


Frequency f 




20.0-24.99 
15.0-19.94 


Z)^ 


10.0-14.99 


29 


•^^ 


5.0- 9.99 


'\\^ 




0.0- 4.99 




Total 


95 



Working from the 20-25 class-interval downward the me- 
dian equals: — 

48-40 
15.0 - -— — X 5-15 - 1.379 - 13.621 

Working upwards from the 0-5 class, the median is: — 

10.0 4- ^^-^ X 5 - 10 + 3.793 = 13.793 

, Thus, computing the median from one end of the distribu- 

■ tion gives 13.621; from the other, 18.798. The method used 

should give the same result, regardless of the direction of 

computation. It is suggested here that the student should 

always check his work by counting in from both ends of the 
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distribution. Using the method of computing the median, 
adopted here, the work checks up as follows: 

(a) Working from 20-25 : median equals the point on the 
scale on each side of which there are JV/2 or 47.5 measures. 
Therefore 

47 5 — 40 
Md--15 ^-—-^X5= 15-1.30= 13.70 

(6) Working upward from the bottom of the distribution: — 

Md -= 10+ — — X 5 = 13.70 

Summary of steps in computing median. In concluding 
the discussion of the median let us summarize the steps in 
its computation for the frequency distribution. 



o 



A 



First : compute iV/2 measures. 

Second : Beginning at either end of the distribution, say the lower 

end, count the number of measures included in all class-intervals to ^ 

the interval thai contains the median, 

N -I-'" 

Third: From •— measures subtract the total number below the ^i6 ^, 

interval (obtained in step 2). This number of measures is the 
number that is needed to be included from the next interval to 
bring the computation to the median point on the scale. 

Fourth : Divide this remainder by the number of measures in this * ' 
interval (containing the median). This is the proportion of the i*\ 
total measures in the interval that are needed to bring the com- 
putation to the median point. 

Fifth: Multiply this ratio by the number of units in a class- ^''' ^^ 
interval. The product is the number of units on the scale that need ^^ 
to be added to the value of the lower limit of the class-interval to 
give the median. . .,• 

Sixth : Add this number to the value of the lower limit of the . . -, * _ , 
class-interval. This is the median point on the scale. Ease of 
computation and checking will be facilitated by expressing the 
value of the lower and upper limits of class-intervals as whole 
numbers, 80.0, 85.0, 90.0, etc., instead of 79.99, 84.99, 89.99, etc. 
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This whole process can be duplicated from the upper end 
of the scale by subtracting instead of by adding. 



III. The Arithmetic Mean 

Third mefiiod of pointing out central tendencies. We des- 
, i.*^"^ignated our first method of pointing out central tenden- 
cies, the n^e, as a rough *' inspectional average''; our 
^> second method, the median^ as a '"counting average." It is 
clear that either of these methods take account but indi- 
rectly of the VALUES of the measures in the distribution. 
That is, the mode is determined by the number of measures 
that happen to be concentrated most largely at a certain 
point, — that is, the mode is a "position" average. Simi- 
larly, the median takes account of the actual VALUES of 
the measures only in their serial or rank order arrangement. 
The remaining steps in the computation of the median rec- 
ognize each measure equally with aU other measures. For 
example, in Table 10, and Diagram 20, the extreme meas- 
ures of the distributions have equal weight with all other 
intermediate measures in the middle part of the range. 

We have definite need, however, for a measure of central 
tendency which will take account not only of the position of 
each of the measures, but also of their actual numerical value. 
Such a measure is the arithmetic mean, which is very gen- 
erally called the "average," or "arithmetic average." It 
should be pointed out here that the term "average" shoulc^ 
be regarded as a class term which v>iU include all of the vari- 
ous measures of central tendency that we are discussing in 
this chapter, and not as applying specifically to any one of 
them. 
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Definition and computation of the arithmetic mean 

The arithmetic mean may be defined as the sum of the 
values of all the measures in the distribution, divided by the 
number of measures. Throughout this book we shall let M 
represent the arithmetic mean of the distribution, m repre- 
sent the value of any measure, and N the number of cases. 
Thus the formula for the arithmetic mean becomes 



M' 



2771 



We must next make clear the distinctions which arise in 
connection with the problem of averaging by the arithme- 
tic mean, — namely, the computation of the simple and 
weighted arithmetic means, considered in connection with the 
distribution of measures, ^r^^, in the simple (ungrouped) 
series, and second, in the grouped frequency distribution. 

I. The computation of the arithmetic mean with tiie 
measures reported at their true values; i.e.» in ungrouped 
or simple series. This may be illustrated by introducing the 
following table: — • 

Table 17. Annual Cost per Pupil for Instruction in Eng- 
lish IN 10 CiriEs, WITH Long Method op computing the 
Arithmetic Mean of the Sdcple Series 



CUp 


Cod 


Fnqwneif 


FrequnuyX meoiun 


A 


$46 




46 


B 


42 




42 


C 


57 




57 


D 


71 




71 


£ 


51 




51 


F 


61 




61 


G 


50 




50 


H 


22 




22 


I 


81 




SI 


J 


21 


• 


21 








10)452(45.2 








=simple arithmetic mean 
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It will be noted that the data of Table 17, although 
forming a simple series (each measure occurring at its actual 
value) also represent a simple frequency distribtUion, the 
frequency of each value being one. The arithmetic mean 
that is computed from such a series is a simyle arithmetic 
mean. 

Table 18 also presents an illustration of the simple 
series, — that is, no grouping of measures has been done, 
and each measure appears at its true value. In this case. 

Table 18. Cost per Pxtpil-Recitation of tbachino English 

IN 148 Kansas Cities* 



CoBt per dudmt-reeitaiion in 


Nun^ber of eehool 


The meaeure X correeponding 
frequency 
f.m. 


enUi, ** The Meaeure ** m 


eyeleme, "Frequeruy ** f 


\^ 


1 


12 


11 


1 


11 


10 


1 


10 


9 


5 


45 


8 


8 


24 


7 


6 


42 


6 


9 


54 


5 


23 


115 


4 


26 


104 


8 


46 


188 


% 


26 


52 


1 


1 


1 


Total iV = 


148 


148)608 

4.11 

*= the true weighted arith- 
metic mean of the above 






distribution 



" One case marked ** above 12 " omitted in all computations on these data. Monroe, 
W. 8., Cost of Inetruoticn in 148 Kaneae High Sohoole. Bulletin no. 2, Bureau of Educa- 
tional Measurements and Standards, Kansas State Normal School, Emporia, Kansas, 



however, we are dealing with a WEIGHTED frequency dis- 
tribution, because the frequency of occurrence of measures 
of any particular value is, in many cases, greater than one, — 
46 at 3 cents, 26 at 4 cents, etc. In this weighted frequency 



THE METHOD OF AVERAGES 117 

distribution there has been no approximation, however, for 
each " class*' in the distribution is a single unit, — 46 cities 
actually paid 3 cents a pupil-recitation, 26 cities 4 cents, 23 
cities 5 cents, etc. 

The weighted arithmetic mean. The mean that is com- 
puted here is called a weighted arithmetic mean, because cer- 
tain values occiu* more frequently than others. In this 
case, however, the student should note that it is a true 
mean, just as the simple mean computed from the simple fre- 
quency distribution in Table 17 is a true mean. Further- 
more, theoretically there is no diflPerence in the principle 
underlying the computation of the simple mean and the 
weighted mean. In both, the value of each measure is mul- 
tiplied by the frequency of occurrerice of that measiu*e, the 
products are added, and the sum is divided by the niunber 
of measures. The expression for the weighted arithmetic 
mean now becomes: 

N 

where m represents the munerical value of any measure, 
/ the corresponding f requenpy of occiurence and N the 
total number of measures. In the actual computation of 
the simple mean we merely add the values of the separate 
measures, and divide by the number of measures. In Table 
17 each of the measures has been reported as having a 
frequency of 1, merely to make clear that there is no theo- 
retical diflPerence between the simple and weighted mean, 
and that, with the former as well as with the latter case, in 
which the data consist of ungrouped measures, the com- 
putation results in a true mean. The computation of the 
weighted mean by multiplying the actual value of each 
measure by the corresponding frequency involves a large 
amount of nimierical labor. It will be shown later that this 
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labor may be very materially cut down by a short method 
of computation, when dealing with either the simple or 
the weighted arithmetic mean. 

2. The computation of the arithmetic mean with the 
measures grouped in the frequency distribution. In the 
previous discussions we have noted that in grouping meas- 
ures in class-intervals we make two fundamental assiuup- 
tions, — (l) that the measures are distributed uniformly 
throughout the interval, and (i) that for computation pur- 
poses they are all numerically represerUed by the value of the 
mid-point of the class-interval. For the measures in Table 
18, the effect of this is illustrated by the following grouping 
of the measures: — 



Table 19. The 148 Measures of Table 18, grouped in 
Class-Intervals of 2 Units each 



Cost per ^udent-reeUation 
in cenU. "The meaniree " 
The daee-irUenal 


Mid-point cf 
ike xnlenal 


Number qf 

citiee 

"Frequency **/ 


The meaeuree X their corre' 
eponding fregueneiee /"m 


1- 2 
8- 4 
5- 6 
7-8 
9-10 
11-12 


1.5 
S.5 
5.5 
7.5 
9.5 
11.5 


27 

72 

S2 

9 

6 

2 


40.5 
252.0 
176.0 
67.5 
57.0 
23.0 






148 


148)616.0 

4.16 
=approximate weighte<k 
arithmetic mean of the 
distribution 



We note that grouping the classes of the original distribu- 
tion in this fashion changes the "average" cost per pupil 
recitation by five cents, a diflPerence from the true mean ol 
about one per cent. With a more symmetrical or " skewed '* 
distribution we would have found that grouping even 
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two consecutive intervals together would have affected 
the mean more considerably. With distributions that are 
fairly symmetrical, however, we see that the "grouping" 
of class-intervals changes the mean but slightly. The deci- 
sion as to grouping of data, size of class-interval, etc., must 
depend on the data in hand. In each, there is no need of 
further grouping. In the case of data like those given in 
Table 21, showing the distribution of the percentile effi- 
ciency of 365 students in a test for visual imagery, it would 
be a waste of time to compute the mean of the entire 
ungrouped distribution. Since we have a range of 100 per 
cent, it will be convenient to divide the distribution into M 
class-intervals of five per cent each. The frequency distri- 
bution is then as given herewith in Table 21. 

Table 20 illustrates the effect of grouping on the size 
of the arithmetic mean and median, by giving results for 
the true mean computed from the 123 original measures 
of Table 9, p. 83, ungrouped, and the approximate mean 
for grouping these same measures in class-intervals of 
three imits, five imits, and ten units respectively. These 
results may be tabulated as follows: 

Table 20. Eftect of Grouping on the Size of the 
Arithmetic Mean or Median 



Trut mean or midian (i.d., daia in original 


Mean or median vnih data grouped in o(a«*> 
intervals qf 


uniti qf 1 tack) 


3uniU 


6 unite 


10 unite 


Arithmetic: 
Mean 72.17 

Median 


72.6 
75.64 


73.11 
76.05 


72.89 
75.10 



The frequency distributions and polygons representing 
these data, as given in Table 9, and Diagrams W and 21, 



120 



STATISTICAL METHODS 



I 



are seen to be but moderately skewed. For such a type of 
distribution it is clear that grouping the measures changes 
the "' average/' either mean or median, relatively little. 

Table £1 gives the detailed computation of the arith- 
metic mean of the achievement of 865 college students 
in tests for visual imagery, by the traditional or LONG 
method. This method groups all measures in a class-interval 
at the mid-point. This example makes it clear that the 
computation of a mean by this method is unwieldy. Short 
methods of computation are therefore desirable. 



Tablb £1. Efficienct of S65 College Students m 
Tests fob Visual Imagery 

(The long method of eompiUing the voeighted arithmelie mean) 



CUui^nUnali 


Fnpimiey f 


Value qf 
mid'point m 


fm 


95.0-100.0 


8 


V7.5 


780.0 


90.0- 94.99 


« 


92.5 


185.0 


85.0- 89.99 


9 


87.5 


787.5 


80.0- 84.99 


8 


82.5 


660.0 


75.0- 79.99 


24 


77.5 


1860.0 


70.0- 74.99 


16 


72.5 


1160.0 


65.0- 69.99 


83 


67.5 


2227.5 


60.0- 64.99 


11 


62.5 


687.5 


55.0- 59.99 


85 


57.5 


2012.5 


50.0- 54.99 


18 


52.5 


945.0 


45.0- 49.99 


59 


47.5 


2802.5 


40.0- 44.99 


20 


42.5 


850.0 


85.0- 89.99 


56 


87.5 


2100.0 


80.0- 84.99 


20 


82.5 


650.0 


25.0- 29.99 


18 


27.5 


495.0 


«0.0- 24.99 


6 


22.5 


135.0 


15.0- 19.99 


12 


17.5 


210.0 


lO.O- 14.99 


4 


12.5 


50.0 


5.0- 9.99 


4 


7.5 


80.0 


0.0- 4.99 


2 


2^ 


5.0 




865 


865) 18,632.5 








51.05 








» weighted arithmetic mean 
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3. A short method of computixig the arithmelic mean. The 
short method to be presented to the student shortens the 
labor of multiplication by making three conditions: (1) that 
we treat the class-interval as a unit of 1 on the scale, in- 
stead of as an aggregation of many units; (2) that we assume 
the value of any measure or class-interval as the estimated 
mean, or as the one which contains the estimated mean; (3) 
that we compute the difference between the true mean and 
the estimated mean, rather than compute the true mean it- 
self. Let us illustrate it first by application to the simple 
series of cost data reported in Table 17. 



Table 22. Mean fob Table 17, recalculated bt Short 

Method 







Delation from §$limaUd mean in aduol imtto 


Cod 


EstimaUdnuan 




+ 





— 


^^' 




5 






42 








- 4 


57 




11 






71 




25 






46 


46 









61 




15 






50 




4 






22 








-24 


SI 








-15 


21 








-25 


/ 


Total » 10 measures 


60 




-68 
60 






2d- - 8 






~2(i „ 






— -.8 






It 






M = Estimated mean -1 






n 






=46+ (-.8) . 






—45.2, as by the long method 
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The practicableness of the use of the short method m 
saving time in a simple series is doubtful. This simple illus- 
tration is included here to make clear the principle imder- 
lying the use of the method in the case of the frequency dis- 
tribution. With grouped series it has practical value as a 
labor-saving device. Let the student note clearly, however, 
before turning to the more complicated illustration given 
below, that th^ short method merely estimates the mean, 
and then adds a correction (c) which is the arithmetic mean 

of the deviationa from Una estimated mean. c=—^ and the 

formula for the mean becomes: — 
M B estimated mean + correction 

M » estimated mean + -rrX number of units in the interval 

N 

in which d is the deviation of any class-interval from the 
interval containing the estimated mean. Obviously the 
method will hold true regardless of the frequency of occur- 
rence of the measures. We pointed out in the previous 
sections that there is no theoretical difference between the 
simple and weighted mean. It will be noted that the multi- 
plication can now be done mentally. In Table 23 we 
apply the method to the data of Table 21. 

The value of the whole method Ues in the fact that it is 
a time- and labor-saving device. We estimate the "as- 
sumed mean,'' and compute menially the correction that has 
to be made to the assumed mean. 

The example in Table 23 illustrates the use of the short 
method. The entire distribution of 865 cases is first grouped 
in 20 class-intervals, each interval having a range of five 
per cent. This step results in the frequencies 8, 2, 9, 8, 24, 
etc. These are then totaled, giving 365. Instead of next 
multiplying the mid-point of each interval (a three-place 
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Table 28. Efficiency of 885 College Students in 

Visual Imagery 



CUui^nUnali 


Frequency f 


Deviation from 

the aeeumed mean 

interval d 


FrequenegXdmaHom 
Sd 


95.0-100.0 


8 

2 

9 

8 

24 

16 

93 

11 

85 

18 

59 

20 

56 

20 

18 

6 

12 

4 

4 

2 


10 
9 
8 
7 
6 
5 
4 
8 
2 
1 



-1 
-2 
-8 
-4 

-5 
-6 
-7 
-8 
-9 


80 


90.0- 94.99 


18 


85.0- 89.99 


72 


80.0— 84.99 


56 


75.0- 79.99 


144 


70.0— 74.99 


80 


65.0- 69.99 


182 


60.0- 64.99 


9S 


55.0- 59.99 


70 


50.0- 54.99 


18 


45.0- 49.99 


708 708 


40.0- 44.99 


- 20 -444 


85.0- 89.99 


-112 259 


80.0- 34.99 


- 60 


25.0- 29.99 


- 72 


20.0- 24.99 


- 80 


15.0- 19.99 


- 72 


10.0- 14.99 


- 28 


5.0- 9.99 


- 82 


0.0- 4.99 


- 18 








865 




444 



259 divided by 865».71; .71 X ^'^S.f^, the correction to be added 
to assumed mean to get the true mean. The true mean » the as- 
sumed mean + correction. Assumed mean » 47 . 50 

Correction « 9.5& 

True mean ^51.05 



number) by the corresponding frequency, we estimate 
the class-interval, 45.0 to 49.99, the mid-point of which 
most closely approximates the position of the true mean. 
This can be determined by inspecting the frequency dis- 
tribution, counting up from one end until half the cases 
are included. Practice in this "scanning" of the distribu- 
tion will give skill in closely approximating the true mean. 
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The labor involved in mental multiplication will be further 
reduced by taking the assimied mean at the portion of the 
distribution at which the measures are most heavily con- 
centrated. 

Use of class-intervals with fiie short method. The next 
step consists of tabulating the nimiber of units distant that 
the mid-point of each class-interval is f ropoL the mid-point of 
the interval containing the assumed mean, 47.5. These dis- 
tances are called deviations "(2," and in the example are: 
interval 50.0-54.99 is 1 unit above, or larger than, 45.0- 
49.99, therefore its deviation is +1; d for 55.0-59.99 is 
+ 2; for 40.(Mi4.99 is - 1 ; for 35.0-39.99 is — 2, etc. Thus, 
the whole short method merely treats the class-intervals as 
units of 1 instead of 5 or whatever they may be. 

With the traditional method of finding the weighted 
mean we would next multiply the mid-point of each class- 
interval by its frequency. Instead, we now mvUiply the 
** deviation** of each class-interval from the assimied mean 
by the frequency of the class, 8X10, 2X9, 9X8, etc., 
giving the column headed /i. Two points must now be kept 
in mind, — first, the fd*8 occupy the same place in the 
computation by the short method that the fm*8 do in the 
traditional method; second, that having assumed a mean, all 
of the deviaiions above the mean will he positive^ and all below 
the msan will he negative. If we were dealing with the true 
mean of the distribution, the sum of the positive deviations 
should be equal to the sum of the negative deviations. Since 
only in rare cases does the true mean fall at the mid-point, 
it will always be necessary to ADD to the estimated msan 
a "correction" (denoted "c"). Just as we find the sum of 
ihefm*s in the long method, so do we find the AI/xEBRAIC 
S UM of the/d'«. That is, we total the positive deviations 
and the negative deviations, and subtract the smaller from 
the larger. This difference is then the total amount that thp 
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mid-points of all the class-intervals deviate from the assumed 
mean. However, we wish the average amount of the devia- 
tions of the mid-points of the class-intervals from the as- 
sumed mean. This will be the correction " c'." The average 
amoimt is foimd by taking the arithmetic mean of the sum 
of the deviations, — in the example given this amounts to 
dividing the difference of the positive and negative devia- 
tions, 259, by the total number of cases, N = 365. This 
gives a correction c' = -h .71, which means that the assumed 
mean is smaller than the true mean by .71 of the range of the 
class-interval. Note that to find the true mean we do NOT 
add this value of the correction to the assumed mean, for 
this value has been computed on the basis of the class- 
interval of 1, instead of 5. Therefore the true correction is 
.71 X 5 = 3.55, which, if added to the assumed mean» 
47.5, will give the true mean, 51.05. The accuracy with 
which the mean worked by this method checks the mean 
worked by the longer method, depends merely upon the 
number of decimal places to which the arithmetic work is 
carried by the two methods. In Table 5 the problem dis- 
cussed above is worked by the long method to permit a com- 
parison of the two methods. 

Summary of steps in the computation of the arithmetic 
mean by the short method. In conclusion, let us sununarize 
the method as follows: — 

1. Group the original measures in a frequency distribution. 

2. Total the frequencies. 

3. Estimate the interval that contains the mean. The value of the 
mid-point of this interval is the value of the estimated mean. 

4. Treating each class-interval as a unit, record the niunber of 
units that the mid-point of each class-interval deviates from 
the estimated mean, indicating as positive all intervals whose 
mid- value is greater and as negative all those whose mid- value 
is smaller than the estimated mean. These distances will 
nearly always be less than 10, because most distributions 
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w3I contain less than 20 intervals, and the estimated mean will 
be taken approximately in the middle of the distribution. A 

(safe rule is to take the estimated mean in the heavily concen- 
trated portion of the distribution. In this way the mental 
multiplication will involve smaller nimibers. 

5. Multiply each deviation (d) by its corresponding frequency 
(f) talcing account qf signs. 

6. Find the algebraic sum of the positive and negative deviations. 

7. Divide this sum by (N) the number of measures. This gives 
the correction (c'), which is the arithmetic mean of the devia- 
tions from the estimated mean, in units of class-intervals. 

8. Multiply c' by the nimiber of units in an interval, giving c. 

9. Add c to the estimated mean to get the true mean. 

For most of the "averaging" problems of school re- 
search the three methods discussed in the foregoing pages 
suffice. A detailed analysis will be given later of the specific 
use of various methods of averaging. There are two prob- 
lems involving the computation of averages, when time 
rates or rates of increase are in question, that have to be 
treated by special averaging methods. We shall turn to 
these next. 

IV. The Habmonic Mean 

The averaging of time rates. At the present time the 
measuring movement in education consists largely in the 
establishment of "norms of attainment" in the various 
school subjects, and for various levels of scholastic develop- 
ment. We have many " grade norms ' ' in handwriting, spell- 
ing, reading, and arithmetic in the elementary school, and 
for algebra in the secondary school. The "norm" is taken 
to be the "average" performance (expressed as so many 
words written in one minute, or read in one minute, etc.) 
of large groups of pupils found at the different years of 
school life who are actively taking work in the various 
studies. "Average" performance has quite universally been 
taken to be the arithmetic mean of the performances of the 
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individual pupils. Generally this has been true irrespective 
of the conditions of work involved in the testing. In fact, 
it seems quite clear that there is no general recognition of the 
fact that there is an issue involved in the averaging of time 
rates .^ 

We shall therefore call attention to certain points in the 
use of statistical averages which may have been overlooked 
by workers in educational research. It is desired to establish 
the following points: — 

1. That there are two distinctly di£Perent methods of averaging 
time rates: 

(a) Averaging by the arithmetic mean of the rates; 

(b) Averaging by the harmonic mean of the rates; 

2. That with given material average performances computed by 
the two methods will not be comparable; 

8. That these two methods imply two different units of compu- 
tation, "the unit of work" and the "unit of time"; 

4. That a method of averaging must be selected appropriate 
to the unit of computation which is being used, — with the 
unit of work we must use the harmonic mean of the rates 
(the arithmetic mean of the absolute times); with the unit 
of time we must use the arithmetic means of rates. 

To get the problem clearly before us let us use the follow- 
ing simple illustration: — 

Suppose a group of five boys to have been tested for 
speed of solving the algebra problems used in the writer's 
Test 1, Series A, by assigning a definite amount of time (£ 
minutes) and noting the amount of work done. Let us ex- 
press the results in two ways : (1) express the efficiency as 
"the number of problems worked correctly in one minute"; 
(2) express the efficiency as the " number of seconds required 
to solve one problem " (assuming the problems to be uniform 
in difficulty » on which basis the test was designed). The 

^ This issue was first pointed out to the writer by Dr. L. P. Ayres. 
The writer later met the problem in his own work and is alone respon- 
sible for the present method of treatment. 
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first method expresses performance as a rate, or in terms of 
a unit of time; the second method expresses performance 
in terms of a unit of work (the amount of time required 
to do a unit of work). Let us now find the "average" per- 
formance of the results of the testing, by computing the 
arithmetic mean (the method commonly ^used) of the in- 
dividual records in the two series. The computation is as 
follows: — 



Number tffjprobltmt tohei per mrnuto 

12 
10 

8 

6 
4 

5)40(8 problems solved on the 

average per minute 
8)60(7.5 sec. required to solve 
one problem 



Number qf eeeondt required to eohe one 
problem 

5 

6 

7.5 
10 
15 



5)43.5(8.7 sec. required to solve 
one problem, or an 
average rate of 6.897 
problems per minute 



Formula of the hannonic mean. The question arises, why 
is not the time required to solve one problem as obtained 
by one arithmetic mean the same as the time required when 
obtained by the arithmetic mean in the other series? It is 
noted that the rate as determined by the two methods differs 
as much as fifteen per cent. The answer to the question is: 
The two series are not comparable until reduced to the same 
hose. The base required is : What part of a minute is required 
to solve one problem? In the second series this is the base 
used (i.e., the number of seconds required to solve one prob- 
lem). Each member of the first series needs to be reduced 
to that base. Li other words, the i'ecipro cal of each measure 
should be obtained instead of Uie rates themselves, and 
these should be averaged by the arithmetic mean. This 
amounts to finding the harmonic mean of the series of rates. 
We may define the harmonic mean as follows: ii is the 
reciprocal of the arithmetic mean of the reciprocals of the ir^ 



J(rt> 



(^ 



l-L^i 



/ 



U 



I'U 



■to'i'^- 



THE METHOD OF AVERAGES 



129 



dividual measures of the series. It may be expressed by the 
following formula: — 



1 L (L\ 



where N = number of cases, and m represents any individual 
measure. It should be stressed that the harmonic mean of 
the rates is the same thing as the arithmetic mean of the 
corresponding time. The work now checks up as follows: — 



Number qf TToUenu tclUed 
per minute 



12 

10 

8 

6 

4 



5)40(8 
8)60(7.5 sec. re- 
quired to solve one 
problem, accord- 
ing io the arithmetic 
mean of the rates 



Bedproeal qf ntanber qf probleme 
eoleed per mintUe 



083S3 '1 

10000 

12500 

16667 

25000 



I 



rU^ 



l3 



5).72500(.1450 
-TjTjj = 6 .897 problems 

can be solved in one 
minute = rate. 
6.807)60(8.7 sec. re- 
quired to solve one prob- 
lem according to the har- 
monic mean qf the rates 



Number qf eeetmda required 
to eoue one problem 



6 

6 

7.5 
10 
15 



5)43.5(8.7 sec 
required to solve one 
problem. Rate » 6.807 
problems solved per 
minute, according to the 
arithmetic means qf the 
absoliUe times 



It has been recognized that the harmonic mean of a series 
of rates will always be less than the arithmetic mean. This 
simple problem shows that it will be less by as much as 
fifteen per cent vnih distributions of large variability. Natur- 
ally the two means approach each other in value as the 
variability decreases. 

It is clear that there are two distinctly difiFerent ways of 
approaching the problem of establishing standards of attain- 
ment in various mental or physical abilities. They are plainly 
to be distinguished on a basis of the unit involved, the unit of 
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work, or the unit of time. To repeat them here, they are; 
(1) the unit of work: How much time is required to do a 
unit of work? (2) the unit of time: How much work is done 
in a unit of time? It will be agreed that in order to get com- 
parable average measures we must use the same method of 
averaging individual records in the two series. 

Proper method of averaging with each of the different 
units. Granted that there are two distinctly different 
methods of averaging time rates (t.^., two different units 
of computation), and that results computed by the arith- 
metic mean on the basis of one unit are not comparable with 
those computed on the other unit, the question arises : Which 
method of averaging should be used; (1) with the unit of 
work; (2) with the unit of time? It must be recognized at 
the start that the taking of an average to represent or typify 
large numbers of measures is in a sense an arbitrary process. 
It is merely an attempt to select one numerical index (out 
of several possible ones) which shall represent adequately 
the status of the entire group. To state our problem clearly 
let us twm to the stock problem of the men rowing a boat 
at different rates. We may then adapt the conclusion of the 
matter to our own problem of educational measurement. 

First, the unit cf work: Assume A and B each are to row 
one mile (or work one problem) and the time is to be taken. 
A rows the mile in 7.5 minutes, i.e., he rows the mile at the 
rate of 8 miles an hour. B rows the mile in 5 minutes, i.e., he 
rows 1 mile at the rate of 12 miles an hour. Together they 
row 2 miles in 12.5 nunutes, or 1 mile in d.%5 minutes, or at 
the average rate of 9,6 miles an hour. On the other hand if 
we took the arithmetic mean of the two rates themselves, 
8, 12, we woidd conclude that the average rate of rowing was 
10 miles an hour. This would assume that the actual elapsed 
time for the two men over each mile was 12 minutes, or 6 
minutes for the average of the two. This b incorrect, for the 



THE METHOD OF AVERAGES 181 

actual elapsed time over each mile for the two men was 
12.5 minutes or d.^ minutes for the average of the two. We 
may sum up the statement of the procedure in this way: 
with a unit of work used as a basis the average rate musl 
be such that the two men will row 2 miles (or solve 2 prob- 
lems, if we wish to substitute the algebra test in place of 
the rowing problem) every 12.5 minutes. In terms of aver- 
ages this means that with any problem stated in terms of units 
of work, we must average ** rates ** bythe harmonic mean. That 
is, in order to give consistent results the rate per minute, or 
per hour, etc., must be turned into "'elapsed time required 
to do a unit of work '* and the corresponding arithmetic mean 
computed. In other words we must satisfy the equation, — 

ram, X fto**." * 

or, the average rate multiphed by the average time required 
to do a unit of work equals the total elapsed time. As illus- 
trated above in the problem, to average a series of measures 
by the harmonic mean: (1) take the reciprocal of each meas- 
ure; (2) find the arithmetic mean of their reciprocals; and 
(3) find the reciprocal of this arithmetic mean. This is the 
average rate as computed by the harmonic mean. 

Secondy the unit of time: Assume A and B are each to row 
OTie hour (or work algebra problems one hour). A actually 
rows 8 miles in one hour, t.^., he rows at the rate of 8 miles an 
hour. B actually rows 12 miles in one hour; i.e., he rows at 
the rate of 12 miles in one hour. Thus in one hour they both 
row 20 miles, and their average rate on this basis is the arith- 
metic mean of 8 and 12, or 10 miles. This rate we con- 
trast with 9.6 miles an hour, as computed by the harmonic 
means of the same rates 8 and 12. 

From the above illustrative problem we find that we can- 
not compute average rates by the arithmetic means of the 
individual rates, irrespective of the unit of computation. 
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We find also clear illustration of the fact that, although the 
taking of an average measure is only a makeshift as a rep- 
resentative or type for the individual measures or a series, 
— in other words that the selection of an average is, in a 
sense, an arbitrary process, — yet each average has a i>ar- 
ticular function and can be applied only in connection with 
particular units of computation. 

V. The Geometbic Mean 

This latter point can be made still more evident by ref er- 
ence to the specific use of the ^aom^^rie TTiean. We may define 
this mean as the nth root of the product of the sei>arate 
measures in the series, — that is, 

Mq »^{xix^^ . . . . a^n ). 

There has been practically no use made of the geometric 
mean in educational research, in spite of the fact that with 
problems of averaging rates of increase the average to use 
is the geometric mean. For example: — 

Suppose an individual's performance, as shown by testing, 
had improved fifty per cent in ten practice periods, say in 
ten weeks. What is the average weekly rate of improve- 
ment? Is it five per cent, as shown by the quotient of the 
total improvement divided by the number of weeks? On the 
contrary it is found by taking the 10th root of 1.50 and sub- 
tracting the initial efficiency, i.^., \/i^ — 1, which gives 

us 4.1 per cent. In other words a weekly improvement of 
4.1 per cent will increase the efficiency by 50 per cent in 
ten weeks. It is clear that we cannot take the arithmetic 
mean of such geometrical increase as the above. To do so 
in this case would give a total improvement of 63 per cent, 
instead of 50 per cent. 
The geometric mean, practically adapted only to the 
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solution of short series, can easily be computed by the aid 
of logarithms. Thus the logarithm of the geometric mean 
of a series of measures is the arithmetic mean of the loga- 
rithms. The expression would read thus: — 

log Mq ■■ — — — . 

N 

Steps in fixe computation of fixe geometric mean. The 
steps in the computation of a geometric mean are therefore 
as follows: — 

1. Find the logarithm of each of the measures. 

2. Find the arithmetic mean of the series of logarithms. 

8. Find the number coiTespK>nding to the arithmetic mean of 
the logarithms; — this is the geometric mean of the original 
series of measures. 

Another illustration of the use of the geometric mean is 
given below: — 

1. Suppose a group of boys to have gained skill in practicing 

shooting, 90 per cent in 8 months. What has been the average 

90 
gain each month? Not — - 80 per cent but 

o 



-C^ 1.90 -1.0- 1.«4 - 1 - 24 per cent. 

That is, at the end of the first month their gain in efficiency is 
24 j)er cent + 100 per cent =■ 124 per cent of their initial efficiency, 
which was 100 per cent. At the end of the second month they have 
gained 24 j>er cent of 124 per cent »■ 29.76 per cent, which added to 
124 per cent gives an efficiency of 158.76 per cent. The third month 
they gain 24 pter cent of 153.76 per cent » 86.24 per cent, and their 
final efficiency is 190 per cent of their initial efficiency, a gain of 
90 p)er cent as stated above. 

Thus we have described and discussed the computation 
of live specific averages, which are available for use by 
students of educational research: — 
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1. The mode (approximate or true), a ''position" average. 

2. The median, — a "comiting" average. 

8. The arithmetic mean, — an arithmetic average based on the 
value of each measure. 

4. The harmonic mean, — an average for use in averaging time 
rates. 

5. The geometric mean, — an average with particular uses in 
averaging rates of increase. 

Of these^ by far the greater use is made of the median and 
arithmetic mean. It is necessary next to establish the proper 
function, limitations, and specific use of each of these meth- 
ods of averaging. 

VI. Statistical Fallacies and Mooted Points in 

Averaging 

As students of education have turned to the use of quanti- 
tative methods, many fallacies have been evident in their 
manipulation of statistical devices. These are found in con- 
nection with methods of averaging, of measuring dispersion, 
of measuring correlation, and of determining the reliability 
of measures. We shall discuss each of these pitfalls in the 
use of statistical methods as we take up each phase of the 
work. We must point out here, then, certain typical fallacies 
in averaging, and proceed to the thorough analysis of the 
proper use of averages. Fallacies of averaging have been of 
two kinds : (1) those in which the torong average has been used 
ie.g.f the arithmetic mean instead of the harmonic mean); 
(£) those in which an incorrect use has been made of an 
average, — that particular average being the proper one tc 
use in the given problem (e.g.^ the use of the simple instead 
of the weighted mean). 

A. Use of wrong average. In this type of mistake in aver- 
aging we find: — 

i. Averaging time rates by the arithmetic mean. We have 
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already shown that rates of achievement, obtained by the 
"unit of work" method of testing, may not properly be 
averaged by finding the arithmetic mean of the rates them- 
selves, but rather by finding the arithmetic mean of the 
corresponding "times" (t.^., by the harmonic means of the 
rates). 

£. Averaging rates of increase by the arithmetic mean. In 
the last section we pointed out the difficulty of defining the 
average of a series of percentage increases by taking their 
arithmetic mean. We found rather that the nth root of the 
product of the measures (t.e., their geometric mean) might 
better be taken to represent the average status of the 
measures. 

B. Incorrect use of an average. Of this second general dass 
of incorrect uses we find the use of the simple arithmetic 
mean for the weighted arithmetic mean. To this may be 
added the error of assiuning that the measiu^s of a distri- 
bution are distributed uniformly throughout the range of 
the distribution. The most evident of such mistakes found 
recently is: — 

1. TaHn^ the arithrnetic niean of the extremes of a distrUm-' 
tion as the " average " of the measures in the distribution. This 
is one of the most patent of fallacies in averaging. It is illus- 
trated clearly by the following data. A State commission 
appointed to survey the State's higher educational institu- 
tions, collected data on the occupancy of classrooms in three 
state institutions by this method, — viz: "The maximum 
occupancy of any room (the maximum number of students 
regularly in the room at any period of the week) plus the 
minimum occupancy, divided by S, equals the average occu- 
pancy." Furthermore, to obtain the occupancy ratio for 
any building or group of buildings, they obtained the " aver- 
age " for each room and took the simple arithmetic mean of 
these averages. This report gives no complete data upon 
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which to compare the actual occupancy with these fictitious 
figures. They are obviously fictitious, however, and are 
based on two unsound assumptions: first that the distribu- 
tion of classroom occupancies is uniform, and second, that 
the frequency of occurrence of each size of classroom is 
constant. A recent report calling attention to this fallacy 
says: ''Room 3£ of a similar building in another state had 
a minimum occupancy of 1, and a maximum of 56" The 
actual occupancy was then stated as follows: — 



Ckm 


BtMtqfdau 


Number qftimu room i$ immI 
bifweheUut / 


/•m 


A 
B 
C 
D 
E 
F 
G 


56 
28 
19 
6 
5 
4 
1 


8 

8 
6 
4 

2 
8 


168 
46 
57 
86 
20 
8 
8 


Total 


114 


28 


888 



Average occupancy «- 28)888(14.7 



By the method of taking the arithmetic mean of the 

extremes the occupancy is, — - — = 28.5. In brief, such 

an error in the use of averages is really caused by using the 
simple mean instead of the weighted mean, in that it assumes 
that the frequency of use of each classroom is the same. 
It also mistakenly assumes that the sizes of class are dis- 
tributed uniformly over the entire range. This obviously is 
not true in school practice. 

Which mean to use. The question as to which arithmetic 
mean to use (simple or weighted) in averaging educational 
data is one of great importance at the present time. The 
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answer can be given the student only in terms of the relation 
between the natiue of the data at hand and the purpose of 
interpretation. Use that method of averaging which wiU give 
the truest 'picture of the central tendencies evident in your 
data. In the foregoing example the actual occupancy of 
classrooms is clearly typified better by the weighted mean 
than by the simple mean of the two extreme measures of 
the distribution. Educational conclusions based on such a 
method as the latter must necessarily hamper the progress 
of scientific education. Let us give some concrete illustra- 
tions of the use of the simple and weighted mean. 

The most frequent demand for "averages" is in connec- 
tion with the attempt to measure various aspects of school 
efficiency. Our figures are stated, for example, in terms of the 
achievement of pupils determined by testing; unit (aver- 
age) costs of various school activities; average age, experi- 
ence, training or salary of teachers; average amount of time 
devoted to this, that or the other subject of study, etc. 
Measurement of classes, schools, and systems of schools 
gives distributions of data that are to be expressed in terms 
of central tendency. Shall we express this by weighting every 
class, school, or system with the number of pupils in each, 
number of teachers, number of rooms, etc., or by taking the 
simple arithmetic mean of the records of classes, schools, 
buildings, or systems? This amounts to asking in the case 
of the achievement of pupils, — what is ihe basic unit in our 
data — the pupil or the class? the ability of the pupil re- 
gardless of training, or the specific type of training to which 
he has been subjected? 

Take the case of testing pupils' efficiency in algebra, as the 
writer has done it in 50 school systems. The number of al- 
gebra pupils per school varied from 30 to 100; the average 
achievement varied among schools by very large amoimts on 
any one test. Shall the score of the school of 100 pupils be 
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weighted 100, and the score of the school of 80 pupils, SO? Or, 
shall they each be regarded as of equal weight with all the 
others, and the simple mean be computed? The answer must 
be made in terms of the basic unit — the unit clearly is the 
olass^ not the pupil. We are testing the result of the pupil's 
training in algebra, his skill in doing a specific thing he 
has been trained to do. We are testing the results of a score 
of types of training f and these are the basic units. Contrast 
this situation with the determination of average height of 
school boys, the average age of teachers, etc. Here the 
basic imit is veiy clearly the individual boy or teacher, not 
the class into which he or she may be grouped, and the re- 
cords of classes, schools, groups, etc., shoidd be weighted by 
the number of individuals. 

Another commonly occurring problem nowadays is the 
school-cost problem. We meet a series of heating costs com- 
puted say, for SO school systems, by buildings, in units of, 
" per cubic foot," " per classroom," or " per pupil in average 
daily attendance." In such a problem we should first classify 
buildings in groups in terms of like heating conditions, — 
similar heating api>aratus, like number of rooms, etc. If 
this is impossible then unit heating costs for city systems 
clearly should be computed with the basic unit taken to 
be the classroom, cubical contents, or number of pupils, 
and not the building. 

Homogeneity of data. Still another veiy important prob- 
lem of averaging is raised in connection with the question 
of *' homogeneity of data." It is fundamental to the sound 
treatment of numerical data that we inolvde in any one 
statistical group only individtuds who have been subject to the 
same conditioning factors. For example, the attempt to com- 
pute the "average" salary of all teachers in a school system 
cannot possibly result in a dear statement of ** average " sal- 
aiy which will definitely be comparable to that computed for 
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another S3r8tem. The ** average'* m this case is computed 
from a distinctly non-homogeneous group of persons, — 
elementary teachers, secondary teachers, elementary princi- 
pab, secondary prindpals, supervisors of grades and special 
subjects, assistant superintendents, superintendent, and 
other special administrative officers. To secure comparable 
measures we clearly must average sei>arately for each statis- 
tical group, making sure that each is made up of persons 
Miiose salary status is determined by the same set of causes. 
The student should guard constantly against the fallacy 
of computing averages from non-homogeneous data. He 
will meet series of data, continually, in which he has included 
items that are caused by conditions qualitatively different, 
and which should be eUminated from the group. 

For example, suppose that we have tested classes of pupils 
in arithmetic. In a class of SO there are three who do not 
attempt any problems of the test. Should we sum the scores 
of the class, and divide by ^0 or by 17? The arithmetic 
mean will be distinctly different in the two cases, and our 
interpretation of comparisons correspondingly so. Such 
cases must be decided by reference to the question of " homo- 
geneity of data." If the class is under our immediate con- 
trol it will be possible to tell if these three pupils in intel- 
lectual capdcUyy prevums training and physical condition on 
the day of the test are qualUatiody different from the other 17 
members of the class, who solved problems varying in num- 
ber from 8 to 18. Comparison of the scores in various tests 
in the same subject will also help us to decide. If they prove 
to be so, they should be eliminated from the group and the 
average computed from the records of the 17. 

Another illustration from the field of school costs will 
make the point clearer. A recent study on the relationship 
between the cost of instruction and the number of pupils 
taught by one teacher gives the data reproduced in Dia- 
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gram 47, Chapter IX. It will be noted that the table in- 
cludes all groups of data on the number of pupils taught 
by a teacher, from 25 to above 170. Careful examination 
of the table will show, however, that the investigator has 
two distinct groups of conditions included in his study. It 
is evident that for the range from 25 pupils to 80 pupils 
taught by one teacher there is a very high degree of rela- 
tionship, i.e.9 that as the number of pupils increases the cost 
decreases in a definite way. This relationship may be ex- 
pressed by a coefficient of correlation of — .84. From 80 
pupils throughout the rest of the table it is evident that, 
as the number of pupils increases there is no decrease or 
increase in cost, and the coefficient is practically 0. The 
investigator has thrown the two distinctly different groups 
together, and computed relationship for a non-homogen- 
eous group. His coefficient of — .47 and his averages and 
measures of variability are largely fictitious for that reason, 
and conclusions based on them are of questionable value. 

Averaging ** samples." Before leaving this introductory 
discussion of the uses of particular averages we should refer 
briefiy to the effect of averaging inadequate "samples'* 
of our total mass of data. In educational research we are 
constantly forced to form conclusions from a relatively small 
group of data. How large, for example, should a group be, 
or how many times should a test be given to permit geu" 
eral conclusions to be drawn concerning similar individ- 
uals in the mass or similar testing work? In other words, 
how many cases must we have to give us an. " average,'* 
typical of a very large number of similar individuals? To 
illustrate the point: suppose that we wish to determine the 
spelling abifity of 20,000 pupils in a city system, represent- 
ing the achievement in part by some measure of "average" 
attainment. It is not expedient to test all of them. How 
many pupils shall we test to get a "random sample"? A 
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common sense way to define such a sample is this: A sample 
of any total population is "random*' when numerical coeffi- 
cients, for example averages, computed from any number of 
samples similarly selected and of similar size will be 
approximately constant. (The more technical phases of 
"sampling" in statistics will be discussed later.) 

Functions and limitations of particular averages. We have 
thus introduced the subject of the functions and limitations 
of averages by a concrete exposition of particular difficulties 
that the student will meet in pointing out central tendencies 
in his data. It should be recalled here that these difficulties 
are of two types: (1) those which may involve the taking of 
the distinctly wrong average; (2) those which involve the 
application of any average to non-homogeneous data, or to 
an inadequate sample, or to an improper determination of 
the basic unit. The second point has been discussed com- 
pletely enough to lead to a thorough presentation of the 
former point. Therefore, we turn next to the question of 
the properties of each of the five averages, their proper 
functions, their Umitations, and the specific purpose tor 
which each should be used. 

Enough has been said to make it clear that the process of 
averaging is one of selecting the best single quantity to 
characterize the central tendency of a distribution; that 
any average that is used must have certain properties which 
will show it to be a good representation of type. 

Summary of essential properties of a valid average.^ It 
will aid th^ discussion to list here the essential character- 
istics of representative averages: — 

1. If it is to be completely representative of the entire distribu- 
tion, it must be contributed to by all the measures of the dis- 
tribution. 

<'— 11 ■■ I . . I ■ 1. 1 II I . .. 

^ The writer has been aided in making a complete summary of these 
properties by Yule*s discusoon, IrUroduoUon to the Theory qf StatiiUeig 
diapter on averages. ^ 
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it. It should be purely quantitative* — defined by the numerical 
data alone, and should not involve the judgment of the ob- 
server. 

8. It should be so constructed as to be relatively simple in com- 
putation. 

4. It should be stable; that is, it should be of such a nature that 
representative samples taken from the total population will 
give a fairly constant average value. All other factors being 
equal, that average which gives the smallest fluctuation in 
value as we take different samples from the total group» is the 
best average to use. 

5. An average must not be much displaced by slight changes 
in the arrangement of the frequency distribution. References 
to the discussion of the arrangement of data in the frequency 
distribution will make clear the importance of getting an aver* 
age that will be fairly stable, regardless of the size or position 
of class-interval that is selected. Furthermore, the average 
must be as little as possible affected by errors in observation. 

0. Since the purpose of averaging is to point out clearly central 
tendencies to the reader, the average which is selected should 
be of such simple and definite nature that the lay reader will 
grasp easily its typifying significance. In this characteristic 
the geometric and harmonic means show themselves to be poor 
averages, the arithmetic, median, and mode being much more 
easily understood. Complete success in using an average must 
depend on the student and the reader being able to think 
clearly in terms of the average. 

7. From the standpoint of mathematical treatment, in the refined 
use of averages, it is important that an average be susceptible 
of algebraic manipulation. For example, it has been repeatedly 
pointed out that it should be possible to express an average 
obtained from the combination of two or more samples of the 
same data in terms of the averages of each of the samples* 

VII. Use of the Diffebent Measures of Central 

Tendency 

It will now be possible to come to some agreement con- 
cerning the proper use of averages by checking each against 
the foregoing list of essential properties. 
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Function of the mode as a measure of type. Taking up 
our properties in order, these conclusions seem evident: 

1. The mode is not contributed to by all the measures. On the 
contrary it may be determined by a relatively small propor- 
tion of ike total number of measures, concentrated in one class. 

2. It is quantitative in the sense that it is defined by the fre- 
quency of the largest class. 

8. The empirical mode is an inspection average, and thus is the 
easiest of all the averages to determine. Furthermore, it may 
be determined without any detailed knowledge of the extremes 
of the distribution except that the frequency of measures 
there is small. On the other hand, the theoretical mode is the 
most difficult to compute of any of the averages, depending on 
the most advanced theory of "curve-fitting." 

4. It is more unstable than the arithmetic mean or median in its 
fluctuations, due to the taking of different samples from a 
given group of data. 

5. In any but closely symmetrical distributions it is relatively 
- unstable in the way in which it depends very closely on the 

method of grouping of the class-intervals. The manner in 
which it fluctuates is illustrated by Diagrams 20 and 21, as we 
change the size and position of the class-interval. For fairly 
refined work it is evident that the mode is too unstable for ef- 
fective use. 

6. The mode has the advantage of being the most easily com- 
prehended of any of the averages. It is the "newspaper aver- 
age''; the average of the man on the street, and for the lay 
reader has a clearer meaning than most of the other averages. 
Here it finds its principal function in describing skewed distri- 
butions of many class-intervals, with distinct concentration of 
measures in certain class-intervals. Furthermore, it serves a 
good purpose in the graphic representation of measures, be- 
ing marked by distinct peaks in the frequency polygon. 

7. It is clear that the empirical mode (the only one in which the 
student of education is interested) has no mathematical signifi- 
cance, and is not susceptible of algebraic treatment as is the 
arithmetic mean. 

In r6sum£, it should be clear that the empirical mode is 
only a rough inspection average; that it may be indicated 
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to the reader as one means of pointing out central tenden« 
eies; but that its capacity for representing the central ten- 
dency is very limited. Dependence on it beyond preliminary 
inspection of a distribution is not to be recommended, except 
in very synunetrical distributions. 

The geometric mean as a measure of central tendency. 
With the exception of problems involving the averaging of 
rates of increase, the student of educational research will 
have comparatively Uttle need for using the geometric mean. 
Its computation is rather laborious; it is not readily com- 
prehended by the lay reader (not having come into popular 
use); and its mathematical properties are abstract, although 
valuable in certain forms of problem work. 

The principal function of the geometric mean is found in 
treating data which involve rates of increase, and which 
thus take the form of geometric series. For example, in 
problems in averaging increases in population, attendance 
in school, growth in the teaching staff, budget, etc., aver- 
age status can be more consistently defined by means of the 
geometric mean. 

A second valuable property of the geometric mean is 
found in connection with the discussion of index numbers 
or ratios. It may be said that the mathematical properties of 
the geometric mean establish the superiority of that mean 
over that of the arithmetic mean or the median, in aver- 
aging such index-numbers. 

Use of the harmonic mean in nieasuring central tendency. 
In connection with the discussion of the harmonic mean 
on pages 126-131, its specific function as an average of 
progress rates was pointed out. This valuable property of 
the harmonic mean should be kept in mind, and brought 
into use in all problems of that nature. 

The median as a measure of central tendency. With refer- 
ence to the median, the following conclusions seem evident: 
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1. The median is contributed to by all the measures of the se- 
ries, the magnitude of each, however, being taken account 
of only indirectly. That is, the median is an average de- 
pending on the serial order of values and on the actual nu- 
merical value only as it determines this serial arrangement. 

8. It is quantitative, being defined at least indirectly by the 
values of the measures. 

8. It has the great advantage that it is the most easily com- 
puted of all the numerical averages; it is a '* counting aver- 
age,'* depending for its determination on (a) the serial ar- 
rangement of the measures (with the use of the frequency 
distribution this is a necessary step of the computation of the 
arithmetic mean also) ; (6) the counting in of half the meas- 
ures to reach the median point on the scale. 

4. Fluctuations in the size of the median may be larger with the 
taking of small samples. At the same time the median may 
give a more stable average from small samples, due to fluc- 
tuation in the size of extreme values. In this particular it 
should be pointed out that the median is affected less by 
the extremes of the distribution — that is by unusually large 
or small measures — than is the arithmetic mean, which takes 
full account of these values. The student must decide care- 
fully, in connection with his specific distribution, whether 
the ''average" should or should not be contributed to by unu- 
sually large or small values. If they are regarded as important 
the arithmetic mean is the best representative of central ten- 
dency; if not, then the median is the better measure of type. 
Again, the location of the median depends only partially on 
a small group of measures; in this, it differs distinctly from 
the mode. However if it happens that the measures in a 
distribution are largely concentrated in a few intervals, it 
may result that the median (falling at a point on the scale 
at which many measures are concentrated) will be very in-* 
definite. 

5. With the types of distribution commonly met in educational 
problems, the median is but little subject to fluctuation with 
rearrangement in the size and position of class-intervals. 
Reference to Diagrams 90 and 21 shows the relatively stable 
position of the median in the distribution of fairly large num- 
bers, with a form not more than moderately skewed. 

6. The median must rank high in the ease with which its mean- 
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ing may be grasped by the lay reader. Partly for this reason, 
it is being adopted rapidly by students of education. 
7. The median does not lend itself to algebraic treatment, 
(a) The median of component parts of a distribution cannot 
be expressed in terms of the median of whole distribution; this 
is true because the distribution depends on the/orm of the 
component distributions, and not on their medians alone. 
(6) No thcOTems can be expressed for the median values 
of measurements subject to error. 

Use of ttie arithmetic mean as a measure of central ten- 
dency. Applying the criteria of the essentials of a valid 
average to the arithmetic mean we find that it outranks 
all the others as a sound measure of central tendency. 

It conforms to all the stated properties for a desirable 
mean as listed above. It is definitely and numerically de- 
fined; is based on all the measures; is popularly known and 
conmxonly used, hence will always be readily grasped by 
the lay reader; is very easily calculated (in this it ranks high 
as a mean, e.g.* the short method of computing the mean is 
also a necessary step in the determination of the standard 
deviation and of the correlation coefficient); the aggregate 
and the number of cases are sufficient to enable the compu- 
tation of the mean, i.e.^ the specific individuals do not need 
to be treated; and in adaptation to algebraical treatment 
it has a great advantage over the other means. For exam- 
ple, important properties of this mean are: — 

1. The algebraic sum of the deviations from the arithmetic 
mean equals 0; 

S. The average of a series may readily be expressed in terms of 
the means of component parts of the series. From this it can 
be deduced that the approximate value of a mean in a fre- 
quency distribution is the same whether we assume that all 
the values in any class are identical with the mid-value of the 
class-interval, or that the mean of all the values in the class 
is identical with the mid-value of the class-interval; 

S. The mean of all the sums and differences of corresponding 
measures in the two series (of equal number of measures) is 
equal to the sum or difference of the means of the two series. 
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The arithmetic mean is also characterized by the fact 
that the simx of the squares of the deviations of measures 
from the mean is a minimum. The arithmetic mean has 
properties of fundamental importance in the field of math- 
ematical statistics, especially in connection with the theory 
of errors and the theory of probability {e.g.y ike arithmetio 
mean can be shown to be the most "probable value of a series 
of measures). Accidental errors of observation tend to neu- 
tralize each other around the arithmetic mean. The error of 
the average is considerably smaller than the error of a single 
measure, and the accuracy of the arithmetic mean varies 
directly with the square root of the number of the measures. 
The median and mode have no similar properties. 

ILLUSTRATIVE PROBLEMS* 

1. Find the arithmetic mean and the median of each oi the following <^ 
tributions. In the computation of the mean use the short method. 

1. ACHXEVEMENT OF 5tH GrADB 2. DISTRIBUTION OF MONTBLT 

Pupils in Spelling 25 Words Salary paid to Teachers 

FROM Column L of Atres*s of Engush in 149 Kansas 

"Scale for Measuring Spell- High Schools 
INO Ability " 



A^o. t0ori« 

tpdUd 

eorrecUy 


Fre- 
Queneu 

(/) 


25 


7 


24 


5 


23 


11 


22 


14 


21 


21 


20 


13 


19 


8 


18 


7 


17 


5 


16 


3 


15 


5 


14 


3 


13 

N = 


2 





Monthlif talary 



$120.0-124.99 

115.0-119.99 

110.0-114.99 

105.0-109.99 

100.0-104.99 

95.0- 99.99 

90.0- 94.99 

85.0- 89.99 

80.0- 84.99 

75.0- 79.99 

70.0- 74.99 

65.0- 69.99 

60.0- 64.99 

55.0- 59.99 

50.0- 54.99 

N = 



(/) 



1 
1 

2 

3 

10 

30 

36 

31 

20 

8 

1 

1 



* These iUiutrative problems are quoted from Bugg, H. O., lUustraHve ProUenu in Edu- 
eaUonal SkUutiet, published by the author to accompany this text. (University of Chicago^ 
1917.) 
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8. AoUUVJfiMBMT OF PuFILB IN 
BOLVINO PbOBLEMB OF TbBT 

9, "Standardized Tests in 
IST Ybab Algebra" 



No. prolh 




Umtaohed 


/ 


eon§eUif 




21 


S 


20 


5 


19 


8 


18 


11 


17 


16 


16 


21 


15 


20 


14 


20 


13 


17 


12 


10 


11 


5 


10 


8 





7 


8 


8 


7 


2 





4. Distribution of Monthly 
Salary paid to Teachers 
of Science in 147 Kansas 
High Schools* 



MoniUyMhry 


(/) 


$185.0-140.00 


1 


lSO.0-134.99 


8 


125.0-120.09 


4 


120.0-124.99 


4 


115.0-119.99 


2 


110.0-114.99 


10 


105.0-109.99 


7 


100.0-104.99 


26 


95.0- 99.99 


8 


00.0- 94.99 


16 


85.0- 89.99 


22 


80.0- 84.99 


15 


75.0- 79.99 


15 


70.0- 74.99 


5 


65.0- 69.99 


4 


60.0- 64.99 

N = 


2 





* Data from Bfonroe* W. 8.» Coti (^ImtnuHon in Kanttu High Sehoolt. 



CHAPTER VI 

THE MEASUREMENT OF VARIABILITY 

Second Method of describing a Frequency 

DisTEaBunoN 

Need for measures of variabilily. It has been pointed out 
in the last chapter that the average of a distribution cannot 
possibly completely represent the measures of the distribu- 
tion. At best, it is but a partial measure of type, arbi- 
trarily selected to represent central tendency. We have 
indicated with what relative degree of success the different 
averages do this. Frequently the student of education will 
have to compare two distributions in which the average is 
closely the same, but in which the FORM of the distribu- 
tion is very different. This calls attention to the need of 
interpreting our data only after careful examination of both 
the entire distribution and the frequency polygon plotted 
from it. 

For example, Diagram 22, Chapter V, is drawn to repre- 
sent the achievement of two classes. The average, as shown 
by the arithmetic mean or the median, is the same in both 
distributions. If one should compare the two distributions 
on the basis of the average achievement alone his interpre- 
tation concerning the outcomes of teaching in the two 
classes would most certainly be wrong. This is evident 
by a study of the characteristic differences in the two fre- 
quency distributions: (1) the "RANGE" in the one case 
is nearly as long as in the other; (2) on the other hand, the 
measures in one distribution are very much more concentrated 
near the middle of one group than of the other. One 
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could say, for example, that the "middle half" was dis- 
tributed over a portion of the scale not much more than 
half as large in one case as in the other. This certainly 
means that the teaching has in one case served to develop a 
rather compact group, that is, teaching emphasis has been 
so distributed that differences in achievement have been 
largely smoothed out. In the other case the teaching has 
resulted in a widely scattered group, certainly calling for 
reclassification of pupils in connection with any further 
learning in that subject. 

In pointing out the characteristic differences between 
such distributions we make clear the kind of measure that 
is needed with which to supplement the use of an average. 
We need some measiure which will indicate the degree to 
which the Tneasurea are concentrated around the average^ or 
— to express it another way — a measure which wiU point 
out concretely the degree to which the measures vary away 
from the average. That is, we need measures of variability of 
dispersion. 

Variability a distance on a scale. We found that a measure 
of central tendency, such as an average, is always expressed 
as " position,** — as a point on the scale. We now find that 
with symmetrical distributions, a measure of variability is 
always expressed as that distance on the scale, which includes 
a particular proportion of the measures in the distribution. 
Although educational distributions are not perfectly sym« 
metrical, it will be a helpful device for pointing out the de- 
gree of concentration or lack of concentration of the meas- 
ures to say: ** approximately such a proportion of measures is 
included between such unit distances on the scale." We have 
already emphasized the importance of the term "unit" and 
" scale." The student now will find that his mea,sure of ra- 
riaMlity is nothing but a unit distance on the scale. Of the 
different unit distances that we have for measuring vaiia- 
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billty, each includes a certain proportion of the measures 
under the frequency curve. 

Four measures of absolute variability. For example, the 
four measures of absolute variabihty that we use, and the 
approximate proportion of the measures mcluded within 
their limits, when laid off on the scale, are: — 

1. The range: includes all of the measures in the distribu- 
tion. 

2. Tihe qiuiH{le-demati(m or r^ 

on each side of the average: includes only roughly half of 
the measures. 

S. The standard deviation: when laid off on each side of 
the average: includes approximately the middle two thirds 
of the distribution. 

4. The mean deviaiion: when laid off on each side of the 
average: includes approximately the middle half of the 
measures. 

Unit distances with normal and skewed distributions. We 
should emphasize the fact here, that with distributions that 
are not perfectly symmetrical (e.g.^ Diagram 27), we are able 
to state the proportion of measures included by these unit 
distances on the scale only very approximately. With a sym- 
metrical distribution, for example, the "probability curve" 
shown in Diagram 28, we are able to state the proportion 
of measures exactly. Diagrams 27 and 28 illustrate this dis- 
tinction, and, although we shall take them up more thor- 
oughly in Chapter VIII, we may point out the important 
features here. On these diagrams are indicated graphically 
and literally the chief characteristics of these measures of 
variability. 

It will be evident to the reader that with the perfectly 
itymmetrical distribution. Diagram 28, any unit distance 
may be laid off from the average (in this case arithmetic 
Duean, median, and mode coincide) either way and include 



MEASUREMENT OF VARIABIUTY 



158 



the same proportion of cases. Thus» it will be shown in 
Chapter VII that between the curve, the base line» and ordi- 
nates erected at a unit distance from the mean called the 
Probable Error (P.-B.)> ^ P^r cent of the measures is in- 
cluded, or 50 per cent between P.E. and the curve and 
the base line. In this case it is clear that anihe** Normal 
Curve*' the quartile deviaiion (defined as half the distance 
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Diagram 28. To illttstratb the Usb of "Standabd Deviation, 
tf", AND "Probable Error" (P.E,) as "Unit Distances on the 
Scale" (t.^., as Measitrbs of Vabiabilitt) of a "Normal Fbs- 
QUENCT Curve*' 



between the first and third quarter points on the scale) I 
equals the P.E. In the same way it will be shown that 
between the curve, the base line, and ordinates erected at 
a unit distance called sigma (a), the standard deviaiion^ 
68.26 per cent of the measures is included. Turning to 
the unsynmietrical distribution. Diagram 27, we see that 
we cannot define our variability rigidly in terms of the pro^ 
portion of measures included between ordinates erected at 



MEASUREMENT OP VARIABILITY 



15$ 



the same proportion of cases. Thus, it will be shown in 
Chapter VII that between the curve, the base line, and ordi- 
nates erected at a unit distance from the mean called the 
Probable Error (JP.E.)^ 25 per cent of the measures is in- 
cluded, or 50 per cent between P.E. and the curve and 
the base line. In this case it is clear that onUie ** Normal 
Curve*' the quartUe deviation (defined as half the distance 



9#./J of fn^^stft'm^ 













*00- 



^^4B. 



#U^ 



Diagram 28. To illubtratb thb Usb of "Standard Deviation/' 
<r, AND "Probable Error*' {P.E,) as "Unit Distances on thu 
Scale" {i.e., as Measures of Vabiabiutt) of a "Normal Fbb- 
quenct Curve" 



between the first and third quarter points on the scale) I 
equals the P,E. In the same way it will be shown that 
between the curve, the base line, and ordinates erected at 
a unit distance called sigma (<r), the standard deviation, 
68.26 per cent of the measures is included. Turning to 
the unsymmetrical distribution. Diagram 27, we see that 
we cannot define our variability rigidly in terms of the pro^ 
portion of measures included between ordinates erected at 
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puted. In brief, the quartile deviation is simply a convenient 
I counting device for pointing out the position on (he scale 
of the middle half of the measures. 

P.E. and quartile deviation. Writers in education have 
often incorrectly called this measure of variability the 
Probable Error. The latter term should be reserved spe- 
cifically for the treatment of that symmetrical distribution 
known as the probability curve. Beference to Diagram 27 
shows that the probable error {P.E.) and the quartile devia- 
tion are the same in the probabiUty curve. Each one Is 
equal to such a distance on the scale that when laid off on 
I each side of the average, it will include one half of the meas* 
ures. The student should make himself thoroughly familiar 
with this unit of scale distance, the properties and use of 
which will be taken up in the next chapter. Most distribu- 
tions of educational data are moderately skewed, and so it 
will be wise to use the term quartile deviation iff) very gen- 
erally. Yule's term, the semi-interquartile range, although 
having a more specific connotation, appears to be too cum- 
bersome to obtain common usage. I 
Computation of the quartile deviation: (a) data un- 
grouped. The computation of Q for a short simple series is 
veiy dear from inspection of the range. 

The steps may be listed as follows: — 

\ 1. Divide the number of measures by 4. 

£. Count in on the distribution from either end to the point on 
the scale above or below which there are i or f of the meas- 
ures. For example, in Series I, Table 24, — 

(a) Q\ is the arithmetic mean of the values of the 6th and 
^O- "^ 7th measures; Qi = 71.0; Qz is the arithmetic mean of 

'^^^ -'- the values of the 18th and 19th measures; Qz = 87.5. 

>i» \*. (6) In Series II, \ of the measures is ^,5^ hence the quartile 

points may be regarded as the 7th and 20th measiu'es,'^ 
for these are the points which theoreticaliy have above 
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? 



II 



Table 124. To illustrate the Computation of Quartile De- 
viation. Mean Deviation and Standard Deviation for 
the itnarouped series. 



Seruel 


Series II 


Deoiahonfrom 
median d' 


arUhmetio mean d 


/d* 


06 


96 


15.5 


16.03 


256.0 


94 


06 . 


14.5 


16.03 


225.0 


03 


04 


13.5 


14.03 


106.8 


02 


03 


12.5 


13.03 


160.8 


00 


02 


11.5 


12.03 


144.7 


88 


. 00 


0.5 


10.03 


100.6 


-^7 


80 


8.5 


0.03 


81.5 


86 


88 


7.5 


8.Q3 


64.5 


85 


87 


6.5 


7.03 


40.4 


84 


86 


5,5 


6.03 


36.4 


83 


84 


3.5 


4.03 


16.2 


81 


82 


1.5 


2.03 


4.1 


~80 


81 


0.5 


1.03 


1.1 


78 


SOmedi- 


0.5 


0.03 




76 


78 an=» 


2.5 


1.07 


3.0 


75 


77 80.5 


3.5 


2.07 


8.8 


74 


76 


4.5 


3.07 


15.8 


ja 


75 


5.5 


4.07 


24.7 


70 


73 


7.5 


6.07 


40.6 


67 


"- 72 


8.5 


7.07 


63.5 


65 


70 


10.6 


0.07 


00.4 


64 


67 


13.5 


12.07 


168.2 


68 


65 


15.5 


14.07 


224.1 


62 


64 


16.5 


15.07 


256.0 




63 


17.5 


16.07 


288.0 




62 


18.5 


17.07 


322.0 


24m's 


26)2070(70.07 


235.0 


235.06 


26)2871 . 8 




B mean 


JfJ>.=0.04 


3f.Z).» 0.04 


<r«=110.45 
<r = 10.51 



and below them ^ or f of the measures, that is, 6.5 or 
19.5 measures. 
8. Subtract Qi from Qz and divide by 2, giving Q, the devia- 
tion. 



(b) For measures grouped in the frequency distribution. 
The steps of the computation now become exactly the same 
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as those involved in the computation of the median (the 
second quartile point). 

Table ^5, To illustrate Computation of Quabtile 
Deviation fob the Grouped Series 





Clau^niervaL 








95.0-100 


8 


^ 






90.0- 94.99 


8 








85.0- 89.99 


9 


>=61 






80.0- 84.99 


4 


^ wJL 






75.0- 79.99 


24 








70.0- 74.99 


18 


Q8-67.808 






65.0- 69.99 


26 






60.0- 64.99 


12 








55.0- 59.99 


27 








50.0- 54.99 


18 


rQ <>^ of this distance 






45.0- 49,99 


45 








40.0- 44.99 


21 








35.0- 89.99 


44 


. Ci -87.727 






SD.O- 84.99 


TT 


* 






25.0- 29.99 


17 








20.0- 24.99 


2 








15.0- 19.99 


'9 


>«51 






10.0- 14.99 


8 








5.0- 9.99 


8 








0.0- 4.99 


2 


* 








iV«800 










iV/4-75 







1. Divide iV by 4. 800/4 = 75 measures. 

2. For Qs» there are 61 measures above 70.0. We need 75-61» 
or 14 measures from the 26 in class-interval 65.0-69.99. 

8. Therefore Qi = 70.0 - 14/26 X 5=70.0 - 2.692 = 67.308. 

4. Similarly for Qr, since there are 51 measures in the intervals 
0-4.99 to 80.0-84.99 inclusive, we need 75-51, or 24 measures 
from the 44 in class-interval, 35.0-39.99. 

5. Therefore Qi = 85.0 -|- 24/44 X 5 - 85.0 -|- 2.727 - 87.727. 

6. Therefore since Q = Qi - Qi, we have 67.308 - 87.727 « 



29.581 
% 



14.791. 
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Properties of the quartile deviation. On account of the 
simple meanmg of the quartile deviation, it is a good meas- 
ure of variability to use in presenting facts for the lay reader. 
It further has the advantage of being the most easily com- 
puted of any of the measures of variabiUty. In brief, Q is 
the inspectional or approximate measiu*e to use in expressing 
variabiUty, m the treatment of any data in which numerical 
precision is not necessary, or where the theory does not 
imply algebraic treatment. There are many opportunities 
to-day, in educational research, to use the quartile deviation 
as a measure of variability. 

S. The Mean Deviation 

What the mean deviation is. We pointed out that, strictly 
speaking, the quartile deviation is not a measure of deviation 
from a particular average. Expressed in another way this 
means that the quartile deviation takes but indirect account 
of the/oTTn of the frequency distribution, — of the relation 
between the values of particular measures and the frequency 
of their occurrence. There are two measiu-es of variabiUty 
that do this, however: the mean deviation, and the standard 
deviation. They differ only in the fact that in the former case 
simple deviations are averaged without regard to sign, and in 
the latter case the deviations are averaged after each has 
been squared, with^the necessary subsequent step of extract- 
ing the square root. 

The mean deviation of a aeries of measures is the arUh" 
mMic mean of their deviations from a selected average (median 
or arithmetic mean) the deviations being summed wiihovt re^ 
gard to sign. In the computation of an average deviation, 
the talcing account of signs would result in a fictitious measure 
of deviation, the difference between positive and negative de- 
viations being always very small, and equal to when the 
deviations are taken from the arithmetic mean. Therefore, 
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to average simple deviations we are forced to disregard signs. 
From the practical standpoint, the deviations may be taken 
from either the arithmetic mean or from the median. The 
computation in colimins (3) and (4), of Table 24, show that 
in the case of that simple series, fairly imif ormly distributed 
as it is, the mean deviation computed from either average 
is the same to the second decimal place, 9.04. This will be 
true also with the data grouped in the symmetrical distri- 
bution, and with those not more than moderately unsym- 
metrical in form. From the theoretical standpoint, however, 
a is proper to take the deviations from the median^ for that 
is the point on the scale about which the mean deviation is 
the least. Because it is much simpler of computation, and 
because of this mathematical relation, the recommendation 
is made that the student adopt the practice of computing 
deviations from the median. 

Computation of the mean deviation : (a) data tmgrouped. 
Let us list the steps in the computation when the data are 
ungrouped. Each step is illustrated by the data of Series II» 
Table 24: — 

1. Compute the median: 80.5. 

2. Compute the deviation of each measure from this value, 
15.5, 14.5, 13.5, etc., in column 3. 

3. Sum these deviations: 235.0. 

4. Find the arithmetic mean of the deviations by dividing the 
sum, 235, by the number of measures, 26, giving the mean 
deviation, 9.04. Column 4 gives corresponding deviations 
from the arithmetic mean, 79.97, a total of 235.06, and the 
same value for the mean deviation, » 9.04. 

Computation of the mean deviation: (&) data grouped in 
the frequency distribution. The computation still may fol- 
low the steps given above, which may be called " the long 
method." The work given in Table 26 illustrates this 
method. 
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Table 26. Distribution of Marks given to 289 High-School 
Pupils in Latin. To illustrate Computation of Mean 
Deviation by Long Method 





Mid- 








CUu$^nUr9al 


point qf 
clcus'in- 
Urval m 


Frequency f 


Deviation d 


M 


95.0-100 


97.5 


22 


13.12 


288.64 


90.0- 94.99 


92.5 


68 


8.12 


552.16 


85.0- 89.99 


87.5 


51 


8.12 


159.12 


80.0- 84.99 


82.5 


28 


-1.88 


52.64 


75.0- 79.99 


77.5 


47 


-6.88 


823.36 


70.0- 74.99 


72.5 


S3 


11.88 


892.04 


65.0- 69.99 


67.5 


21 


16.88 


354.48 


60.0- 64.99 


62.5 


9 


21.88 


196.92 


55.0- 59.99 


57.5 


6 


26.88 


161.28 


50.0- 54.99 


52.5 


2 


81.88 


63.76 


45.0- 49.99 


47.5 


1 


36.88 


36.88 


40.0- 44.99 


42.5 


1 


41.88 


41.88 




iV=289 




2623.16 






? -144.5 




M.i).-«««f„^» 






2 




289 






True median = 84 . 88 




= 9.08 



To make use of this long method necessitates a large 
amount of computation. The arithmetic labor may be cut 
down very materially by using the principle employed in the 
short method of computing the arithmetic mean. To do this 
here would involve these fundamental steps: — 

1 . Compute the total deviations about an assumed median. 
This can easily be done by taking the assumed median at the 
mid-pointof the class-interval which contains the true median. 

£. Correct these total deviations about this assumed me* 
dian by an amount equal to the difference between the devia- 
tions about the assumed median and the total deviations 
about the true median. 
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It will be shown below that the sum of the deviations 
about any assumed median mtui always be less than the sum 
of the deviations about the true median. Hence, whatever 
be the relative position of the assumed and true medians, the 
correction of the deviations around the assumed median to 
the true median must always be added. 

Let us contrast in Table 27^ the computation by the short 
method with the correction applied in this way, and with 
the reduction to class-intervals of one unit each, but first, 
with the deviations stated in their true value, 0.62, 1.62, 
2.62, etc., instead of 1, 2, 8, etc. .We can then go, second, s 
step farther and compute the deviations in terms of units ot 
1, 2, 8, etc., and correct once for all by the short-method 
stated below, as in Table 28. 

Table 27. To illxtstratb the Computation of Mean Devia- 
tion WITH Deviations stated in Tbub Values, but m 
Units of Class-Intervals 







Tne-dmriatian t^f mid^poinlt 




CUui-uUenal 


/ 


ttt uniU t^ datt-inknali 


Sd' 


95.0-100 


22 


2.62 


57.64 


90.0- 94.99 


68 


1.62 


110.16 


85.0- 89.99 


51 


.62 


81.62 


80.0- 84.99 


28 


- .88 


10.64 


75.0- 79.99 


47 


-1.88 


64.86 


70.0- 74.99 


83 


-2.88 


78.54 


65.0- 69.99 


21 


-8.88 


70.98 


60.0- 64.99 


9 


-4.88 


89.42 


55.0- 59.99 


6 


-5.88 


82.28 


50.0- 54.99 


2 


-6.88 


12.76 


45.0- 49.99 


1 


-7.88 


7.88 


45.0- 44.99 


1 


-8.88 


8.88 



True median*- 84. 88 



iV«289 

S<f^^ 524.66 
iV " 289 



d'rm 2 (T "524. 66 

1.816«lfi>. in units 

(rf class-intervab 



1.816X5«9.08»lf.D. in actual unite 
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Table 28. To illustrate the Computation of Mean De- 
viation BY Shobt Method. Deviations taken about the 
Assumed Median, in Units of Class-Intervals 



Clau^nierval 


/ 


d 


fd 


95.0-100. 


22 


9 


66 




90.0- 94.99 


68 


2 


186 




85.0- 89.99 


51 


1 


51 




80.0- 84.99 


28 









76.0- 79.99 


47 


1 


47 




70.0- 74.99 


83 


2 


66 




65.0- 69.99 


21 


3 


68 




60.0- 64.99 


9 


4 


86 




55.0- 59.99 


6 


5 


80 




50.0- 54.99 


2 





12 




45.0- 49.99 


1 


7 


7 




40.0- 44.99 


1 


8 


8 





iV"289 

True median "84. 875 
Assumed median "82. 50 
o»1.88/5«.88 



sjr 



V -; • 'S'*' 



1.^-7 



2/d-522 

Total correction » e, difference 
above and below true mecfian"" 
.88X7-2.66 

Total deviations in units of 
class- intervals, i.e., T^Jd^ 522 + 
2.66«524.66 

1.816X5-9.08 



Diagram £9 presents several of the class-intervals in en- 
larged form, together with the relative position of the 
true and assmned medians, and the relative sizes of the true 
and calculated deviations. The student is reminded again 
of the necessity for doing his thinking in terms of the scale 
of the frequency distribution. The diagram makes it dear 
that the deviation of each measure in any class-interval, 
when taken from the assumed median (a mid-point of a 
class-interval), is in error by that part of a class-interval 
that s^)arates the true and assumed medians. For example, 
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each of the 28 measures in dass-intenral 80.0—84.99, as- 
sumed to have a deviation of 0, actually has a deviation, 
from the true median (r.Jf d.), of — .38 of an interval; each 
of the 51 measures in interval 85.0-89.99, similarly taken at 



JntervohirSpaat 
$5.0 - 



'r'^tn un/tj or 



^0-0 - --. 



Cokufofed ZVt 

\^/ off en //7«V7//> 







c^€^ C/0SS Ai/rrrc/ Se/^nf 

of mkfSofr^. TTfrrmre /hry . 
etre oeftfw/ /o .^^yJC^^ww 

ro/i^rm. 
more ^c/oti^ /^fan 



DiAGBAM 29. To nXUBTRATB CoMPnTATION OF MbAN DbYUTION BT 

THS Shobt Mbthod 



a deviation of 1, actually deviates from the true median by 
0.62, etc. In other words, each of the measures above the 
r.lf d. is assumed to be longer than it really is, by .38 of an 
interval, and each of those below the TJM^, is assumed to 
be .38 shorter than it really is. Thus, there are 141 measures 
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calcidated longer than they really are, and 148 measures cal- 
culated shorter than they really are, each by .88 of a class- 
mterval. In other words, there are 141 measiu*es both above 
and below the T.Md. whose deviations are equally long or 
short, the effect of those above neutralizing that of those 
below. In addition there are 7 more measures that are short 
by .88 of a class-interval (7 X .88 = 2.66), making the total 
correction to be added to the deviations from the assumed 
median {A.Md,) 524.66, as with the long method in Table 26. 
Furthermore, there will always be more cases short than 
long, because the assumed median {A.Md,) determines the 
number of cases above or below the TJf a., and the devia- 
tions taken on the side of A.Md. are always short. Thus the 
correction will always be added. Table 29 illustrates this 
point for the case in which the T.Md, falls below the AJdd. 

Table 29. Distbibution of Mabks given to 128 High- 
School Pupils in English. To illustrate CoiifPUTATioN 
of Mean Deviation by the Short Method, when the 
True Median falls below the Assumed Median. 





/ 


d 


fd 




95.0-100 


1 


4 


4 




90.0- 04.99 
85.0- 89.99 


2 
13 


8 

2 


6 
26 


b68 measures 
. above the trae 
median 


80.0- 84.99 


21 


1 


21 


75.0- 79.99 


81 







A.M. "77.5 


70.0- 74.99 


19 


- 1 


-19 


"ir.3f.= 76.05 


65.0- 69.99 


10 


- 2 


-20 


0.-145/5--.29 


60.0- 64.99 


7 


- 8 


-21 




55.0- 59.99 


9 


- 4 


-86 




50.0- 54.99 


8 


- 5 


-15 




45.0- 49.99 


2 


- 6 


-12 


>''55 


40.0- 44.99 


2 


- 7 


-14 




85.0- 89.99 


1 


- 8 


- 8 




30.0- 34.99 


1 


- 9 


- 9 




25.0- 29.99 





-10 






20.0- 24.99 


1 


-11 


-11 






n = 12d 




Z<2»222 
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The deviatkuiB of each of the 68 measures is short by .29. 
The deviations of each of the 65 measures is long by .29. 
The total deviations, 2212, are therefore short by 

OQQ _L. 3 77 

18 X .29 - 8.77. j^T-^ X 5 - M.D. - 1.886 X 5 - 9.180 

To express the work algebraically, let T,Md. equal true median; 
A,Md, equal assumed median. Na " number of measures above 
r.ifd.; Nt " number of measures below T.Md,; c, the correction "• 
r Jf d. — A.Md. no. units in interval. 

M.D. - -^ 

In the problem. Table 27 or 28, 

iVa - 68 r.if A - 76.05 

Ni»65 A.Md. - 77.5 

K^ji .^ 76.05-77.5 -1.45 ^ 

S/i - 222. c » « — — - - .29 

. j^n 222 + [- .29 (55 - 68)1 

• •^•^' 128 

_ 222 -h (" .29 X - 18) 
128 

— ' — 1.886 in units of class-intervals 

or» M.D. " 1.886 X 5 « 9.180 m actual units. 

Steps in fhe computation of the mean deviation by the 
short method. In conclusion, we may sum up the steps in 
the use of the short method as follows, illustrating each 
step by the data of Table 28. 

1. Tabulate the frequencies by class-intervab (as was done 
by the computation of the arithmetic mean) and total them, 
t.e., N = 289. 

2. By methods described in Chapter V compute the true median 
(84.88). 

8. Select as the assumed value of the median the mid-value of 
the class-interval thai contains the true median (80.0-84.99); 
therefore the assumed median » 82.5. 
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4. Find "c," the correciion, or difference between the mid- 
value of the class-interval and the true median in units of 

class-intervals. This is — - — =» .88. 

5 

5. In the illustrative problem this means that the sum of the 
deviations of the class-intervals about the assumed median will 
be in error from the sum of the deviations about the true 
median by an amount equal to the difference between the 
number of measures above and below the true median, mttUi' 
jdied by the difference between the true and assumed medians 
{Le, by the correction "c"). Therefore, next compute the 
difference in the number of measures above and below the 
true median; 7, in this case. 

6. Since each of these measures is in error by .S8, the total devia- 
tions times their corl'esponding frequencies, when computed 
from the assumed median are in error by 7 X .88 or 2.66. 
Therefore next compute the amount of this total correction. 

7. Tabulate the deviations {d) of the mid-value of each class- 
interval from that of the assumed median (precisely as was 
done in the computation of the arithmetic mean). 

8. Multiply each frequency by its respective deviation, giving 
the column of fd's. 

9. Find the sum of the deviations (/i'tf), wiiJwut regard to sign* 
Remember that this sum is taken about the assumed median. 

10. Add the total correction, from 6 above (in the problem this 
is 2.66) to the total number of deviations from the median, 
522 -h 2.66 » 524.66, which gives the total number of devia- 
tions about the true median. 

11. Divide this sum by the total number of cases f '- — « 1.816 ) 

V 289 / 

to get the mean (average) deviation about the true median 
EXPRESSED IN UNITS OF CLASS-INTERVALS. 

12. Multiply this mean deviation by the nimiber of units in a 
class-interval to get the mean deviation expressed in units qf 
the original measures; 1.816 X 5 « 9.08. 

^. The standard deviation 

Sigma as a measure of variability. It has been pointed out 
that there isaunit measure of variability called the standard 
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deviation, sigma, (<r) that is coming into common use in 
educational measiurement. It was stated there that if (on 
a symmetrical frequency distribution represented by the 
**probability curve"), a distance equal to the standard de^ 
motion is laid off on each side of the mean, and ordinates are 
erected from the base line to the ciu^e, that between the 
curve, the ordinates, and the base line will be included 
68.26 per cent of the measures represented by the total 
area. The derivation of the relation between sigma and the 
curve, the fact that it is a fimction of the curve, and hence 
may be used as a unit in laying off distances on the base line 
of the curve, the method of computing the percentage of 
cases under the curve, and between ordinates erected at 
stated distances of multiples or fractions of sigma from the 
mean: — these, and other points will all be cleared up in 
Chapter VII. It is our business here, however, to famiUarize 
ourselves thoroughly with sigma as a measiu*e of variability 
of a frequency distribution. 

It was stated in the foregoing discussion that the compu- 
tation of the mean deviation involves the arbitrary pro- 
cedure of disregarding the signs of the deviations. The 
standard deviation^ introduced by Karl Pearson in 1896» 
avoids this step by involving the squaring of all deviations 
from the mean. It differs from the mean deviation only in 
that feature. We may, therefore, define the standard devia- 
tion of a distribution, sigma {or) as, the square root of the 
arithmetic mean of the squares of the deviations from the aver- 
age of the distribution. 

For the simple series: — 






where o- = the standard deviation, d = the deviation of any 
measure from the arithmetic mean, and N = the number of 
measures m the distribution. 



MEASUBEMENT OF VABIABIUTY 160 

For the frequency distribution: — 

/ representing the frequency of occurrence of the measures 
in any class-interval. 

For approximate work with educational data it is prac* 
ticable to take the deviations from either the arithmetic 
mean or the median. The natural average to use, however, 
is the arithmetic mean, for it is about this point in the dis- 
tribution that the sum of the squares of the deviations is 
a minimum. (The mathematical theory imderlying the de- 
rivation of rejGbtied statistical measures makes use of the 
principle that the sum of the squares of deviations should 
be a minimum.) 

Computation of the standard deviation: (a) data un« 
grouped. The steps in the computation of the standard devi- 
ation, when the measures are ungrouped, are simply stated 
as given below. Each step is illustrated by data from 
Table £4, colunms 4 and 5. 

1. Compute the arithmetic mean of the series, 79.97. 

2. Compute the deviation of each measure from the mean; 
16.03; 15^03, etc. 

8. Square each deviation; (use tables for squaring). 

4. Find the total of such deviations, ^6.9; 2^.9, etc., « 12871.8. 

5. Find the arithmetic mean of the deviations; — 110.45, this 
iaaK 

6. Find the square root of the mean; 10.51. 

(6) frequency distribution. 
This is the standard deviation of the distribution, ^r. 

Just as with the computation of the arithmetic mean, the 
labor of computing the standard deviation by this long 
method is considerable. It may be very materially cut down 
by recourse to the short method, e^lained in connection with 
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the arithmetic mean and the mean deviation. That method 
makes use of the principle that instead of computing the de* 
viation in each case from the true mean or median, thus 
giving three- or four-place numbers in the later multipli- 
cation, as in Table ^, an assumed mean is taken {any- 
where in the distribution) y and the deviations are computed 
from this point. Furthermore, in the case of the frequency 
distribution, the assumed mean is taken at the mid-point 
of a class-interval, and the deviations are all laid off in units 
of class-intervals, thus reducing the arithmetic work to a 
minimum. To get the method before us clearly, we next list 
the steps in the computation that are necessaiy when the 
data are arranged in the frequency distribution. The data of 
Table M may be taken to illustrate each step in the pro* 
cedure. 

Steps in tbe procedure of ccnnputing the standard devia- 
tion by the short method. We may now summarize the steps 
in computing the standard deviation by the short method, 
as follows: — 

1. Tabulate the frequency distribution. 

2. Estimate the interval which contains the mean; select it near 
the point of heaviest concentration of the measures; e.g,t 
41.(M4.99. 

8. Tabulate the deviation in unit intervals, of the mid-value 
of each class-interval from that of the estimated mean. 1, 2, 
8, etc.; —1, —2, —8, etc. 

4. Multiply each frequency by its respective deviation; /X d^ 
10, 9, 16, 14, etc. 

5. Find the algebraic sum of such/d**; 2/i » 827 — SS^ = -9. 

6. Divide 2/(2 by the number of cases. (This quotient is the 
correction "c" which (multiplied by the number of units in 
a class-interval) added (algebraically) to the estimated mean 
gives the true mean. This true mean does not necessarily 
have to be computed to get the standard deviation.) c » — .03. 

7. Multiply each Jd by (2, its corresponding deviation, giving 
the column headed /(2^ 100, 81, 128, etc. 
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Table 30. Distribution of Abilities in Visual Ihagebt of 
803 College Students to illustrate the Computation of 
THE Standard Deviation by the Short Mkthod 



Cku^mUrvd 


rftQUittUSf/ 


DenaUon 
d 


/d 


Jd^ 


90.0-04.09 


1 


10 


10 


100 


85.0-80.99 


1 


9 


9 


81 


80.0-84.00 


2 


8 


16 


128 


75.0-70.00 


2 


7 


14 


98 


70.0-74.00 


8 


6 


18 


108 


65.0-60.00 


5 


5 


25 


125 


60.0-64.90 


7 


4 


28 


112 


55.0-50.00 


26 


8 


78 


234 


50.0-54.00 


41 


2 


82 


164 


45.0-40.00 


47 
50 
82 


1 


-1 


47 


47 


40.0-44.09 


827 




85.0-89.99 


-32 


82 


80.0-34.09 


81 


-2 


-62 


124 


85.0-«9.99 


18 


-8 


-54 


162 


20.0-24.99 


16 


-4 


-64 


256 


15.0-19.99 


11 


-5 


-55 


275 


10.0-14.99 


8 


-6 


-18 


108 


5.0- 9.00 


5 


-7 


-85 


245 


0.0-4.99 


2 


-8 


-16 


128 




iV-808 




-836 
827 


808)2527(8.84 »S' 




303)-9(-.03 





c==-.08 8.84-.001=8.889«cr» 
c*= .001 <r= 2. 88 intervals 

<r «2.88 X5 » 14.4 actual units 



Ct 



K 



:S 



8. Find the sum of tiiefd^s; ^fd* = 2527. 

0. Divide the sum of the fd^'s by the number of cases to get S\ 
8* ^ 8.34. It must be remembered that S^ is the square of 
the ** standard deviation" (technically called the rooUmeaiu 
square deviation) from any assumed m£an. The mean of the 
deviations about this assumed mean is obviously in error 
by an amount equal to the arithmetic mean of the difference 
of the positive and negative deviations. (If taken about 



*» A « 




IhiU 



h. 
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.the true mean the difference should be 0.) In the same way» 
the arithmetic mean of the squares of the deviations is in 
error by an amount equal to the square of this difference or c\ 

10. Square the correction, giving c^ .001. 

11. Subtract^ c* from S\ giving cr^ This standard deviation is 
expressed in units of class-intervals; 8.34 — .001 » 8.339. 

12. Find the square root of <r* to give o; — stiU in units qf clasa* 
intervals; 2.88. 

13. Turn <r (as expressed in units of class-intervals) into a 0* 
expressed in unit measures, by multiplying a- by the number 
of units in a class-interval. 2.88 X 5 » 14.4, 

As a rough check on the numerical work, it is well for the 
student to remember that for fairly long symmetrical or 
moderately-skewed distributions a distance of 6 X cr includes 
99 per cent of the measures. Reference to this will often 
prevent gross errors. There is a specific use of this **inspec- 
tional'' method in the determination of the value of the 
Pearson coefficient of correlation. This coefficient may be 
roughly estimated by inspection of the contingency table 
by noting the spread of the distribution. The extent kS this 
spread may be estimated numerically by the use of the 
empirical rule above. This will facilitate the approximate 
determination of the correlation coefficient. 

1 The square of the correction is always mbtraded from S* (the "standard deviatioi:'' 
about the assumed mean). The proof of thb algebraically is adapted from Yule, G. U^ 
ItUroducUon to the Theory ci StaUetiee, page 1S4, as follows: — 

Let X be any variable. 

Let M be the true mean value of x. 

Let A be any assumed value of the mean value <^ 9, 

Let Zss X — A. This is the deviation of the mean value of x from A, 

Now define any general root-mean-square deviation, 8 ie.g. 9), from the origin A, by 

^ N 

Vt IS then the root^mean-square deviation from the true mean.* Now to find the relation bflf 
tween <r and the root-mean-square deviation from any oiher origin, — 

Let M — i4 «- c so that Z «- « + c 
Thus Z' =»«« + 2zc + c« or 
2Z« = 2z« + 9c2x + Nd^ 

Now Sr, the sum of the deviations, is equal to 0, and from above XS* ■■ NS*, 
Theicfoie N8* » Ntr* + Ne* 

5* -<r« + c» or <r> • 5» — e«. 
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Advantageous properties of the standard deviation. Using 
the list of desirable properties of the various means as given 
above as a criterion for establishing the value of cr, we may 
say that it ranks high as a measure of variability because: 

1. It 18 numerically defined. 

2. It is based on all the measures. 
8. It is easily calculated. 

4. It is susceptible of algebraic treatment (e.g,, it can be shown 
that the square of the 0* of a distribution is equal to the arith- 
metic mean of the squares of the ^ 's of component parts of 
distribution.) 

5. It can be shown by the theory of errors and sampling, that it 
is the measure of variability least affected by fluctuations of 
sampling. 

6. Its computation aids the determination of the Pearson ooef* 
ficient of correlation. 

7. It is convenient because of the necessity of obtaining a 
measure which will vary with the variability of distribution, 
and squaring deviations is the simplest method of eliminating 
signs. 

8. It bears a convenient relationship to the normal or probabil- 
ity curve, in that it is the distance from the mean to the 
point of inflection of the ciu*ve, i.e., to the point of change of 
curvature. This will be made clear in the discussion of the 
graphic representation of measures. 

The general rule may be laid down that the arithmetic 
mean should ordinarily be used as a type, or average, and 
the standard deviation (deviations all measured from the 
arithmetic mean) should be used as a measure of variability 
in all fairly long and synmietrical distributions met in 
educational research. 



II. M&ABUREB OF RlILATIVB VABIABIUTr 

Types of such measures. In the foregoing pages we have 
pointed out the principal methods of representing the 
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absolute degree of variability of a given frequency distribu- 
tion. Measures of variability are principally of value, how- 
ever* in comparing one distribution with another. It is 
dear that standard deviations, mean deviations, or probable 
errors, in order to be comparable^ must he measured about 
averages of approximately the saiM absolute value. 

We must recognize two distinctly different kinds of varia- 
bility in our measurements: (1) that in which two distribu- 
tions are compared that have the same unit of measure- 
ment, — f.^jr., salaries of teachers in two cities, achievement 
of two classes of pupils in a given standard test, or percent- 
ile distribution of municipal expenditures to various city de- 
partments; (2) that in which two distributions are to be 
compared in which the units of measurement are entirely 
different, — e*g.y the achievement of a class of pupils in 
handwriting as measured by the Thomdike Scale (units of 
1 ranging from 4 to 18) with that of another class as meas- 
ured by the Ayres Scale (imits of 10, ranging from 120 to 90) ; 
or the salaries of teachers compared with their years of 
experience. Both types of variability need to be discussed 
here. 

1. Unit of measurement the same. In order to secure 
comparable measures of variability it is not sufficient that 
the unit of measurement be the same. Examination of 
the data of Table 81 shows that it is not proper to compare 
the ahsoluie variability of municipal expenditures for schools 
with that of expenditures, say, for the health department. 
If we used the absolute variability as shown by the respec- 
tive mean deviations we would conclude that cities are nine 
times as variable in their expenditures for public school pur- 
poses as for public health purposes. This does not at all agree 
with the conclusion to be made from the logic of the situ- 
ation, which is, that variabiUty in expenditures for schools 
must be relatively small, and that for health relatively large. 
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Examination of these data shows us that the gross absolute 
variability is directly contributed to by the absolute value 
of the average from which we take our deviations, — in 
other words, by the magnitude of the units included in that 
portion of the scale covered by our distribution. Obviously, 
an absolute measure of variability must be many times larger 
when computed from an average of 32.30 than when com- 
puted from an average of 1.40. 

2. Unit of measurement different. Similarly, it seems 
clear that we cannot compare the absolute variabiUty of a 
group when measured with one unit, say salaries of teachers, 
in dollars, with that of the same or another group when 
measured in terms of an entirely difiPerent unit, say, their 
years of experience in teaching. In the former case, our 
range might extend from $250 to $1175, the average be 
$640, and the M.D. perhaps be $150. In the latter case, 
the respective measures might be, — range, 1 to 37, average 
9, M.D. 5. Thus it is clear that we need a measure of 
RELATIVE variability to cover these two cases. Evidently 
we must conclude that only when two distributions give 
about the same average, and cover about the same portion 
of the scale, are their measures of absolute variability 
directly comparable. 

The Pearson coefficient. To take account of the relative 
magnitude of the average and of the units on the scale the 
suggestion has been made by Pearson that we find the ratio 
of the measure of absolute variability (cr, 3f •£>., Q, or P.JB.)* 
to the average from which the deviations were taken (arith- 
metic mean or median). Expressed in algebraic form this is 

M 

called by Pearson the coeffiment of variation. A measure of 
this type is evidently independent of the magnitude of the 
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Table 81. Average Percentile Payments for General and 
Municipal Service — Fiscal Years 1902 and 1908 — 
Cities between 25,000 and 50,000 Population* 



Municipal cuHnUet 



• General Administration.. 

* Police Department 

• Fire Department 

*■ Health Department 

» Charities and Corrections 

•Public Highways 

Street Lighting 

Public Sanitation 

Schools 

Libraries 

* Public Recreation 

Interest on Debt 



(1) 

Median 
Md 


Average 
denaiion 


ThornkiL'e CO- 
tifficierU qf 


AM 


pariabUiiy 


8.08 


1.54 


.54 


8.16 


1.74 


.609 


9.98 


2.58 


.817 


1.40 


.747 


.633 


8.02 


2.98 


1.71 


8.19 


2.52 


.908 


6.43 


1.84 


.725 


8.67 


1.78 


.927 


82.30 


6.67 


1.175 


1.14 


.56 


.524 


.61 


.642 


.814 


12.50 


5.75 


1.62 



Pearson 9 co- 
tfficterUqf 
variabiliiif 



.19' 
.21 
.26 
.53 
.99- 
.81 
.29 
.49 
.21-- 
.49 ♦ 
1.05 
.46- 



* Adapted from Elliott, Some Fiscal Aspects qf Education, p. 83. 
t Column 4 added by Uie writer for comparative purposes. 
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units on the scales of the two distributions. Li using it, one 
is merely finding the per cent (if he multiplies <rx 100) that 
the absolute variabihty is of the average from which the 
deviations are computed. It is clear that the same type of 
measure could be obtained by dividing the quartile devia- 
tion or the mean deviation by the median. To do this in the 
case of the data in Table 31 gives the coefficients in column 
4. According to these, the item of expenditures for " schools " 
is among the least variable, ranking with those for police, 
fire, general administration, etc.; and public recreation, 
charities and corrections, and health are among the most 
variable. These statistical conclusions clearly check those 
inferred from our logical analysis of the situation, and aid 
us by enabling us to speak in fairly definite terms. Expressed 
in another way, cities agree much more closely in their ex- 
penditures for the old established departments of schools. 



MEASUREMENT OF VARIABILITY 177 

fire» police, general administration, highways, than they do 
for the newcomers in the field of municipal administration, — 
public recreation, health, charities, etc. 

Thorndike, however, proposes another empirical measure 
of relative variability, choosing to divide the measure of 
deviation by the square root of the average; thus: — 

100 M,D. 

^Median 

The results of using this measure instead of the direct per- 
centage of deviation and average, are, according to Thorn- 
dike, "more in accord with both theory and facts/* The data 
of column 3, Table 31, were originally computed by Elliott 
with the use of Thomdike's coefficient, his interpretations 
and conclusions being determined by the relative size of 
the coefficients. He says, for example: "From these coeffi- 
cients it is justifiable to say that the expense for libraries 
and that for general administration seems to be least sub- 
ject to the influence of those conditions likely to produce 
variability, while the expense for charities and corrections, 
interest on the debt, and schools, possess, in the order 
named, the largest degree of variability." It is plain that 
these conclusions are quite the reverse of those deduced 
above from the logic of the situation, and which are also 
obtained from the use of the Pearson coefficient. Further- 
more the taking of a coefficient containing a root or power of 
the mean used as base makes the coefficient very unstable 
when applied to problems in which that measure varies 
widely in magnitude. Contrast, for example, the effect of 
having a base (median) closely approximating 1 (such as 
health expenditure above) in which the square root of the 
base varies but Uttle from the size of the base itself, with the 
case of schools, in which the base is 32, the square root of 
which becomes 5.657. To get the full effect of the liberties 
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ILLUSTRATIVE PROBLEMS* 

1. Find the quartile deviation, the mean deviation, and the standard 
deviation for each of the frequency distributions reported in the '*illu»- 
trative problems" of Chapter V. 

2. Find the coefficient of variation for each of these problems by the 
Pearson formula and by the Thomdike formula. 

Given fob Foub Distbibittiomb 



Arithmetic 
Mean ...< 
9 ' 



Dia(rt6if<ion i4 
neond 



8.0 
1.4 



DittrilnUionB 

PareentiU 
marki given fu- 
pUtrndrawmg 



77.8 
10.8 



DittribuHon C 
Number qfaritk- 
metie ptxMeme 



12.4 
2.0 



DulnbuiionD 
Mark* gieeH 
pujfUe inmatkr 
ematiee 



76.0 
11.8 



QuMtioDs: 1. In which of tbeie distributions i* the variability greatest? 2. Which 

nay be compared directly by means of their measures of absolute variability? 8. Why? 



* Quoted from Rugg. H. O., lUuebraiiM Problem in EdueaHonal StaUeHet, published by the 
author to acoompai^ this text. (Univenity of Qucago, 1917.) 



CHAPTER Vn 

the frequency curve 

Third Method of descbibino a Fbequenct 

Distribution 

Summary of preceding work. We have been continually 
trying to find the best methods of describing a frequency 
distribution. We have tried the use of the "range," or the 
G^ distance on the scale between the lowest and highest values. 
It was noted that this number depends solely on two values 
of measures which are subject to great fluctuation, namely, 
the largest measure and the smallest measure. We have 
/i) tried to typify distributions by various ** averages," but it 
was shown again that either the arithmetic mean, median, 
or mode can but partially describe the distribution. In other 
words, two distributions may vary widely in the way in which 
the measures are concentrated or scattered along the scale, 
at the same time that they present exactly the same "aver- 
age." So we have turned to the method of variability, and 
have discussed the use of measures to represent the amount 
of this "scattering" or "bunching" of measures. It was 
shown that a fairly adequate numerical representation of the 
two distributions in question could be obtained by giving 
both the average and the variabiUty {e.g,y by the arith- 
metic mean and the standard deviation, or the median and 
the mean deviation, or the median and the quartile devia- 
tion, etc.). These could be supplemented, in cases where 
the units of the scale of the two distributions were differ- 
ent, by a coeflScient of relative variability. 

Our sole aim in treating educational data by any of these 
devices is to organize a complex mass of material in such a 
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wn^Y ss to facilUaie clear edtic<Ui(m(dinterpreM Itseema 

quite clear that the mind finds it difficult to deal with whole 
frequency distributions, or with the original ungrouped 
measures themselves. The "average" and measure of 
** variability" help to condense the material and aid in in- 
terpretation. It was pointed out in Chapter IV that thor- 
ough use can be made of such measures only by the most 
experienced manipulator of statistical methods; that the 
student needs other methods of representing facts. It was 
shown that probably the greatest aid to sound interpreta- 
tion of statistical data can come from the graphic presenta- 
tion of the facts in question. 

Smoothing frequency polygons to approximate ideal 
** distributions.'' It is suggested that at this point the 
student review the discussion of methods of plotting educa- 
tional data in the form of the frequency polygon and the 
colunm diagram (Chapter IV). It was emphasized there 
that, although we actually deal with but a snudl proportion 
of the total population of measures similar to those in ques- 
tion, our desire for educational interpretations of the data 
leads us to speak in terms of ihejreqv^ncy curve which is be^ 
lieved to typify the law underlying our distribution. To be 
concrete: — 

Diagram 30 reveals clearly that it is drawn to represent 
a limited number of measures. If we had had an infinite 
number of measures, and the size of the class-intervals had 
been "very small," the polygon of Diagram 30 would have 
become a "smooth" curve, perhaps somewhat like those in 
Diagrams 30 and 31. The matter can be more clearly ex- 
plained from Diagram 31. 

Assume that we can refine our measuring scale so as to 
get class-intervals of, say, tenths or hundredths of a unit, 
instead of 5 units. Furthermore, assume that we increase 
the number of measures from 303 to some relatively large 
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number, say SOOO, or 30,000. The base of each rectangle be* 
comes *' infinitely" small, and the number of cases tends to 
be more continuously scattered. Thus we find that our ''rec- 
tangular histogram " approaches '' as a limit," some smoothed 
curve, perhaps having specific mathematical properties and 
capable of leading to generalized interpretations which the 
very particularized histogram does not. We say, — the 
column diagram represents the actual situation with this 
particular ** sample of 803 cases ** ; the smoothed curve repre- 
sents what would be the most probable value of the measiures 
at various points on the scale if we took the entire group of 
I measures (from which we actually have but a small sample). 
It is very dear that a " law " could not be represented by 
the polygon or column diagram, but that themostj grobable 
defi nite curve must be sought to represent it adequately. 

The ** smoothing '' process. Since in educational re- 
search we cannot work with all the cases in the entire popu- 
lation, we may be interested in ** smoothing** our polygons or 
colunm diagrams to approximate the ideal situation as far 
as possible. This can be done roughly by working on the 
I assumption that the most probable value of a series of 
. measures is the arithmetic mean of the series of values. 
This hypothesis can be applied to our problem of 
''smoothing" by taking the arithmetic mean of small groups 
of adjacent measiu'es on the scale. Thus if we let A, B, C, 
D, E, F, etc., be the actual values of the midpoints of the 
intervals, we may average the number of cases found at each 
three adjacent points by the formula: — 

Smoothed value of -4 « 

^ -1- J5 4- C^ 
Smoothed value of fl « r 
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etc., throughout the series. It is seen that the ^'true'' value 
of each point on the scale (except the two extreme values) 
is taken equal to the arithmetic mean ot its value and the 
two adjacent values. In the case of each of the extreme 
measures, it is weighted by 2 and averaged with the adja- 
cent measure. 

The result of such a scheme of approximation is seen in 
Diagram 81, applied to the distribution of Table 30. 

It is sometimes necessary to repeat the process of 
smoothing several times. This will be true especially in 
those distributions revealing sharp irregularities. It is clear 
that in most educational distributions these irregularities or 
** peaks" in the curve will be explained either by scarcity of 
number of cases, or by lack of refinement in the process of 
measurement. The niunerical and graphic results of the first 
and second ''smoothings" are shown in Diagram 31. It 
should be noted that smoothing by this method will not 
change the arithmetic mean of the whole distribution. On 
the other hand, it may affect the median or mode considera- 
bly. The results of the different smoothings reveal that 
beyond a particular repetition of the process but little is 
gained in the way of smoothed refinement. 

I. Ideal Frequency Curves 

School-marking distributions. Fundamentally necessary 
to the advancement of all phases of school practice is ade- 
quate knowledge about the intellectual and physical capaci- 
ties of school children. The design of a course of study, 
planning of teaching methods, adapting of all such phases 
of school machinery as grading and classification of children, 
their promotion from grade to grade, marking systems, — all 
these questions rest back upon the possibility of being able 
to picture completely the distribution of abilities in our 
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school population. For example, the design of a marking 
system, or of standardized tests for the measurement of 
ability in any subject of study, must rest upon clear-cut 
hypotheses as to the 
distribution of ability 
in the school popula- 
tion in question. 

Let us take a con- 
crete example, using 
data in the situation 
represented by Dia- 
gram 32; this gives 
the actual distribution 
of 5714 pupil marks 
in 15 high schools in 
plane geometry. The 
curve shows that over 
30 per cent of the 
pupils were classed as 
being 90 per cent in 
ability or above, i.«., 
in the top fifth of 5 
groups of ability. We Diagram 82. Dibtbibution of 5714 Mabxb 

^. ___ «u^^*:.^i GIVEN IN Plans Gbombtbt in Fotmmh 

are at once skeptical ^igh Schooui 

of the accuracy with 
which the teachers 
have judged the abilities of these pupils, all the more so 
when we note that the curves are concentrated at 75 and 
90 and when we find that these points on the scale repre- 
sent the passing and exemption marks respectively. 

On comparing our data with those in Diagram M we are 
convinced that the marking machinery does not represent 
accurately the abilities of pupib. Here, we note that, as the 
result of careful testing of intelligence, arithmetical ability. 
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Compare this Diagntm with IMagrsm M. 
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stature, and other anthropometrical measurements, tlie top 
fifth of our pupils is surely not more than 6 to 10 per cent 
of the total group. Certainly there is no reason to believe 
that even our high-school population is so badly ** skewed'* 
in ability that nearly one third falls closely together in the 
top fifth of the scale. 

Now, the administration in this particular system has rec- 
ognized recently that its marking is not fitted to the capaci- 
ties of pupils, and has faced the very real question: **With 
what relative frequency should pupil-ability be distributed 
in the various fifths of the marking scale? What per cent 
of the total group actually merit A, B, C, D, E?" To an- 
swer this question fully, this superintendent needs de- 
tailed objective evidence on the distribution of similar high- 
school pupils in large numbers. If he could secure it he 
would be perfectly justified in educating his teaching staflE 
to the point where it would measure pupils' abiUties roughly 
in accordance with this objectively-obtained distribution. 

The distribution of human traits. Complete figures on the 
abiUties of high-school pupils are lacking, but he has avail- 
able many measurements on human intelligence, various 
mental traits, and a vast amount of evidence concerning the 
distribution of anthropometrical measurements on human 
beings. The student will be interested to note with what 
striking regularity they resemble a fairly symmetrical curve. 
In all such distributions, the measures are largely concen- 
trated very near the middle of the scale. Furthermore, they 
shade off in both directions from the middle high point, — 
the mode, — somewhat symmetrically. The student will 
note, furthermore, that in the case of those traits which are 
more subject to refined measurement, — e.g.^ heights of men, 
strength of grip, cephalic index, chest measurement and 
other physical measurements, and fairly refined psycholog- 
ical measurements, the curves the more closely approximate 
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eymmetry. In addition, we see that in those cases where 
very large numbers of measurements have been taken, as 
in Diagram 24, Fig. 4, heights of men, the curve strikingly 
approaches this symmetrical type. 

A century ago, the regularity of this accordance of the dis- 
tribution of human traits with definite symmetrical curves 
was noted by various observers. Quetelet, the Belgian 
scientist, made many such measurements, and early called 
attention to the recurring conformance of the shape of the 
curve of human measurements to the chance polygon got by 
plotting the coefficients of the separate terms in the binomial 
expansion. Especially dose is the ''fit" in the case of such 
physical measurements as stature and girth of chest. 

Laws of nature show continuous distributions. With the 
agreement upon the shape of the distribution curve of hu- 
man traits there came a recognition of the need for the 
definite estabHshment of ideal curves which could be used in 
the case of interpretation of fairly hmited mmibers of ob- 
servations or measurements. Science demanded a means of 
generalization — a method of expressing "the law." More 
and more they commented on the fact that laws of nature, 
as generalizations based on human experience, were inter- 
preted only in terms of continuous distributions. The dis- 
tribution of human measurements was checked further by 
the distribution of "errors of observation" in refined meas- 
urement, — e,g,y astronomy, surveying, etc. The plotting of 
such refined measurements gave a distribution resembling, in 
a rather striking way, the shape of the curve of distribution 
of human traits, concentrated near a mode about the middle 
of the range, sloping off quite symmetrically in both direc- 
tions, and showing relatively few cases at the extremes. If 
the errors be plotted with the error at the middle and posi- 
tive and negative errors plotted on either side of this point, 
this may be interpreted partially by saying: j2r^, that very 
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he can generalize his experience. Expressed briefly, it is 
this: — 

1. Knowing that human traits distribute closely enough 
for practical purposes in accordance with a particular ideal 
distribution, we wish to be able to locate easily the propor- 
tion of our total group (assuming it to be reasonably large) 
that should fall between any two points on the scale of 
our measurements. Concretely, oiur superintendent named 
above, wishes to know about how large a group of his pupils 
should get A's, B's, C's, D's, and E's. He also wants the 
process of this determination reduced to a minimum of 
arithmetic labor. In other words, our theory should lead to 
the preparation of tables by which the student can compare, 
easily and yet accurately, actual with ideal distributions. 

£. Another important goal of the student of education in 
deaUng with ^^probabiUty " is found in connection with his 
very real need for being able to establish the reliability of his 
data. He is measiuing a relatively small ''sample" of the 
total group, and has computed averages, measures of varia- 
bility, and perhaps of relationship. What dependence can be 
placed on the representativeness of the small sample? If 
he took other succeeding samples, would his measures of 
type and variability be practically what he has already 
found? Or can he feel assured that they would fluctuate 
much, and hence that from his data he can make no sound 
interpretation? It should be stressed here that adequate 
educational interpretations of the results of research must 
rest upon careful determination of the reliability of measures 
which have been computed. These two important needs of 
the student of education reveal the need for carefully ac- 
quainting ourselves with the way in which the ** probabil- 
ity *' distribution is found. 

We have pointed out that human traits are ** combina- 
tions " and include many ''arrangements" of a vast number 
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of separate causes which may be assumed to be independent 
of each other. In deriving a theoretical curve of distribution 
for a set of many independent causes, we must recall the 
mathematical result obtained by combining and arranging 
such groups of causes. It is of interest to note that the 
results of such combinations accord so closely with certain 
mathematical schemes, namely, those of permutations and 
combinations, which, working imder the laws of probability, 
may be studied and whose conclusions may be applied to the 
interpretation of our data. 

We shall next show the resemblance between the results of 
combining various arrangements of large numbers of inde- 
pendent causes and the straight mathematical theory of 
permutations and combinations. This leads to a statement 
of principles of GBDUPING called combinations; and ar- 
rangements of same group or combination called permuta- 
tions. 

Use of permutations and combinations. From our ele- 
mentary algebra we will recall that, with a given munber of 
things we can make only a definite number of groupings or 
"combinations," each combination of things being different 
from any other. For example, let a, 6, c, d, represent four 
things. We may make four, and only four different combi- 
nations of these four things when we take them three at a 
time, namely: — 

dbc, abd, acd^ bed. 

If we take but two at a time we can make six, and only six 
different combinations, thus: — 

ab, aCy ctd, be, bd, cd. 

If we take four at a time, but one combination is possible, ' 
abed. Now, with each of these combinations we may make 
two or more arrangements or permiUations. The permutation 
is determined by the order in which the things stand. For 
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I example, with any such combination ad dbc^ we may make 
6 permutations: — 

obc, (uh^ baCf bca, cab, cha. 

Each thing here is combined with each remaining pair of 
things. jl>vr^,juu*v-. 

It is seen that the number of arrangements of n things (4) 
taken r (2) at a time is n(7i - 1) ; f .e., (4.3, or 12) : 

ab be ed da 

ac bd ca db 

ad ba d) dc 

Take three at a time: — 

abo bed cda dab 

acb bdc cad dba 

abd bda cdb dbe 

adb bad cbd deb 

acd bca cba dca 

ado bae cab dae 

n(n — 1) (n — 2), or (34), and so on. The number of p gmu * 
tation^of n things, taken r at a time is, therefore, — 

i,nV- n(n- 1) (n - 2) (n - r + 1). 

Thus, since with any given combination of, say, r things, 
we can combine every thing with every remaining group of 
things, we can make factorial r permutations of things from 
the combinations. (Factorial r is written rl or r and means 
1,2,3,4.... r.) 

Therefore, as we take one combination after another of r 
things, with each combination we can make rt permutations. 
Hence, the total number of permutations of n things taken r 
at a time is equal to the number of combinaiuma of n things 

taken r at a time, multiplied by r/, or 

p 

f rl P C ft T 

n r - n r; or, n r - —r 

rt 
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But, t n'^r » n(n - 1) (n - 2) (wr+1) 

^ . r n(n-l)(n-g) (n-r+1 ) 

r! 

We have said that **law ** is but man's generalization from 
his experience. We are interested in seeing now in what way 
he can check his experience against regularity of mathe- 
matical order. The above formula for the number of combi- 
nations of n things taken r at a time now enables us to fore- 
tell, in the case of a given number, n, of independent events 
working under ideal conditions, what is the probability of a 
stated number of them, r, happening or failing to happen. 
To illustrate the operation of the principle let us take the 
case of coin tos»ng, assuming a coin to be a homogeneous 
disc and equally likely to fall heads or tails. Suppose we 
throw out four coins at random on a table. According to the 
law of combinations and permutations what should be the 
number of heads or tails turning up when r takes values of 
0, 1, 2, 3, 4? There is now a total of 16 possible arrangements 
of heads and tails. Taking four at a time, say all heads or all 
tails, we can make but one possible combination, fii, n^, nt» 114; 
taking three at a time, say three heads and one tail, or 
vice versa, we can make four combinations : ^.jr., — ^ 

c n(n- 1) .. , . (n-r+1) 4*8-2 ^ u % 

ii 
Taking two at a time, two heads and two tails, we can make, 

4.3 

— • = 6 combinations. Since each time we throw out 4 

coins, it is possible to make these combinations of heads 
and tails, we can infer that, should we continue to throw, we 
ought in the long run to stand a chance of getting various 
combinations of heads and tails in about the ratio of 
1, 4, 69 4, and 1. Now if we plot a polygon, making the 
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heights of the ordmates equal, to scale, to these figures, we 
note that we have a symmetrical polygon, with, it is true, 
but five ordinates. Let us take a larger niunber of cases, or 
coins, say 7. Now "the chance of getting all heads," i.e., 
the number of combinations that it is possible to make of 7 
things, taking 7 at a time (n - 7, r « 7) is 1; the chance of 
getting 6 heads and one tail at a time is 7, the number 5 at 
a time, £1, the mmiber 4 at a time, 85, etc. Thus we find 
that in the long run, our "chances" ought to be about 
^1, 7, 21, 35, 35, 21, 7, 1. Plotting these "chances " we find a 
polygon, with more ordinates, a flatter slope to its sides, but 
still symmetrical in shape. 

Probability. Our discussion has now turned to the 
'* chance ** of this or that happening or not happening. It is 
possible then to extend our discussion in the form of general 
statements of probability, and thus establish an expression 
for the probability of any number of events happening or 
failing. To do that we must make clear what we mean by 
probability and establish certain fundamental principles. In 
defining probabiUty we must recall that we are but trying to 
idealize our actual experience in order that we may establish 
what would be the most probable condition, in case our 
actual data could be made infinitely extensive. 

To take a familiar actuarial illustration first: what is the 
probability that a particular child will not live to be 21 years 
of age? We are forced to turn at once to the actual experi- 
ence of the human race under similar conditions. That is, 
we will find out what proportion of children actually have 
not Uved to be 21, say 20 per cent or 1 out of every five. We 
idealize this experience by saying that since 1 in every 5 of 
a very large number of children fails to live to the age of 21, 
the probability that a child will fail to do so is l/5. ProbabH- 
Uy^ then, is emdenUy to be difined as the raiio between the 
occurrence of a particular event and the veiy large ^oup of 
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events of which it is a part. Or, expressed in another way, 
it means a number less than 1 — taken to represent the 
ratio of the nimiber of ways in which an event may happen 
to the total nimiber of possible ways, — each of ike ways he- 
ing supposed equally likely to occurs 

For example: if we toss a coin there are two possible ways 
in which it may come down, heads or tails. Hence the prob- 
ability of its coming down heads is §, and of its coming 
down tails is §. The simi of the probabilities is of course 
unity, the mathematical symbol for certainty. For example, 
if the probability of hitting a target is 1/5000, the probabil- 
ity of not hittmg it is 4999/5000. 

Now, if an event may happen in different independent 
waysy the probability of its happening in either of these ways 
is the S XJM of the separate probabilities. To illustrate: if we 
put into a bag 12 green, 18 red, and 19 black balls, and draw 
out a ball, the probability that it will be green is 12/49 (the 
total number of balls is 49, and there are 12 green ones) ; that 
it will be red, 18/49; and that it will be black 19/49. But the 
probability that it might be either black or green will be 

19 12^81 
49'*'49"4? 

and the probability that it might be either black, green, or 

'^'is 1? ?^ 1? , 

49'*'49"^49" 

If we let P represent the probability of an event happen- 
ing, and Q that of its not happening, then 

P=l-QorP+Q=l. 
Probability in educational research. Now, in our research 
we are dealing with "compound" events; t.e., those pro- 
duced by the concurrence of a very large number of causes, 

^ The writer has adapted to his uses here, Merriman's discussion of 
probability and the binomial expansion in Methods of Least Squaree, pp. 
6-10. 
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assumed to he independent of each other. For example, ** arith- 
metical ability " in a particular individual, may be said to 
be a complex resultant of a very large niunber of causes, 
e.g.9 those due to hereditary capacity, physical conditions 
of growth, and conditions of home and school training; e.^., 
absence from or regularity in school, outside activities, etc. 
We cannot isolate the specific unit causes, so hopelessly are 
they tangled up, but we can measure the effect of the combina^ 
turn of this vast number of separate causes by the objective 
evidence; i.e., we measure the resultant himian trait called, 
for convenience, ** arithmetical ability." Now it is a safe 
assumption that these many separate causes are independ- 
ent of each other, — at least they are not related in any 
definite way. Human events thus are assumed to be "'com- 
poimds," analogous in their determination to compound 
"chance" events of an ideal nature. That they show dis- 
tributions of somewhat similar shape is very evident from 
our foregoing discussions. We need statements, therefore, 
for the generalization of such compoimd events. 
I What is the probability of the happening of a particular 
compound event? The answer must be, — the product of the 
probabilities of the happening of the separate independent 
events. For example: if one of two bags contains 8 black 
balls and 9 red balls, and the other contains 3 black balls 
and 11 red balls, the probability of drawing 2 black balls 

8 3 
in 1 draw from each bag ■» ~ X —:. In the same way we 

17 14 

may extend this to any number of events. PiPtPtPi is 
the probability that all of four events will happen, and 
(1 - Pi) (1 -P,) (1 - P,) (1 - P4) is the probabiUty that 
aU wiU fail. Thus P^ (1 - PO (1 - P,) (1 - P*) - the 
I probability that 1 will happen and 3 will fail, etc. 

Probability expression. We are now in a position to es- 
tablish an e3q>ression for the probability of any number of 
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events happening or failing. Assume ^*n** events, and as« 
snme that P + Q " 1. Then, 

1. From the above, the probability that aU events will happen is 

%, The probability that 1 assigned event will fail and (n — 1) 
happeni is P^^^Q. Since this may. happen in "n" ways, the proba- 
bility tnat 1 will fail and (n — 1) happen is np*~^g. 

8. The probability that 2 assigned events will fail and (n — 2) 

happen is P^*Q*; since this may be done in — -— — ways (be- 

cause the coefficient «■ ; the probability that 2 events out 

rl 

of the total wiU fail is ^^YT^) p-*Q«). 

4. The probability that 8 assigned events will fail and (n — 8) 

happen is F'^Q*. Since this occurs in ways (be- 

1.2.8 

cause the number of combinations that can be made of n things 

^t ... . n(n— 1) (n — r-j-lA , , , .,. 

taken r at a tune is 1 the probabihty that two 

win f afl and (n - 2) happen is ^(^-"^Hn--2) ^^ ^^ 

1.2.8 
Thus, if (P + Qy is expanded by binomial formula. 



• • 



n(n - 1) (n - 2). {U'-r'^' 1) P^Q'' + 

The binomial expansion. But the first term of this ex- 
pression (called the binomial expansion), P" is the prob- 
ability that all events will happen; the second term of the 
expression is the probability that 1 will fail; the third term 
is the probability that 2 will fail, etc. Thus each successive 
term in the binomial expansion represents the probability 
of all events happening, all but one happening, all but 
two, etc., throughout the series. We thus have a general ex- 
pression to aid us in determining the probable frequency of 
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occurrence of compound events contributed to by various 
assignable causes. To illustrate the method we ordinarily 
tiun to such cases as coin tossing, or dice throwing, in which 
the chance of an event can be definitely assigned. 

If the chance of an event happening or failing is known, — 
as in coin tossing (i.^., if we let p = §, g = i), n may be 
•assigned any desired value and the separate constituent 
probabilities figured. For example, if we toss 7 coins, say 
128^ times, and record the nimiber of ** heads" each time, 
we should get theoretically, from the binomial expan- 
sion: — 

7H eU 6H 4ff SH BE IE OE 



(i-i)' 



— 4-— 4- — 4- — 4- — 4- — 4- — 4- — 
128"^ 128"*" 128"^ 128"^ 128"*" 128"*" 128"^ 128 



The degree to which an actual distribution checks the 
theoretical expansion is shown by the following distribution 
of heads and tails obtained by 10 students, each tossing 
7 coins Ids times.^ 



7Eead» 


6E 


SE 


AH 


SE 


BE 


IE 


OE 


1.1 


7.0 


21.6 


86.8 


33.3 


20.2 


6.9 


1.1 



It should be noted that in the tossing of the seven coins, 
nothing is more uncertain than that a particular coin will fall 
heads, but experience is found to check closely the theoretical 
statement that, in the long run, coins will fall heads and 
tails in proportion to the frequencies stated by the terms of 
the above expression. This checks the point made above, 
that while we expect great fluctuation in the sizes of par- 
ticular individuals selected from a total group of measures, 
if successive groups of considerable size are drawn out we 
expect constancy of average values. Recall here that we 
need these statements of probability because we are con- 
stantly dealing with selected samples of total groups of very 

^ Data from H. L. Biets, Univenity of niinois. 
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large numbers, and are forced to make statements about 
them in terms of the most probable situation. 

For an ideal case like coin tossing, where P " Q -> it 
the binomial expansion becomes: — 



a-iT-(r-<D"-"-^(0" 



(n)(n-l)(n-g) /lY 



If n -> 4, the probabilities are as stated on page 195. 

\i ij 16 16 16^16 16 
"""**' U"^2J "M+M + S+M+M+M + ei"* 



If n » 8, (^ -, i ^ u > 



I 



G^l) 



1V_ 1 . 8 g8 56 ,70 56 ftS , 8 1 
256 256 256 266 256 256 256 256 256' 



Probable frequency polygons. In Diagram 88, we give a 
graphic representation of the distribution of the probable 
frequency of occurrence of various events when it is possible 
to assign values to p and q. The student will perceive that 
making p and q equal, leads to a symmetrical distribution: 
with an odd number of terms, there will be one middle term 
with ordinates distributed symmetrically on both sides; with 
an even niunber, — two middle ordinates equal in size. 
Making p and q equal thus results in symmetrical polygons 
that seem to approximate the shape of distributions that 
have been found to fit various human traits. 

Each of the successive terms in these expansions repre- 
sents the chance of getting a given *' combination" of causes 
in contributing to a particular event. To make clearer what 
we have here, let us plot frequency polygons, as in Dia* 



Mt 
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gram 88. Here, the heights of the ordinates erected at equal 
intervals on the horizontal line (the X axis) represent, to 
scale, the relative probabiUty of the various events happen- 




Diagram 88. Poltoonb befbbsentino the Expansions (} + i)^ 

Hdght of mean ordinate taken equal to 8 units; other ordinate! in proportion to relative 
nies of coeflkients of tlie ezpanaiona. Absdasse are approximated in length so as to ma Ice 
the polygons for different exponents similar. If the "normal curve" had been drawn the 
Hoseneia of fit betwem it and (^ -f* k)** would be evident. 



1 



ing. For example, in the polygon for n » 8, the height of the 

extreme ordinate % represents a probability, — , that, say 

8 heads (or all of 8 like hmnan causes) might occur to- 
gether in one throw of 8 coins (or in one sample including 
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these characters). That is, it is probable that, in the long 

run, once in ^6 times all8 ooins would fall heads; the second 

g 

ordinate 8 indicates that it is probable that, in — ths of 

^ 256 

the times, 7 will fall heads and 1 tail, etc., throughout the dis- 
tribution. It can be seen that, as we increase the number of 
independent contributing factors (n), our distribution con- 
tinually approaches a smooth cmrve as a limit. For example, 
the polygon plotted from the expansion (i + i)'' is shown 
by Diagram S3 to approximate very closely such a "" con- 
tinuous '* curve. It can be seen that further increase of the 
number of cases refines very Httle, for practical purposes^ 
the apparent continuity of the distribution. 

It should be noted at this point that the sum of the heights 
of all the ordinates in any one of our polygons represents the 
total number of measures. It also represents the sum of the 
separate probabilities, wbicb. we found must be certainty, or 
1, regardless of the value of n. 

The practical question^ now arises: How use the polygons 
plotted from various binomial expansions to help us in in- 
terpreting our actual frequency distribution? Is it possible 
to compute the terms of an expansion (and thus plot the 
polygon) comparable to the distribution of our actual data? 
We can answer at once : It is possible to do this, but to do so 
involves both a great deal of arithmetic labor (for example, 
the computation of many terms of a binomial series) and 
methods of approximation in computation. To check the i 
interpretation of our data against an ideal frequency curve I 
we certainly need shorter methods than would be involved 
in the use of "probability polygons." We need, for exam- 
ple, to replace the polygon by a continuous curve which will 

* For the mathematically trained student it should be pointed out that 
tur binomiai expansion is a case of discontinuous variation, and we need 
A method of passing from such to a curve representing continuous variation. 
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have ordinates approximately the same relative height, and 
which will be so built that the area between any two ordi- 
nates, say 2/1 and 2/j, will give the relative frequency of the 
measures between the two corresponding values of x, say 
Zif and x^. 

The nonnali or probability, curve. The continuous curve 
which does this is known variously as: the probability ciurve; 
the curve of error; the normal frequency curve; the Gaus- 
sian curve, or the La Place-Gaussian curve, after Gauss and 
La Place who separately developed the equation for it. We 
shall refer to the ciurve hereafter as the normal ciurve or the 
probability curve. The equation of the ciurve is developed 
by certain investigators in accordance with criteria obtained 
from the binomial polygon (i + i)," and may be stated at 



once as: — ^ 






In this equation e is the constant £.718£8, known as the 
base of the Napierian logarithm system, y and x are the two 
variables, x the distan ce taken on the base line of the curve 
from the mean to a given point, and y the height of the 
ordinate erected at that point, y^ and o- are two very signifi- 
cant terms in the equation of the curve, a is the standard 
deviation of the distribution, which the student has already 
met in computing variability. Thus if the deviation of each 
measure is taken from the arithmetic mean, and called d^ 






and in Chapter VI, it was pointed out that it is a unit of 
distance on the scale which can he used to describe the relative 

* In order-to make definite use of probability and correlation methods the 
student will be forced to review slightly his elementary algebra. Chapter IX 
gives a discussion of equations and their plotting, which may also be help- 
ful at this point. ^ 
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amount of variability of the measures around the m^ean. The 
student should stress the fact that the unit of variability, or, 
which he has learned to compute numerically, is exactly the 
same unit distance on the X axis^ as now enters as a measure 
of variability of a: in the equation of the curve. 

For an adequate comprehension of the graphical signifi- 
cance of o- the student must study the way in which the equa- 
tion of the curve is built. Note that any distance on the X axis 
(t.^., any " x ") is measured in imits of <r. Familiarity with 
this is absolutely necessary. 

Note f luthermore that as you let x take various values, y 
is always expressed as a proportional part of yo- That is, 
when x*»0y e^ « 1, and y « y^. Thus y^ is the greatest or- 
dinate and all of the other ordinates of the curve will be 
expressed as fractional parts of yo» Furthermore the curve 
is symmetrical about the point X'^o, and the arithmetic 
mean, median, and mode coincide at this point. The term y^ * 
may also be computed by the equation: 

where N = the total number of cases, <r is the standard de- 
viation and ^ is the constant 3.1410. Thus the complete 
equation of the curve, as written by followers of Pearson and 
measured in tmits adaptable to the data of educational re- 
search, is: 

N^ 



y^—j^e^f 



This, then, represents the normal probability curve, taken 
to typify, approximately enough for practical purposes, many 
human traits in which educationists are primarily interested. 
Several practical questions must next be answered concern- 
ing the use of it to such students. 
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ILLUSTRATIVE PROBLEMS » 

1. Compute the first and second "smoothed** frequencies of the data in 
Problem No. 4, Chapter IV (distribution of monthly salary paid to teach- 
ers of science in 147 Kansas High Schools) . Plot a frequency polygon for (a) 
the original distribution; (6) the first smoothing; (c) the second smoothing. 
Tabulate the three sets of frequencies below the base line of each graph. 

2. (Review problems on graphing). 

a. Plot frequency polygons for the data of lYoblems No. 1, 2, and 8 
in Chapter IV. Arrange these three polygons on one sheet. 

6. Plot the data of above problems in co/iimn (2ta^am«. Arrange the (Ua- 
grams on one sheet, making them as large as possible to fit the sheet. 

0. Show graphically on each of these graphs the position of the mean, 
the median and the mode (see computations on original problems) and rep- 
resent the value of the mean deviation, the quartile deviation, and the 
standard deviation. 

1 Quoted from Rugg, H. 0., lUuHnOtM PrMemt in BdueaUmd 8laHHio§, published by 
the author to accompany this text. (Univenity of Chicago, 1917.) 



CHAPTER Vm 

USE OF THE NORMAL FREQUENCY CURVE IN 

EDUCATION 

Having established a type or ideal frequency distribu- 
tion, how may we make use of it? Four definite questions 
must now be answered: — 

1. How is the normal curve plotted in general? 

2. How may it be superimposed on any actual frequency 
polygon to permit of direct comparison of actual and theo- 
retical distributions? 

3. How may the normal curve be used to determine the 
number or proportion of the individuals that ought to fall 
between any two selected values; e.g.y in the marking prob- 
lem above, how many pupils theoretically ought to get 
A, B, C, etc.? 

4. How may the ciunre be used to determine the probable 
reliability of the statistical results obtained from actual 
data? 

1. Haw to plot the normal curve 

To plot or graph a curve we need the equation of the 
ciu^e. Having that given, e.g., yiac + S, our problem 
consists of three steps: — 

1. Solving y for various assigned values of x; e.g.: 



Leta;- 


Theny 
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12 
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16 


8 


90 


4 


24 


etc. 


etc. 
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2. Laying off on the axes of X and Y, corresponding values 
of X and y and plotting the points determined by Ihem. 

S. Connecting the points thus plotted, to give the graph 
of the line (e.g. in Diagram 34 the line "represents" the 
equation j/ = 4a: + 8). 

To plot the equation of the normal curve 



evidently necessitates much more elaborate preliminary 
computation than is true of this simple illustrative problem. 
Furthermore, there are evidently two more terms, <r and 
j/o, in the equation tliat 
need to have values 
assigned to them. Since 
the equation implies 
that all ordinates to the 
curve (erected at dis- 
tances from the mean 
equal to particular frac- 
tional parts of <r) are 
constantly proportional 
to a fraction of yo, our 
work would be much 
facihtated if we had a 
table in which were 
stated values of the or- 
dinates to the curve 
(y's) corresponding to 
assigned values of x. 
For example, in Table 
II it is noted that the ordinate erected at .Icr from the 
mean = .905 of the height of the mean ordinate j/^; that 
at .So- = .956ffo; that at l.Oo- = .GOGyoi that at 2.0<t = 
ASStfc, etc. The computaUou of values of y, then, for cor- 





Y 


























/ 




El 










/ 












/ 








IB 






/ 












/ 














/ 












































T 



















EDUCATIONAL USE OF FREQUENCY CURVE 209 

responding values of x can evidently be done once for all 
and the results compiled in a table. This has been done, and 
Table II gives the results. Note carefully that the comjmtc^ 
tion necessitated measuring x in units of cr, and y in units of yo. 
Recall here that <r, the standard deviation of the distribu- 
tion, is the fundamental unit of distance on the scale (the 
a;-axis); also that the equation of the normal ciurve is so 
stated that yo is the ordinate of greatest height, and that it is 
a constant. Therefore, the table has been derived by letting 
o- and yo both equal 1, with consequent values of both x and y 
represented as fractional parts of a- and j/o- 

Steps in plotting the curve. To plot the curve then, our 
steps of procediure are dear: — 

1. Lay off distances on the x-axis equal to fractional parts 
of 0-, say .Itr, .2o-, .3a-, etc., out to, say S.Oo-. Note thai the selec^ 
tion of the magniiude of these unit distances is entirely arbi" 
trary, — hence that the exact shape of the ciunre will depend 
upon the imits selected. 

2. Select a imit of scale for the y's which will give a reason- 
ably steep ciu^e, and erect at the middle point of the a;-axis 
(i.e., a; = 0) an ordinate equal to yo (i.e., equal to 1). Note 
again that the actual length ofyo (i.e., the imit of scale for the 
y's), is entirely arbitrary. Yoiur aim should be to take such a 
unit on t/, that, in connection with the imit on a;, your final 
curve will be fairly steep. 

3. At each of the selected points on the a:-axis, .lor, .2<r, 
.3(r, etc., erect an ordinate equal in length to the fractional 
part of yo that is indicated in Table U. For example, for 

X — .la- y =B .995 y<, 

X'^ .^a- y = .980 yo 

x= ,Sa- y =s .956 pof etc. 

4. Connect the tops of the ordinates thus erected, giving 
the normal frequency polygon desired. The student will 
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note that the more closely together the ordinates are taken 
(i.«., the smaller the fractional parts of o*), the more closely 
will the probability polygon approach a smooth curve. 

2. Howio (xmipare aafi (uiualfrequenoy pclyg<M 

frequency curve 

We have just seen that to plot a normal curve we need 
but two items, values of y for corresponding values of Xy and 
that these may be computed in fractional parts of y^ and cr. 
In order to superimpose a normal curve on an actual fre- 
quency distribution, so as to permit comparison of the two, 
it is necessary to find elements common to the two distribu- 
tions. Examination will show: (1) that cr is common to 
both, that is, that the standard deviation can be computed 
and compared for ANY frequency distribution. Hence we 
can lay off distances on the a;-axis, which have been com- 
puted in fractional parts of an actually computed a-; (2) we 
can compute the height of yo for our actual distribution 
from the formula: — . 

where N is the total number of measures in our distribution. 
IT is 3.1416 and <r is the standard deviation. In addition we 
find: (3) that the origin of the normal curve, {.«., the point 
from which we begin to plot measurements, is at the mean 
of the distribution. This is another element common to both 
theoretical and actual distributions, for we can compute the 
arithmetic mean of the actual distribution. Having yo we 
can superimpose the two curves by putting the means to- 
gether, making a; « at the arithmetic mean of the actual 
distribution. The distances on the »-scale may now be laid 
off by multiplying each successive fractional part of a, say, 
•la, .Sa, .3(r, etc., by the computed value of cr in the actual 
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distribution. Then, the length of the ordinates that are to 
be erected at these points may be obtained by multiplying 
the fractional part of yo (read from Table II), correspond- 

ing to the selected values of -, by the computed value of y^. 

or 

Summary of steps necessary for the comparison of an 
actual frequency distribution with a normal frequency 
curve. To bring all the above steps clearly in mind let us 
list them in definite order: — 

1. Plot the actual distribution, by methods already discussed 
in Chapter IV. 

2. Set the mean point of the normal curve at the arithmetic mean 
of the actual distribution. Call this point x^ Q, 

8. Compute imit distances in terms of o*, that will be laid off on 
the X-axis by multiplying fractional parts of o*, say .lo*, Stv^ or 
•Olo-, .02<r, etc., by the computed value of o- ia the actual dis- 
tribution. Note that these are to be computed either in 
terms of class-intervals or actual units on the scale. The two 
must be clearly distinguished. 

4. Lay off on the :r-axis, to the scale used in plotting the actual 
distribution, these fractional parts of o-. 

5. Compute yo from 

N 

6. At the arithmetic mean of the actual distribution erect an 
ordinate equal to this computed value of yo. 

7. Compute the height of the ordinates corresponding to 

y 

X — .lo-, Stff, etc., by multiplying each — from Table 11, 

yo 

by the above computed value of yo> 

8. Erect the ordinates at the successive points on the 2;-axis. 

9. Connect the tops of the ordinates, giving the normal curve* 

5. How to determine the closeness of fit of an actiud dis* 
tribniion to the normal distnbiMon 

Having superimposed a normal distribution on a dis- 
tribution of actual measurements, how can we determine 
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the relative closeness of fit of the two distributions? The 
fundamental question involved in the discussion is this: 
Are the differences that have been f oimd between the theo- 

retical frequency (yO at any point -, and the actual fre- 
er 

quency (y), indications of REAL differences between the 
type of theoretical distribution and the theoretical normal 
curve? Or are they so small as natiurally to be expected in 
the taking of samples from a very large group. Note that 
the normal distribidion presupposes a very large number of 
measures y while the actual distribution contains but a very 
limited portion of the total group. The question arises: Is 
the sample represented by oiur actual distribution a 
** random" sample — i.^., one taken by chance from the 
total group? If we continue to take samples of the same 
number of measures imder similar conditions, will the sam- 
ples continue to give approximately the same distribution 
polygons, or will they be distinctly different? 

The questions indicate that the only way in which 
statistical methods can establish the normality of an actual 
distribution is by stating the probability that actual fre- 
quencies and theoretical frequencies at any point on the 
scale will differ by a given amount. They enable us to say, 
for example, that it is relatively likely that if we continue to 
take similar samples from our total group, that this particu- 
lar difference will occur or will not occur repeatedly. The 
complete explanation of such methods cannot be taken up 
in such an elementary presentation as this, but the following 
rule-of -thumb method may be given the student interested 
in these problems. 

Simple rule for calculation. Compute the theoretical 
frequency,/, at any point on the scale (this corresponds to y 
for that point) ; find the difference between this and the total 
frequency, iV, of the whole group ( iV — /) . Compute what is 
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known as the standard error of sampling, or standard devior 
tion of simple sampling from the expression ^ 

The rule generally given for the interpretation of the rela- 
tive sizes of the actual diflFerence and the theoretical diflFer- 
ence, o-*, is that if the actual difference exceeds 3 at, then 
the actual difference did not occiur as a mere fluctuation in 
sampling. (The reason for assigning Sas as the limit will be 
explained in the next section.) Note that the most that can 
be said here is thai it is probable or improbable that a particidar 
difference occurred as a mere fluctuation due to taking a 
small sample of the total population; that if we continued to 
take samples of similar size that there is a certain degree of 
probability that a smaller or larger difference would have 
occurred, due to the chances set up in taking the samples. 
Statisticians who wish to allow as far as possible for diver- 
gences from normality as being caused by the chances set 
up in taking samples, imply that any difference less than 
approximately Sor, might have been due merely to such 
fluctuations in sampling. Any difference greater than So-, is 
believed to show the influence of constant causes which 
contribute to skewness. 

J^. How may the normal curve be used to determine the propor- 
tion of a group of mea^sures thai theoretically ought to fall 
between any two selected points on the scale? 

Our discussion to this point has made use of ordinates to 

^ This expression comes from ffa — Npq where p = probable frequency 
of values at the selected point, and g= their probable mfrequency. Thus, — 

We next wish to compare this difference, computed by fft with the observed 
difTerence between the actual frequency and the observed frequenqr. 
Adapted from Yule, op. cit,, p. 809. 
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the frequency cunres or polygons, taking them to represent 
the actual number or proportion of measures distributed at 
different points on the scale. These ordinates erected at the 
mid-point of the class-interval are assumed to typify all the 
measures in the given class-intervaL It should be clearly 
understood, as pointed out in Chapter IV, that the meas- 
ures in a class-interval are completely represented only by the 
area between the curve, the base line, and the ordinates 
erected at the limits of the interval. In the last chapter the 
point was made that we pass from the discontinuous fre- 
quency polygon represented by {p + g)** to the continuous 

curve represented by y<^2<r« in order to deal with the ideal 

case of large numbers of measures studied under refined 
conditions of measiurement. 

Just as the sum of the length of the ordinates found be- 
tween selected points on the scale represents approximately 
the number of measures, so the area between the curve, the 
base line, and the ordinates represents accuraiely the number 
of measures. The actual computation of the various portions 
of the area under the normal curve, between various ordi- 
nates, would be too laborious a process for use in the working 
of every statistical problem. Provided the area is measured 
in units of o- and in fractional parts of unity (because the 
area of a probability ciunre is 1), this can be done for a very 
large number of intervals on the a;-axis and compiled in a 
table available for hand-book use once for all. This has 
been done by the refined methods of the integral calculus 
and given in the Appendix in Table III. The figures of 
the table merely state the fractional part of the total area 
that is found between ordinates erected at various distances 
fiom the mean. As with the construction of a probability 
curve by the methods described in Section 1, so here, the 
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X-axis is measured in units of the standard deviation, cr, and 
the area is given in each case for that portion of half the 

curve between the mean and the assigned value of -. A 

few illustrative examples will make clear the construction 
and use of the table. 

The table should be read thus: Between the mean (taken 
to be the origin of the measurements) and a distance, say, 
1 X <r, will be included S413/l0,000th's of the entire area of 
the curve, or 34.13 per cent. The curve being symmetrical, 
this is true for ±(r. Therefore, between the mean and ±<'' 
will be included 68.26 per cent of the entire group of meas- 
ures. This is the foundation for saying in Chapter VI that 
the standard deviation is a unit on the scale such that if it 
were laid off each way from the mean, ordinates erected at 
these points would include about two thirds of the cases. 
Or, to take other examples: between the mean and .40<r is 
included 18.79 per cent of the measures; between the mean 
and ±2.5<r is included 08.76 per cent of the cases. Between 
the mean and ±3.0cr, 99.73 per cent. It can be seen then that 
to go beyond 3.0cr from the mean adds relatively little to the 
proportion of the area taken. Conversely, in practical work, 
it is sufficiently accurate to say that ± So- includes all of the 
cases, — only .27 per cent being neglected. In fact, this ex« 
plains our approximate rule, made in Chapter VI, that the 
range is about six times the standard deviation. The student 
will note that ft.Sc neglects but 1.24 per cent of the meas- 
ures, and some kinds of practical use of the normal curve 
permit this. 

While the table states the proportion of measures between 
the mean ordinate and an ordinate at any point on the scale, 
it can be used to compute the proportion between two ordi- 
nates erected at any two points on the scale. For example, if 
we desired to know what proportion of our group fell between 
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0.60- and 1.8<r, the arithmetic is straight-forward subtraction, 
as follows: 

Between the mean and 1.8<r « 46.41% 
Between the mean and 6.60- » g2.57% 

. ' . Between 0.6(7 and l.S<r « ^.84% 

To illustrate the use of the curve in practical school work let 
us give a few concrete cases. 

Use of the normal curve : (a) In distributing the marks of 
pupils' achievement in school. Refer, here, to the case of 
the superintendent who wished to distribute his pupils' 
marks somewhat in accordance with the probabiUty curve. 
Three assumptions are necessary: fir sty that concerning the 
number of groups into which his marks shall be thrown; 
eecondy that intellectual abiUty in the high school accorded 
fairly well with the probabiUty curve ;^ thirds that it is 
** practically" justifiable to break off the base line of the 
curve at 2.5<r. 

Assuming that he wished to group his marks in five groups, 
A, B, C, D, E, each group representing equal intervals of 
abiUty, how many individuals should get A, B, C, D, and E 
respectively? First: 5 groups A, B, C, D, E, are to be dis- 
tributed equally over the entire scale. A serious question 
arises here because the curve does not meet the a;-axis except 
at infinity. However, it approaches it very closely some* 
where about 2.5<r to S.Oo*. At what distance shall we break 
off the curve? This is evidently a matter to be determined 
by trial, in order to determine which length of base line 
divided into fifths, gives the best practical working scale 
with which to measure intellectual abiUty • Let us try cutting 
it off at both 2.50- and S.Oo*, comparing the relative frequen- 
cies with both scales. 

Diagrams 35 and 86 give the data for both methods of 

* There is no attempt in this textbook to justify such an assumption. 
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fitting the normal curve to the marking system. Breaking 
oflF the curve at ^.5<r and S.Oo- respectively neglects 1.24 per 
cent and 0.27 per cent of the measures respectively, and 
gives the following distribution of measiu-es: — 

PercmUoffB qf msoiurei auigned to mcA gromp 
ABODE 

Range- ± 2. 5(r 7 24 38 24 7 

Range »± 8. Oct S.S 9/k 4t5 U S.5 

Insufficient comparison of actual distribution of intellectual 
ability objectively determined, has been made as yet to per- 
mit us to make final judgments as to which of these methods 
gives the truer picture of hmnan abilities. There needs to be 
much careful objective testing of mental functions, with very 
intensive comparison of actual with various theoretical dis- 
tributions. The writer has been making such analyses of 
collected data. For practical purposes he regards a five- 
fold distribution with range equal to ± 2.5or as reasonably 
representative. This range has been taken by other work- 
ers in the field, notably by Ayres in the design of his Scale 
for Measuring Spelling Ability. It should be pointed out that 
Ayres was the first to make this particular kind of practical 
use of the normal curve in education, in his handwriting 
scale as well as in his spelling scale. 

Use of the normal curve: (b) In determining the difficulty 
of test questions and problems: The traditional method 
of designing school tests has been entirely subjective, and 
generally has involved the equal weighting of all questions 
or problems on the test; — this, too, in spite of the fact that 
problems and questions vary very widely in difficulty. The 
aims of the recent testing movement have included the de- 
termination, as closely as possible, of the real difficulty of 
problems used on Standard Tests. The principles and meth- 
ods of procedure are illustrated in a recent article by the 
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writer,* on the design of test problems in first-year algebra, 
an extract from which will be quoted at this place. 

Principles of design of " verbal " tests in first-year algebra. 
"In designing tests containing verbal problems: we should 
(a), design tests of verbal problems ranging in degree of difficulty 
from very easy problems (which nearly all pupils wiU solve cor- 
rectly) to very difficult problems (which but few pupils will solve 
correctly); (6), weight each problem in scoring the ability of pupils 
by determining its relative degree of difficulty; (3) this can be done by 
(a), finding the percentage of a large and representative group of 
pupils that solve each problem correctly; (b), assuming that alge- 
braic abilities are distributed in the general first-year high-school 
population in accordance with some known distribution curve. 

" Working on these hypotheses and principles, lists of verbal prob- 
lems (totaling 51 in all) were drawn up covering the principal types 
of subject-matter named above. As a result of giving the 1915 
tests, problems of widely varying degree of difficulty were included. 
These problems were then worked by 1295 pupils, distributed 
throughout 26 school systems, 17 of which also worked the 11 formal 
tests. As a result of this testing there was determined the percentage 
qf the group thai worked each problem correctly. In order then to 
determine the relative difficulty of each problem, the assiunption 
was made that algebraic ability is distributed fairly closely in ac- 
cordance with the "normal" probability curve. (Intellectual abili- 
ties in the elementary school have been shown to follow this distri- 
bution rather closely. We recognize the possible existence of many 
factors which tend to make the secondary-school curve skewed to 
the high end of the scale. Almost nothing is actually known of the 
amount and direction of their influences, however. The best "prac- 
tical guess " that can be made at the present time as to the distribu- 
tion of scholastic abilities is that it corresponds closely enough to 
the curve of error to warrant using the well-worked-out properties 
of that curve in our design.) 

"Let Diagram 11 (Chapter I) represent the distribution of alge- 
braic abilities in the pupils represented by our 27 school systems. 
The base line then represents a 'scale of algebraic difficulty' rang- 
ing, let us say, from nearly ability to nearly perfect or 100 per cent 

^ ** Standardized Testa and the Improvement of Teaching in FirstrYear Alge* 
hra *'; in School Review, Feb. and March, 1917. 
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ability. The area between the curve and the base line represents 
the number of pupils in our entire group. K we divide the base line 
into any number of parts, and erect upright lines at the points 
representing these parts, we could determine, from the properties 
of the normal curve, the nimiber of pupils that ought to be foimd 
between these distances on the base line. 

"In the same way we could determine what percentage of our 
group of pupils should be found distributed between the zero- 
point on the base line and any other point. Since the normal curve 
has the property that it actually meets the ba^ line only at infin- 
ity, we are forced to set our and 100 points arbitrarily by deciding 
how large a percentage of the entire group we may drop off at both 
ends of the base line. 

"Taking as our unit of measurement on the base line, sigma, 
the * standard deviation' of the distribution (indicated graphically 
in Diagram 11), and laying it off 2.5 times each way from the mid- 
point of the curve, gives us 5 divisions (which may conveniently 
be divided into 10 divisions corresponding * practically' to our 
public-school marking system). In doing this we are arbitrary to 
the extent of neglecting only 0.62 of 1 per cent of our pupils at each 
end of the base line. If this 0.62 of 1 per cent is thrown into the 
middle of the curve, where the individuals are more closely grouped, 
it is a negligible factor. Calling the point 2.5 X sigma from the 
mid-point 0, setting the mean at 50, and setting the successive 
points 10, 20, 30, etc., to 100, at .5(r, l.c 1.5(r, etc., we now have a 
practical working * scale of algebraic diflSculty* over the succes- 
sive points of which the corresponding percentages of our pupils 
may be indicated. Doing this, we see in Diagram 11 the proportions 
of our group of pupils that correspond to various degrees of diffi- 
culty on the base line. Thus a problem which is failed by 96.6 per 
cent of the group falls at the point marked 85; that failed by 84.8 
per cent is scored 70, etc., throughout^ the list. To enable us to mark 
in an accurate way, a table has been computed in which the base 
line has been divided into 500 parts.' 
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Probability table and its use. It will be noted that this 
application of the normal curve to school research demands 
a new kind of probability table, — one in which the per- 
centage of total measures between and any selected dis- 
tance on the X-axis, is computed from one end of the range 
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to the other end, instead of from the mean point, either way* 
In order to score problems for difficulty, which have been 
solved correctly by percentages of the entire group of pupils 
varying from nearly per cent to nearly 100 per cent, we 
need a probability table, giving distances on the base line 
corresponding to various percentages of pupils. Tables V 
and VI in the Appendix give such data, having been con- 
structed from Table III by setting arbitrarily at —2.5a' 
and — S.Oo- respectively, and by subtracting the total per- 
centage between the mean and successive points on the a;-axis. 
For example, between 0, ( — ^.Sa) and .Olcr is included .02 
per cent of the total group; between and say .da- is included 
1.66 per cent of the total measures; between and cr, 6.06 per 
cent, etc. Thus, if a problem is failed by only 6.06 per cent, 
its difficulty will be indicated by its position on the base line 
of the curve. These values could be stated in multiples and 
parts of <r, computing from the arbitrarily chosen end of the 
base line at the left. To turn the scores of the problems into 
^practical' accordance with the] usual percentile marking 
scale, each point on the base line has been transmuted into 
such a 100 per cent scale. To do this the mean has been set 
arbitrarily at 50. Since there are io divisions (each .5cr in 
length) the even points on the scale are as indicated. Thus 
any problem failed by 98.34 per cent of the pupils is scored 
90; that failed by 93.94 per cent is scored 80, and so on over 
the scale. Both Tables V and VI, in the Appendix, and Dia- 
gram 11 give the details of the method. 

5. Use of the normal curve in giving " credit for quality ** 

Many school systems, at the present time, are giving addi- 
tional credit to those pupils who maintain a high standard in 
their work:. — "credit for quality" the scheme is called. 
For example, in certain schools it has been customary to 
classify marks in five groups, say, — Excellent, Superior, 
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Medium, Inferior, and Poor, and to weight these in such a 
proportion as 1.2, 1.0, 0.8, 0.6, 0.4, respectively. Such a 
weighting of the different grades is of course entirely arbi- 
trary. In view of the growing interest in this practical prob- 
lem a method will be suggested of weighting ability more 
definitely in accordance with its distribution.^ 

The method implies two assumptions: Firdy scholastic 
abilities distribute roughly in accordance with the normal 
curve; second^ the school should give credit for achievement 
roughly in inverse proportion to the frequency of the pupils 
who reveal the adiievement. In support of this latter, — the 
social world pays most for those things that few of its mem- 
bers can do, — in the same way the school should reward 
most highly those types of achievement that relatively few 
pupils can attain. Having made these two assumptions it 
is possible to present a workable and defensible method of 
crediting various grades of achievement. Since we are deal- 
ing with the probability curve, one other assumption is 
necessary — namely, that concerning the point at which 
we must break off the base line of the curve. In the light of 
what has been said in the foregoing sections we shall as- 
sume, thirdly J that human abilities are best described by a 
distribution (grouped, say, in five groups to accord with prev- 
alent practice) whose range extends from— 2.5o'to + 2.5o-. 
Turning to Diagrams 35 and S6 we note the relative posi- 
tion of each of the five groups, and that each may be typi- 
fied by the median value of the clase-interval which is repre- 

^ The discussion of Section 5, is offered merely as a suggestion for the 
scientific weighting of student-work. The writer wishes to make it dear, 
however, that he is not a protagonist of the doctrine of giving "credit for 
quality** He regards such a practice as an administrative makeshift which 
would be unnecessary with the proper classification of students and courses 
of study. Rather, would he support the movement to segregate pupils in 
terms of ability with the parallel construction of a marking system which 
will measure abilities adequately. 
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sented by its portion of the base line of the curve. That 
is, let the entire group be represented by the values, 4.Scr, 
3.4<r, etc. In the relative distances of these mean points from 
the zero end of the scale we have a definite suggestion for 
weighting each of the successive grades of ability. Thus, in 
the Ught of the above assumptions our method would lead 
to the following weights for the various grades of abiUty : — 

B(ue line Cff eune extendi 
fram-$.5v to +S^ 

Excellent 4.3 

Superior 3.4 

Medium 2.5 

Inferior 1.6 

Poor 7 

It can be seen that although the absolute values of the mean 
points in terms of o- are different, the relative distances are 
the same. 

e. Use of the normal curve to determine the reliability of the 
statistical results obtained from actual data 

Of all the uses to which we put the probability curve we 
now come to the most important, namely — the determina- 
tion of the reUabiUty of statistical measures, such as aver- 
ages, measures of variability, and measures of relationship. 

The student should recognize clearly that he always will 
deal with but a Umited number of measures from the total 
group. Thus his computed average, for example, is not the 
"true" average, for the "true" average could be obtained 
only from all of the measures in the entire population. The 
**true** average spelling ability in the sixth grade of a large 
city system could be found only by testing all of the 
20,000 children, say, in all of the sixth grades of the system. 
It is inexpedient, however, to test all, and so we are forced 
to deal with but a " sample " of the total. It has been pointed 
out that, to permit sound conclusions for the whole group 
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from the statistical treatment of "samples," such samples 
must be " ra/idom." That is, they must be, first, large enough; 
and second^ chosen purely by chance, so that statistical meas- 
ures (such as averages) which are computed to represent 
them will not fluctuate seriously in value as successive sam- 
ples are chosen of the same size and in the same manner. 
It is evident that the weak spot in this statement is the 
phrase "will not fluctuate seriously." At once, we wish 
to know how large is a "serious" fluctuation in the size of 
our constant. Or, more technically, is the deviation large 
enough to be an indication that constant causes are con- 
tributing to our average to such an extent that ova sample 
is not random. 

To answer these questions we are forced to turn to the 
theory of probability. Assuming that the entire distribution 
from which our sample data are drawn fits the "probabil- 
ity " curve, and that our successive samples do so also, we can 
make a statement concerning the probable deviation of our 
computed constants from the corresponding "true" values. 
Now, we know that the most probable "error" or "devia- 
tion" from a true average, say, is the error or deviation 0. 
That is, if we are computing the average spelling ability of 
our £0,000 pupils by taking successive samples of 200 each, 
the average computed for each sample will be in "error" or 
"deviate" from the true average by some definite amount. 
The best assumption that we can make about the distribu- 
tion of such "errors" is that they accord with the "curve 
of error," the probabiUty curve. Thus in Diagram 37, we 
can represent the shape of the distribution by placing the 
mode of the probability curve at error. Now, for the sake 
of illustration, assmne that each of the 100 successive groups 
of 200 pupils has been tested, that the average achievement 
of each group has been determined, that the "true" average 
achievement of the whole 20,000 has been determined, and 
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likewise the "deviation" of the average of each sample. It 
has been shown in various problems of measurement that 
these 100 deviations or errors will tend to distribute them- 
selves in the form of a probability curve, with the mean at 
the error zero. Suppose, for illustration, that we assume that 
the actual averages computed are given in Table 82. 

TaBUD 82. AVBRAOBB FOB SPSLLINO AbILIT7 OF 20,000 

Sdcth-Gbadb Childben (Htpothbtical) 



CUutifieaHon qf "amr- 
apt oMnemefU** ^ 
«ainplM di £00 pupui 


Valus of mid-poua f^taeh 
itiUrval 




Frtqueney. Per end qf 
Mtd number o/" ram- 
pJM toAtcft show 
fortieular "erran" 
tfi cnerage value 


74.1-74.8 


74.2 


+1.0 


1 


73.9-74.1 


74.0 


+ .8 


2 


78.7-73.0 


73.8 


+ .6 


8 


78.5-73.7 


73.6 


+ .4 


11 


73.3-78.5 


78.4 


+ .2 


21 


78.1-73.8 


73.2«true average 





25 


7«. 9-73.1 


78.0 


- .2 


21 


72.7-72.9 


72.8 


- .4 


10 


72.5-72.7 


72.6 


- .6 


8 


72.3-72.5 


72.4 


- .8 


2 


72.1-72.8 


72.2 


-1.0 


1 



In this particular case, assuming that such measures of 
successive samples have been computed and plotted, we can 
express the probable deviation of the computed averages 
from the true average by reference to the table. Since 67 per 
cent of the measures fall between actual average values of 
78.5 and 72.9, and 88 per cent f aU outside (or, in other words, 
67 per cent show a deviation of less than ± .2 per cent), the 
chances are 2 to 1 against a sample of 200 pupils selected at 
random being more than 78.5 and less than 72.9. Since 94 
per cent of the cases fall between 72.6 and 78.9, or within 
a deviation from the true average of ± .6, the chances are 
roughly 16 to 1 against the average value of any sample of 
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100 pupils being more than 73.9 or less than 72.6. By ex- 
tending our scale of error we can find a **distance on the 
9cale** beyond which it is practically certain that the com- 
puted constant will not fall. That is, by reference to the 
theory of probability we can determine the probable extent 
of fluctuation of our computed constant. 

7. Varums measures of unrdiabilUy 

A. StATEBCBNT of UNBEUABILrnr in TBBBiB OF THS 

Standabd Deviation 

But, finding a "' distance on the scale " consists in measuring 
variability and we have two accepted unit measures of varia- 
biUty, the standard deviation and the probable error. Hence 
we desire formulae by which we can compute the variability 
of the probable deviation of computed measures from corre- 
sponding true measures. Assuming the probability curve as 
the form of the distribution of the deviations, f ormuke have 
been derived mathematically for the standard deviation of 
an average, for the standard deviation of a standard devia- 
tion, for the standard deviation of a coefficient of correla- 
tion, and for other measures of a distribution. Note that 
such measures are really measures of wnreliability. 

(a) Unreliability of an arithmetic mean. The standard 
deviation of the deviation of a computed average from a 
true average (crjr,) may be computed from 
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that is, it is equal to the standard deviation of the actual 
distribution of original measures divided by the square root 
of the number of measures. Diagram 37 illustrates its 
meaning. 
For purposes of illustration assume 
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Then 
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This means that if the deoialions of successively computed 
averages from the true average of the entire distribution are 
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DiAOBAM 87. '^Nobbcal" DiBTBiBunoN OF "Ebbobb" in Avsbagbb 

Goii4>oted far fuooesdye ''•ainples/' from "true average" of entire population. (Compara 

with Table 82.) 



plotted as in Diagram 87, that a distance on the scale equal 
to «-jf will extend from — .2 to + .2. 68.26 per cent of the prob- 
able deviations theoretically will be included between ±<rjf, 
i.e., ±.2. It was shown above that 99.78 per cent of the 
probable deviations will be included between ±3a-^, i.a., 
between ±.6. This is interpreted to mean that the chances 
are about 9978 to 27, i.e., about 865 to 1, that the average 
of any such sample selected at random will fall between 
78.2±.6, t.e., between 72.6 and 78.8. 

(b) Unreliability of a standard deviation. In the same 
way we may express the probable deviation of a computed 
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standard deviation from the true standard deviation, using 
the formula: — 

V2iV 

The formula and method of computation may be inter- 
preted graphically in the same way as before, remembering 
now that the deviations to be plotted on the scale are prob- 
able deviations of the observed <r's from the true cr. 

(c) Unreliabilty of a difference between two measures. 
Similarly, the unreliability of a difference between two quan- 
tities may be expressed in terms of the probable deviation 
of the true difference from the computed difference. It can 
be shown that the standard deviation of this probable de- 
viation of the difference between two measures equals the 
square root of the sum of the squares of the probable devia- 
tions of each true measure from its corresponding computed 
measure. That is, — 

^ difference hdwemx and y = ^<^Mqfx —^Mqfv W 

((/) Unreliability of a coefficient of correlation. It will be 
shown in Chapter IX that the unreliability of a coefficient 
of correlation is 

^deviation in r ■■ #— \^) 

The graphic interpretation will be clear to the student pro- 
vided it is remembered that the scale of the base line of the 
curve is now, "deviations in the size of the computed correla- 
tion coefficient from the size of the true correlation coeffi- 
cient." 

B. StATEMESST of UNREUABnJTT IN TeBMB OF THB 

Probable Error 

It has been noted that there are two accepted unit 
measures of variability, the standard deviation (cr) and 
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the probable error, P,E, The relation between the two can 
be shown to be 

P.E. - .67449 o- (5) 

This relationship can be made clear by turning to Table IIX, 
which states the fractional part of the area between the 
mean of the normal curve and ordinates erected at distances 
from the mean equal to successive increments of o*. For 
example, between the mean and cr will fall 34.134 per cent 
of the entire distribution. We define the probable error as 
that unit distance on the scale which, if laid off one way from 
the mean, will determine one fourth of the cases. Therefore 
we can determine from the table the fractional part of cr that 
one will lay off from the mean to determine 2500/10,000 
of the area of the ciurve. This proves to be .67449 «r, or 
approximately .6745 <r. 

Because of the ^'common sense'' meaning of the probable 
error (namely, that distance which if laid off both ways from 
the mean determines half the cases) it has become custom- 
ary to express the unreliability of measures in terms of the 
probable error instead of the standard deviation. Thus 
the above formulae become: — 



P»^*arUkiMUe mean 




(6) 


P.E.m^ian 


— .845S5(r44,«,«,.«iM 


(7) 


P»E,tiandard dmation 


= .67449cr^,H»«««, 


(8) 


P'E,cotfficwd qf eorrdoHom 


-.67449 ,_^ 


W 



It is convenient for the student to have in mind the follow- 
ing table of statements of unreUabiUty of measures. 

The chances that the true value (of the average, stand- 
ard deviation, coefficient of correlation, etc.) lies within: — 
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± P.E. are 1 to 1 (50 per cent of measures fall within ±PJB.) 
±2 PJE. are 4.5 to 1 (82.26 per cent of measures fall within ± 2 P.E.) 
±3 P.E. are 21 to 1 
±4 P.E. are 142 to 1 
±5 P.E. are 1310 to 1 
±6 P.E. are 19,200 to 1 

Thus, to insure a satisfactory degree of reliability of the com- 
puted measures conservative practice insists that the coeffi- 
cient be at least four times the size of the probable error. 



ILLUSTRATIVB PROBLEMS » 

1. Make three different graphs of the normal probability curve to 
illustrate the differences occurring in the slope of the curve as distinctly 
different scales are chosen for X and Y> Plot the three curves on one sheet 
and use your own judgment in selecting the units for X and F. 

2. For the following data, plot a frequency polygon, choosing scales 
on X and Y that will give as large a graph as possible and a reasonably 
"steep" curve. Superimpose a NORMAL CURVE on this polygon to per- 
mit comparison of the actual distribution with the theoretical distribution. 

Distribution of Staturb for Adult Males Born in Great Brit- 
ain. Report of Anthropometric CoifMiTTEE to the Britibh 
Association, 1888, p. 256. (Quoted bt Yule, p. 88.) Clasb-Intebf 

' ' YALS ARE PRESUMABLY 57.99—58.99, ETC. 



Hnqht 
(incnu) 


Number qf 
men 


Heiahl 
(inehee) 


Number qf 
men 


Heiqki 
(inekee) 


Number <^ 
men 


57 


2 


64 


669 


71 


392 


58 


4 


65 


990 


72 


202 


59 


14 


66 


1223 


78 


79 


60 


41 


67 


1329 


74 


82 


61 


83 


68 


1230 


75 


16 


62 


169 


69 


1063 


76 


5 


63 


394 


70 


646 


77 


2 



Totel 



8585 



3. Plot a normal curve on a base line extending from — 4 P,E. to + 4 P,E. 
Divide this base line into 5 equal parts and erect ordinates at the points of 

1 Quoted from Rugg. H. 0., lUuetraHee PrMeme m Edueational SkOitHeet published by 
the author to accompaiiy thia text. Univenitj of Chkafo, 1917. 
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division. Compute the exact proportion (to 2 decimal places) of all meastireC 
that should fall within each division of the total area under the curve. On 
the graph, letter the points of division in units of P.E. and the proportion 
of measures in each portion of the area. 

4. Prepare a "probability table" for the normal curve on a base line 
extending from ^ 4 P.E. to + 4 P.E., in which the zero point of the table 
is transferred from the mean to — 4 P.E. State the percentage of measures 
that should fall between (which is set at — 4 P.E.) and ordinates erected 
at successive intervals of .2 P.E. on the base line. This will give a table of 
40 points of sub-divisioii. 



CHAPTER IX 

THE MEASUREMENT OF RELATIONSHIP: CORRELATION 

Practical need for measures of relationship. The pre« 
vious chapters have put before us the three methods of 
treating a single distribution of educational data: (1) that 
of picturing its status by computing some average to repre- 
sent it; (2) that of picturing its degree of concentration by 
computing some measure of variability or dispersion; (3) 
that of graphically picturing the entire distribution by plot- 
ting the frequency polygon, column diagram, or smoothed 
frequency curve that may be taken to represent the most 
probable statement of the true situation typified by our 
sample. It was found that if one desired to compare the 
status of two distributions he could use these methods of 
averages, dispersion, and frequency curves to give a com- 
plete picture of either distribution alone, or of the one com- 
pared with the other. It is probably true that most of the 
actual administrative problems faced by the practical school 
man may involve the use of these statistical methods, and 
only these. However, in the analytical experimental study 
of problems of learning and teaching, and of some admin- 
istrative problems, a new type of device is demanded, — 
namely, some method of determining the degree of causal 
connection exhibited by certain traits or activities in which 
we are interested. The measuring of physical, mental, and 
social activities constantly involves the study of causation 
or causal connection between two or more traits in ques- 
tion. The massing of data in this study of causation raises 
the necessity for statistical methods of computing degrees 
of causal connection. 
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Suppose, for example, that we were interested in the prac- 
tical problem of classifying pupils in school in terms of 
abilities. One of the questions for which we desire answers 
wouldbe: Are "school" abilities specialized, or general? Is 
it probable that a pupil who shows a high degree of achieve- 
ment in one subject of study, say mathematics, will show 
a high degree of achievement in another subject, say mod- 
em languages? To illustrate the problem: the data of 
Table S^ represent the actual school marks given a class 
of 23 high-school pupils in mathematics and modem lan- 
guages. Each mark in the table is the average of three or 
more marks in the respective subject. 

Table SS, School TMabks given a Class of 28 Hioh-School 
Pupiua IN Mathematics and Modern Languages 





Averoff nutrk 


Average mark 


Bank m achieve' 


Rank in aehievv 


PuvOt 


in mathemat' 


in modem Ian- 


mefd in maike- 


mentinmodern 




icM 


gttagee 


matiee 




A 


50 


58 


23 


21 


B 


78 


88 


15 


7 


C 


96 


90 


2 


5 


D 


£8 


85 


6 


10 


£ 


85 


98 


8 


2 


P 


80 


57 


13 


22 


G 


94 


91 


8 


4 


H 


79 


84 


14 


11 


I 


86 


88 


7 


12 


J 


75 


80 


16 


14 


K 


88 


92 


10 


3 


L 


82 


81 


11 


13 


M 


71 


77 


20 


16 


N 


72 


59 


19 


20 


O 


92 


87 


4 


8 


P 


81 


89 


12 


6 


Q 


84 


76 


9 


17 


R 


74 


75 


17 


18 


S 


69 


78 


21 


15 


T 


97 


94 


1 


1 


U 


78 


86 


18 


9 


V 


66 


72 


22 


19 


w 


90 


50 


5 


28 
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To answer our question we now have for each pupil in 
the class a pair of records of achievement, ue*, his average 
mark in mathematics, and his average mark in modem lan- 
guages. If, now, there were absolutely perfect correspond- 
ence, or **corrd(U%on " as we shall call it, in the two abilities in 
question, and assuming for the time being that the school 
marks of these pupils adequately measure their respective 
abilities, each pupil should occupy the same relative posi- 
tion in the two series of marks; — t.«., the pupil first in 
mathematics should be first in languages, the pupil second 
in mathematics should be second in languages, and so on 
through the list. Table 34 shows this situation by giving 

Table 34. Hypothetical Marks given to 23 Pupils; printed 

HERE TO illustrate PeRPECT "RaNK" CORRELATION 



Pttjnb 


Miifh m math- 
§matict 


Mark in fnodem, 
hmgHuges 


Rank in achieve- 
menl in mothe- 
maiice 


Rank in adUeee' 
ment in modem, 
Icmguagee 


A 


97 


94 


1 


1 


B 


05 


93 


2 


2 


C 


es 


91 


S 


S 


D 


90 


90 


4 


4 


E 


89 


89 


5 


5 


F 


88 


87 


6 


6 


G 


87 


86 


7 


7 


H 


85 


85 


8 


8 


I 


84 


84 


9 


9 


J 


82 


82 


10 


10 


K 


80 


79 


11 


11 


L 


79 


78 


12 


12 


M 


70 


76 


13 


13 


N 


75 


74 


14 


14 


O 


73 


73 


15 


15 


P 


72 


72 


16 


16 


Q 


71 


70 


17 


17 


R 


70 


69 


18 


18 


S 


67 


67 


19 


19 


T 


66 


65 


M 


20 


U 


65 


60 


21 


21 


V 


64 


55 


22 


22 


W 


63 


50 


23 

1 


23 
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two hypothetical series of marks. This method of measur- 
ing the degree of correspondence between two traits obviously 
takes account only of the position of the various measures in 
the series. It neglects the absolvie amxmnts of the measures. 

Not only should the position be the same for each pupil 
in the two series, but, in order that the correspondence be 
absolutely perfect, the actual proportional differences be- 
tween each two consecutive marks ought to be the same. 
It is clear that merely to rank the measures in the two 
series in order of size and to compare the corresponding 
ranks does not accurately measure the degree of corre- 
spondence; i.e.^ it does not take full account of the absolute 
value of each measure. 

Need of devices to show correspondence. For this reason 
we need devices for picturing the correspondence between 
the actual measures which will take full account of the 
actual amoimt of each one. For example, let us take the 
pairs of marks in Table 33. In Chapter IV it was pointed 
out that a distribution can be completely represented by 
graphic methods, — by plotting the data. Let us plot the data 
of Table 33. By what graphic methods can we now com- 
bine pairs of measures in the same diagram to show the 
correspondence between two varying traits? Becall here 
that in the preceding chapters we have been plotting 
single distributions by laying off the units of scale on the 
horizontal {X) axis, and the corresponding numbers of meas^ 
ures on the vertical (F) axis. In the plotting of the single 
distribution, therefore, we deal with but two quantities, 
— the value of magnitude of the measures, and the fre- 
quency with which each occurred. We now have two fre- 
quency distributions, each having a scale along which the 
measures are distributed, and a set of frequencies. It is 
possible to combine the two distributions, however, on two 
coordinate axes because they have one element in common 
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— the frequency column. If, now, we construct a double- 
entry table, like that in Diagram 88, in which the a;-axis 
represents, let us say, the scale of abilities in mathematics 
and the {/-axis, the scale of abilities in modem languages, it 
is possible to represent on this squared table every pair of 
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measures in Table S3. Furthermore, as we do this we can 
see that each measure is represented in accordance with 
both its absolute amotmt and position in the series. To 
illustrate: 

How show correlated abilities graphically. Standard 
usage in plotting pairs of measures involves two co-ordinate 
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axes, one horizontal (OZ), and the other vertical (OY)^ 
meeting at an '"origin " or beginning point at the bottom and 
left. One of these axes, say OX^ is chosen on which to lay 
off the scale of one of the traits in question, and the other 
axis to lay off the scale of the other trait. The selection of 
which trait to plot on a particular axis is left to the arbi- 
trary choice of the student. The units of the scale are now 
laid off from the origin to the right on OX^ and upward on 
OY.^ It is now possible to represent to scale a pair of 
measures, by plotting the value of one on the x-axis» and 
that of the other on the 2/-axis. Erecting perpendiculars to 
the X and y axes gives us a point as the intersection. When 
considered with respect to the distance which it is from either 
base line, X and F, {his point represents the pair of meas* 
ures in question. 

For example, in Diagram 38 a point, determined by per- 
pendiculars erected at distances 50 units from the origin on 
OX and 58 imits from the origin on F, represents the pair 
of marks given pupil A in Table 33, 50 in mathematics and 
58 in modem languages. Similarly with pupil B, repre- 
sented by a point 78 imits to the right of OF and 58 units 
above OX; and pupils C, D, etc. It should be noted, that 
in Diagram 38, although the scaling of distances is correct, 
the entire table down and over to the origin is not ^ven. 
Theoretically, of course, each point on the table is referred 
to axes OX and OY^ assumed to be at zero. 

Diagram 38 now becomes clear to us. Each point on 
the diagram represents a pair of measures on a pupil. All 
the points, considered together, typify the degree of corre- 
pondence of correlation between the two abiUties. A glance 
at the table tells us these things: (1) in general, pupils who 

1 This method of plotting is in contrast to those of many educational 
workers in statistical methods, but more consistent with standard algebraic 
practice. 
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stand high or low in one ability stand high or low in the 
other; (2) there are three pupils in the class for whom very 
low achievements in languages accompany high or moderate 
achievements in mathematics. For the remaining 20 pupils 
the correspondence is rather close. In clarifying the situa- 
tion for the investigator, however, the actual plotting of the 
table indicates at once, and in a much more definite way 
than does the ranking of Table 33, the absolute amount and 
relative position of each pair of measures. This method 
of treating the data points out that we are primarily inter- 
ested in changes in the size of one variable corresponding to 
changes in the size of the other. 

If we plot the data of Table 34 (rank correlation perfect) 
we have a distribution of pairs of measiu-es as in Diagram 39. 
As we glance over the rank order of these 23 measures we 
note 'perfect correspondence in change of position of the pairs 
of measiu-es in the two series; i.e., pupil N is 14th in both 
series, pupil A is first in both, W is last in both, M is 13th in 
both, etc. Diagram 39, though* gives this information con- 
cerning change in position and, in addition^ shows the changes 
in magnitude of the various pairs of measures. It is noted, for 
example, that the four smaller measures beginning with 
66, 65; Q5y 60; 64, 55\ and 63, 50; show a much smaller de- 
crease in the size of the ar-variable (z.e., achievement in 
mathematics) than in the size of the j^-variable (achieve- 
ment in modem languages). This type of eccentricity in 
distributions, which would not be revealed by mere rank- 
ing methods, shows up clearly in the complete plotting of 
the table. 

Few- and many-pair correlations. Changes in the distri- 
tion of measiu-es in a correlation-table which contains but 
relatively few pairs of measures, for example, 23 as above, 
can be comprehended rather easily. It is probable that a 
fairly adequate interpretation could be made of the general 
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change in magnitude of these two variables, and expressed 
in word form. However, the expression certainly would be 
vague and consist in statements something like the fol- 
lowing: "Large achievements in mathematics seem to be 
accompanied by large achievementa in modem languages. 
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There are certain exceptional cases, however, in which the 
opposite is true," etc. Most of our distributions, however, 
contain many measures, several himdred or several thousand 
in some cases. It is evident that we cannot deal adequately 
with the separate pairs of measures which are plotted in 
Diagram 40. Furthermore, as we increase the number of 
measures in the table the scattering of a few pairs of 
measures away from the mass has less and less effect ou 
our interpretation of the general situation. 
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Grouping at correlated data. Now in discussing the 
treatment of the frequency distribution it was pointed out 
that the single measures may be grouped in clasa-intervak. 
In order to condense two diatrihviiona which have been 
plotted on the two axes of a double^ntry table we resort 
to the same procedure — we group the measures on each 
uTia in class-intervals. Doing that with a table like that 
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represented by Diagram 38, we obtiun a classified table 
like Diagram 41. In grouping in dass-latervals, however, we 
must recall that the assumption is made that all measures 
in each square (representing an interval on each axis) are 
assumed to be grouped at the mean point of the square. 
This point b determined as the point common to the means 
of both axes, x and y, of the square. In Diagram 41 the 
measures of Diagram S8 are shown m their new grouping, 
each point having been moved to a position at the mean 
of the class-intervals. It will be noted by the student that 
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the general shape of the distribution dF the table is ap- 
proximatety the same. In this particular case the material is 
somewhat more compact, the extreme points having been 
moved more closely together. 
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DufutAH 41. Data of Diagram ! 

AaBUIfPTHM THAI AUi PoiNTB ABE CONCENTKATXD AT THB 

Mkan Powtb or tbx "CoUF&xnama" i:a Ci-Aas-lNTEit- 

TALS or TBB TaBLB 
TUa A«gmn Bhttliatai "ttaattaa" ol srifiiul dcU !b djiuAiikmli. 

To silow relationship between traits. Having grouped the 
data in class-intervals, our next step b to tabulate in each 
square the number of points found to fall in that particular 
square. The correlation-tabte (Diagram 40), now becomes 
Diagram 42. The number in each square now represents 
the number of persons whose records in the two subjects 
fall in that particular class-interval: For example, 7 pupils 
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received marks between 50-54.9 in languages and 75-79.9 in 
mathematics. Again, inspection of such a table enables 
general statements to be made concerning the degree of re- 
lationship between the two traits. From the general trend 
of the table it is evident that abilities in mathematics are 
directly related to abilities in languages. 



DiAOBAM 42. Data or Diaobam 40 

HON THAT ALL Meabuios abb 

OF CoHPAimCENIS 
To Uluitnitc HKood ilep to tlM eDinpuUtian 



Discovering laws of relationship. Inspection of a corre- 
lation table is not sufficient to tell us in a definite way, how- 
ever, to w^ degree the two are related. If for example we 
have two correlation tables, rather similar in "scatter," it 
is difficult to detenmne by inspection of the table in which 
case the correlation is the more perfect. Fadng such a table 
upon which large numbers of measures are scattered we at 
once feel the need for some device for condensing the meamres, 
— the need of devising an average or typical measure which 
will adeqvaiely represent the statue c^ aU the pairs cf records 
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taken together. Just as averages and measures of disper- 
sion typify a single distribution, so we wish a device which 
will succinctly and yet most completely describe the whole 
correlation table. 

This necessary device can be constructed by turning to 
the columns and rows of the table. Each column or row 
(either of which may be called an " array**) may be regarded 
as a separate frequency distribution, and as such may be 
typified by an average point on its scale. Remembering 
that the most probable value of a series of measures is the 
arithmetic mean of the series, we may take the arithmetic 
mean of each column to typify it. Doing this for each 
column, as in Diagram 40, we now have a fairly continuous 
series of mean points as we move up the table. Careful in- 
spection of the table will show the student that these points 
distribute themselves in close accordance with a straight 
line. Thus, in the line ihat will best fit these mean points we 
have a device for representing the entire table. The line of the 
means of the columns or of the rows may be shown to repre- 
sent the most probable law of relationship exhibited by the 
two variables. Nothing is of more importance to the stu- 
dent in studying this problem than the dear recognition 
of this point. **Law of relationship" implies regularity of 
change in the two traits, — as one grows larger or smaller 
the other grows larger or smaller, or vice versa. This may 
be typified by the line that most closely approximates the 
general scattering of the pairs of measures over the table. 
Now if a line can be drawn on the correlation table that 
will best describe or typify the law of relationship, our task 
is to find simple methods of dealing with such a line. 
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METHODS OF DETERMINING RELATIONSHIP 

A. METHODS WHICH TAKE FULL ACCOUNT OP THE VALUE 
AND POSITION OF EVERY MEASURE IN THE SERIES 

I. The Casb of Straight-Line RsiiATioNSHip 
1. The first method of determining relationahip 

Galton's graphic method. One's first tendency would be 
to deal with the graphic representation of the law — the 
line of relationship. That is what Galton did in his pioneer 
and suggestive study thirty years ago. 

In Diagram 43, drawn for the data of Diagram 42 (ability 
in languages and mathematics), the scales on the x and y 
axes have been so taken that Qz—Qi (for ability in languages) 
represents the same distance on a;-axis as Qs — Qi (for math- 
ematics) on the y-Sisda, The points Qz and Qi have been 
plotted by erecting perpendiculars to OX and OY from 
the respective Qa's and Qis on X and on Y. The heavy lines 
in the diagram represent co5rdinates drawn through the 
medians of both distributions. Their intersection is the 
median of the table. Under these conditions, and since 
the units of the scales on the two axes are the same, the line 
drawn through Qs, Qi is the Une of perfect correlation. In 
this case, it is at 45^ to the horizontal base line. 

Galton next drew a line to approximate as closely as 

possible the mean points of the actual pairs of measures in the 

columns (shown by the crosses). This line is seen to deviate 

from the line of perfect correlation. Then in the figure any 

horizontal line ABt is drawn from the median line, cutting 

AB 
the two lines Qi Qz and DB. The ratio — -^ measures the 

AC 

amount of correspondence in change in the two variables. 
For every point on the line of perfect correlation^ a given 
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change in the mze of y is accompanied by a proportional 
change in the ^e of x. For every point on the hne which 
best fits the means of the "arrays" a given change in the 
size of $ is accompanied by a somewhat larger change in 
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the size of x. It is clear that if the two hnes in the diagram 
coindde, then — equals 1 and the correlation may be said 
to be perfect and poative. If the line of the means is verU- 
cal, coinciding with the median, then ~ becomes 0; i.e,. 
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a ^ven change in the size of y is accompanied by no change 
in the size of x. As the line of the means swings over to the left 
of the vertical median, and its direction becomes downward 
from left to right> the correlation evidently becomes nega- 
tive. That is, a given increase in the size of y results in a de- 
crease in the size of x and vice versa. Finally when the line 

AB 
falls at right angles to Q1Q3 -jz^ becomes — 1 and correla- 

tion is perfect, but negative. 

Thus Galton's method enables us to measure graphically 
the degree of ** co-relation,*' or correspondence between two 
traits. Galton applied his method to the measurement of in- 
heritance of stature by computing the coeflScient of "co- 
relation" between the stature of children and the stature of 
their parents (the stature of the two parents being aver- 
aged in each case to give the "mid-parent "). He found this 
coefficient (the ratio described in the foregoing paragraphs) 

u.b.|. ■auo^ui.top^w to ,,«..».. if a,..,. 

erage stature of a group of parents is found to be, say y 
inches 060170 or below the general average of the race, the 

average stature of their children will be only ~ y inches 

above or below the mean of the race. Gralton expressed 
this by saying that the mean heights of offspring tended 
to ** regress back toward the mean of the race." Since his 
time other workers in biological statistics have used his 
term ** regression,*' and now it is common to speak of the 
line of the means of the correlation table as the line of regres- 
sion. The ratio described above has come to be called 
the coisfftdent-of-correlationt and is denoted by. r • 
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change in the size of y is accompanied by a proportional 
change in the size of i. For every point on the hne which 
best fits the means of the "arrays" a ^ven change in the 
aze tA y is accompanied by a somewhat larger change in 
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the size dF X. It is clear that if the two lines in the diagram 
AB 



to be perfect and positive. If the hne of the means is verU- 
cal, coinciding with the median, then ~ becomes 0; i.e.. 
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a given change in the size of y is accompanied by no change 
in the size of x. As the line of the means swings over to the left 
of the vertical median, and its direction becomes downward 
from left to right, the correlation evidently becomes nega- 
tive. That is, a given increase in the size of y results in a de- 
crease in the size of x and vice versa. Finally when the line 

AB 
falls at right angles to QiQz — becomes — 1 and correla- 

tion is perfect, but negative. 

Thus Galton's method enables us to measure graphically 
the degree of *' co-relation,** or correspondence between two 
traits. Galton applied his method to the measurement of in- 
heritance of stature by computing the coeflScient of "co- 
relation" between the stature of children and the stature of 
their parents (the stature of the two parents being aver- 
aged in each case to give the " mid-parent "). He found this 
coefficient (the ratio described in the foregoing paragraphs) 

to be ~. This may be interpreted to mean that if the av- 

erage stature of a group of parents is found to be, say y 
inches above or below the general average of the race, the 

average stature of their children wiU be only - y inches 

above or below the mean of the race. Gralton expressed 
this by saying that the mean heights of offspring tended 
to ** regress back toward the mean of the race." Since his 
time other workers in biological statistics have used his 
term ** regression ** and now it is common to speak of ihe 
line of the means of the correlation table as the line of regres- 
sion. The ratio described above has come to be called 
the cot^fficieni-of-correhUion, and is denoted by. f . 
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corresponding rows and columns. The significant point for 
the student to master is this: — closeness of correlation may 
be measured in terms of the relative amount of deviation of each 
point from the m>ean of the column and from the mean of ike 
TOW in which it falls. A table in which the measures show 
a high degree of correlation will be one in which the 
points are closely concentrated aroimd the line of the means, 

— the deviations are small, as in Diagram 39. A table which 
shows a lower degree of correlation will reveal the measures as 
being very much scattered away from the line of the means, 

— the deviations are relatively large, as in Diagram 38. 
In discussing the measurement of dispersion, however, we 
found that, for the deviations of measures in two dis- 
tributions to be comparable, they must be measured in 
terms of some unit deviation. The accepted unit of devia- 
tion we found to be the standard deviation. Hence our 
algebraic expression must measure deviations from the means 
in units of the respective standard demotions. 

Now, clearly, the line which "best fits" the means of the 
** arrays" is that line for which the deviations of the means 
are the least possible. From the standpoint of convenience 
an equation may be derived for this line by assuming the cri- 
terion from "least squares," that the sum of the squares of 
the deviations of the means, each weighted by the number 
of measures in the respective array, shall be a minimum. 

This is exactly what has been done by Professor Karl 
Pearson who has derived the eqtlation of this best-fitting 
line. The fundamental conceptions underlying the method, 
however, are Bravais's, who in 1846 suggested that the cor- 
respondence of two quantities could be represented in terms 
cf the product-sum of the deviations from the respective means. 
No single coefficient or equation was established at that 
time, to represent the degree of the correspondence. In 
18d6, Pearson published his product-moment method of 
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computing correlation, and gave us the equation of the line 
of regression and the coeiBBlcient of correlation. 

Pearson's equation. Working on the criterion named 
above, Pearson deduced the equation for the "best fitting" 
line as: 

Vt-y^r'^ix^Tx) (1) 

in which y and x are the mean values of the colimms and 
rows respectively ;<ry and 0-, are the standard deviations of 
the two distributions, and r is the very important statistical 
device knovm as the coefficient of correlation. 

The equation is variously given in two forms, one that 
stated in equation (1), and the other that stated as follows: 

y^r^'^x (2) 

in which y and x are now deviations of particular y and x 
measures from the means of the respective arrays. In other 
words y =" yi — y, and a?= Xi — 5 . The student should 
familiarize himself with these two equations, as they are 
of the first importance. The theory on which they are 
built has led to a description of a line that safely may be 
regarded as the most probable staiement of the **law** repre^ 
sented by the data. 

Now, we note a new term in these equations — r, the cor- 
relation coefficient. We noted in the preceding section that 

AB . 
r was the ratio — in Diagram 43. Furthermore we said 

AC 
above that if the law represented by the data were typified 
by the "best-fitting line," the equation of the line must take 
account definitely of the corresponding x and y deviation of 
each point on the table. The process of deriving the equation 
of the line led to this more detailed statement of the equa- 
tion: — 
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that is 

S [(a?, - g) toi - y)l ^ 

tKe " slope " of the line. Now to simplify the final statement 
of the equation let us define r as 

2 (a?, - x) (y, - y) ^ 

or, in terms of y and x as deviations^ — 

5 xy 

N (Taj cr/ 

Then the slope, 

and the final equation of the best-fitting line is: — 

y^ — y - r — (a?! — a:) or y - r — « 

(a) The significance of r — the coeflSicient of correlation. 
This brief mathematical statement has been given to permit 
us to make clear the real significance of r, the so-called ''co- 
efficient of correlation." r serves two specific functions in 
the determination of relationship. 

(i) It is a single indeXy a pure number, which measures 
the degree of "scatter" or of concentration of the data, by 
giving the mean product of the deviations of each of the meas- 
ures from the mean value of its ** array y** when measured in 
units of the standard deviation. Stated in terms of such de* 
nations {x and y) ris more simply expressed as: — 

2 xy 
f ■■ s— 

N (r^c 
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We note that the deviation (a;, or y) of each measure from 
its respective mean is measured in units of its respective 
standard deviation by dividing it by cr, or cr^. 'ixy is 
evidently Bravais's product-sum of the deviations. Thus in 
this single numerical coefficient, r, we express relationship 
in terms of the mean valvss of ike two traits by measuring 
the amount each individiud deviates from its respective mean. 
The formula for r is generally called the product-momeriJt 
formula. This will be explained later by reference to Dia- 
gram 46. 

{2) r is an intermediate device. In defining the second func- 
tion of f , we note that it is merely an intermediate numerical 
device, defined as it is for the purpose of bringing together, 
in one convenient expression, certain terms collected in 
the process of developing the law of regression. Thus, it is 
really only an intermediate expression in the idlimaie math- 
ematical process of expressing the law of relationship in terms 
of the equation of the line of regression. On the other hand, it 
may have for the lay student a more definite connotation 
than the equational or algebraic expression for the line itself 
which really represents the relationship; e.g*y — 

yr-^x 
o-* 

To the mathematician this expression has a specific con- 
notation; to the non-mathematical student a vague and 
unsatisfying one. Largely for that reason, students of edu- 
cational research have neglected the equational expression 
for relationship, and have adopted the single numerical co- 
efficient r. It should be noted, however, that once having 
determined r, the regression equation of the line of the means 
can be expressed very simply by substituting the values of 
r, a-g and a-y in the equation above. 
. Furthermore, we said that such an equation was ex- 
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pressed in the ** slope** form, y = mx in which m is the 
** slope" or tangent of the angle that the line makes with 
the horizontal. Thus in the regression equation, — 

and this, in those eases in which the variability of the two 

traits is the same, becomes equal to r. r — is known as the 

regression coefficient of y on x^ that is, the deviation of y 
corresponding on the average to a unit change in the type of 






ic, and is represented by byg or 61. In the same way r — is 

the regression coefficient of x on y^ is represented by bgy or 
&2> a.nd means that deviation of x which corresponds to a 
unit change in the type of y. 

(&) What is the meaning of the coefficient of correla- 
tion and the regression coefficients? Statistical measures are 
computed only for the purpose of clarifying our interpreta- 
tion of complex masses of data. It has been pointed out re- 
peatedly in the foregoing chapters that such devices do not 
supply proofs of existing relationships, — rather that th^ 
are merely tools to refine our analysis of numerical situations, 
and that they are valuable only in so far as they agree with 
sound logical analysis. So it is with statistical devices for 
measuring correlation. The mind demands a tool for de- 
fining the exterU of correlation shown by a vast number of 
pairs of measures on the two traits in question. A coefficient 
designed to measure relationship is valuable to the extent 
that it does this. 

Our next problem therefore should be to show the com- 
mon-sense significance of the correlation coefficient, and of 
the regression coefficients, and to indicate the relative degree 
to which they aid us in interpretation of our data. Suppose 
from the example given in Diagram 46, — 



then. 
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r - .48; o-^ - 1.26; o^, - 0.89, 



f -* - .68, and r — - 0.84. 



Then 

y >- .68x and x » .84y. 

In this problem we have three statements to aid us in the 
interpretation of the question: To what extent is ability 
in shop practice accompanied by ability in drawing, or vice 
versa. In the first place, we may use the value of the corre- 
lation coefficient r = .48. The question arises: What does 
this mean? Is there a direct relationship between the two 
abilities? If so, is there an indication of considerable rela- 
tionship, little relationship, or no relationship? The sign of 
the correlation coefficient, which in this case is positive, 
answers the first question definitely. This positive sign 
means that any increase in one trait is accompanied by an 
increase in the other, and vice versa. Had the sign of r been 
negative, then an increase in, say a;, would have been ac- 
companied by a decrease in y^ and vice versa. 

To make clear the meaning of various values of r, suppose 
each series of measures had been ranked in order of size, as 
in Table 33. If the position of each measure were the 
same in both series (ue.f if pupil A were first in both series, 
pupil B second in both series, pupil C third, etc., throughout) , 
then the correlation between the two traits would be perfect 
and positive, and r would be + 1. On the other hand, if the 
order of the pupils in the two series were exactly reversed 
(i.6., the first pupil in one series should be the last in the 
other series, the second in one series should be the second 
last in the other series, etc.)> then the correspondence 
(** correlation") again would be perfect but this time nega- 
tive, and r would equal — 1. Again, if there should be no 
correspondence in the position of the measures in the two 
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series, the value of r would be 0. Thus the value of r may 
range from — 1 to 4- 1. When between and 1 it will 
"express a tendency, greater or less according to r's size, for 
measures above the mean position in one series to be above 
the mean position in the other series. When r is between 
and — 1, it will express a tendency, greater or less, accord- 
ing as r is numerically greater or less, for the measures above 
the mean position of one series to be beUm the mean position 
in the other, and conversely." The exact degree of relation- 
ship is conunonly inferred from the relative size of the co- 
efficient, r. Thus correlation may be spoken of as "high," 
"low," etc. It can be seen that the definite interpretation 
of correlation depends on the arbitrary placing of the limits 
of the values of r, which are to be called "high," "low," etc. 
"High" and "low" correlation. This definition of 
limits depends largely on the personal experience of the 
person making the interpretation. For example, it has been 
conunon for certain educational investigators to arbitrarily 
interpret a coefficient of .25 as an indication of "high" posi- 
tive correlation, and one of .40 as " very high." Others would 
interpret .25 as very low, and .50 as "marked" or "some- 
what high." Certainly, our educational conclusions must 
be colored by our arbitrary definition of such a coefficient. 
The experience of the present writer in examining many 
correlation tables has led him to regard correlation as "neg- 
ligible" or "indiflferent" when r is less than .15 to .20; as 
being "present but low" when r ranges from .15 or .20 to .35 
or .40; as being "markedly present" or "marked," when r 
ranges from .35 or .40 to .50 or .60; as being "high" when 
it is above .60 or .70. With the present limitations on educa- 
tional testing few correlations in testing will run above 
.70, and it is safe to regard this as a very high coefficient. 

The interpretation of the coefficient r = .48, in the above 
problem, would result in a general statement to this effect: 
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** There is marked evidence that abilities in shop practice and 
drawing accompany each other. Students above the a/oerage 
in one group will TEND to be above the average in the other. 
It is not known more specifically in what way the two abili- 
ties are centrally connected, or to what extent the presence 
of either one is an indication of the presence of the other." 
Except in the case in which the variability is the same, r 
does not enable us to foretell, for example, knowing the 
value of one trait, what, on the average, the value of the 
other will be. It does not enable us to say that for a given 
unit-change in abilities in shop practice, what changes should 
be expected, on the average, in drawing abilities. 

A more complete method of describing relationship. This 
very vagueness in the possibility of definition of r leads us 
to turn to the more complete method of describing the re- 
lationship: namely, the equation of the line. Taking that, 
we now find that, for the regression of 2/ on x, — 

y= .68ar, 

and that for every unit deviation from the type of x (abili- 
ties in shop practice), it is most probable that there will be an 
accompanying deviation of .68 as much in y (abilities in 
drawing). The tendency, in the past, has been to stop the 
analysis of the data at this point, the conclusion being drawn 
that the two abilities are very closely related. It must be 
remembered, however, that there are tvx) regression lines, 
one for the means of the columns and the other for the meani 
of the rows. The former shows the deviation in y correspond- 
ing on the average to a unit deviation in the type of x, and 
the latter the deviation in x corresponding, on the average, 
to a unit deviation in the type of y. Thus, in our problem, 
X = .342/; i.e., it is probable that a unit deviation in y will 
be accompanied by a deviation of .34 as much in x. 
This explanation has made use of the "deviation ^'formvla 



^t5S 



STATISTICAL METHODS 



(2). Using the formula (10) in which y and x are actual values 
instead of deviations, we can make this still clearer to the 
student. The equation now becomes 



or,— 



1 26 
y - 85.55 = 48.1 -^ (x - 85.25) 

. Oil 



y - 85.55 - .68 (x - 85.25) 



In this case, it must be remembered that x and y are actual 
values of the two traits, abilities in shop practice and draw- 
ing, and for y and x have been substituted the values of 
their respective means, y = 85.55; x = 85.25. Expressing 
the equation of the line of the means now enables us to 
assign values to one of the traits, say x, and compute the 
accompanying value of y. In Table 35, values decreasing 
by 5 have been assigned to x, and the 2^'s computed. It 
will be noted that as each x decreases by 5 (90, 85, 80, 75, 
etc.), the corresponding decrease in the unit of y is .68 X 
6 = 3.40. 



Table S5. Regression 
OF a: ON y 



Table S6. Regression 
OP y ON a: 



X 


y 


95 


02.18 


00 


88.78 


85 


85.88 


80 


81.08 


75 


78.58 


70 


75.18 


60 


68.38 



y 


X 


05 


88.46 


00 


86.76 


85 


85.06 


80 


83.86 


75 


81.66 


70 


70.06 


60 


76.56 



This should make clear the statement made above that a 
given deviation in x would be accompanied by .68 as much 
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change in y. In the same way Table 36 gives corresponding 

values for y and x computed from the regression equation 

o{ y onx : — 

«- 85.25- .84 (y- 85.55). 

The effect of the smaller regression coefficient (.34 instead of 
.68), is now seen in the relative values of y and x. Jksy de- 
creases steadily by 5 units, x decreases by only 1.70 units 
(.34 X 5 = 1.70). Reference to Diagram 46 will reveal the 
way in which differences in relationship between the two 
traits are partially described by the "slope" of the line of 
the means. The plotting of the equation of the line of the 
means of the columns^ — 

gives a line of considerable steepness, CC^ For given 
changes in x we have nearly proportional changes in y. The 
plotting of the equation of the line of the means of rowa^ — 

X ~ .342/, 

gives a line much flatter in slope, R\Rt. For given changes 
in y we have much smaller changes in x. 

(c) How to plot the line of the means. We are now in a 
position to draw the line of regression on our correlation 
table. There are two methods by which this may be done. 
The ^t is the rough method of drawing, from inspection 
of the mean points of the colimms and rows, a line which 
most closely approximates them. This can be done by lay- 
ing a celluloid triangle, or a thread over the table, and ad- 
justing it by eye until it most closely fits the mean points of 
the columns and rows. The line may be drawn accurately, 
however, by first computing the equations of the lines of 
the means. Values may then be assigned to x, and corre- 
sponding values of y can then be computed, exactly as in 
Tables 35 and 36. Since a straight line can be plotted from 
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any two of its points, we can draw the line by plotting any 
two of the pairs of coordinates, x and y. For example, in 
Table 39, the line CC is determined by connecting C 
(which was plotted from a; = 90, j/ = 88.88) and C (plotted 
from x = 60, 2/ = 68.38). The remaining points of the table 
will fall on the same line, since their coordinates have been 
computed from the equation of this line.^ 

S. Comjmtaiion of the correlation coefficient and the 

regression coefficients 

It is now dear that statistical methods can supply us 
with a tool for estimating relationship in terms of the most 
probable values of two concurrently changing quantities. 
The determination of the law of relationship must lead to 
the computation of the regression coefficients. This in turn de- 
mands the computation of the correlation coeflSicient r, which, 
in itself, will throw some light on the status of relationship. 
There are two principal steps in the computation of these 
coeflSicients: (1) the tabulation of the correlation table; 
(£) the computation of three devices, a-,, o-^, and r, with the 
consequent substitution of these values in the regression 
equations. 

(a) The first step: the tabulation of the correlation table. 
The foregoing pages have made it clear that complete in- 
terpretation of correlation demands the tabulation qf each 
of the pairs of measures in the correlation table. The steps 
in the tabulation may be conveniently hsted as follows: — 

(1) Decide on the size and position of the class-intervals 
in each distribution. This should be done in accordance 
with the principles laid down in Chapter IV, in the discussion 

^ The more refined methods of fitting lines to plotted data, involving, 
as they do, the theory of ciurve-fitting, will not be taken up in this work. 
In the bibliography at the end of the book complete directions are given 
the mathematically trained student for finding the literature. 



MEASUBEMENT OF RELATIONSHIP 



ftn 



of the classification of data in a single frequency distribution. 
The student must understand that he is now to tabulate pairs 
of measures which occur in two sets of class-intervals at the 
same time. 

(2) Write the limits of these class-intervals along the two 
axes of the table, assigning one trait to y and the other to x. 
Lay off these limits 
from a zero point, 
supposed to be at 
the bottom and left 
of the table, as in 
Diagram 45; e,g,^ 
61-65, 66-70, etc., 
from bottom up, 
and 71-75, 76-«0, 
etc., from left to 
right. 

(3) Having the 
original measures 
arranged in parallel 
series, as in Table 
S3, tabulate these 
pairs of measures 
in the appropriate 
rectahgle in which 
they fall. It will be 
helpful to have the 
y-series on the left. Diagram 45. To njiUSTRATE the Fibbt Stkp 
and the x-series on ^ Plottino a Correlation Table 

^-U^ -^r^U* l-n fltio Checking pain of meaaurementa in appropriate oompart- 
tne ngni m ims ments of the table. 

pairing of the meas- 
ures. The caution stated in Chapter IV to define carefully 
the limits of class-intervals should be kept in mind in this 
Work. More errors are made in the ori^nal tabulation of 



1 

s 

1 


Ability in Shop Practloe | 




71_ 
76 


76. 
80 


81_ 
86 


8«_ 

to 


96 


100_ 
96 






/ 


9 


/ 


96. 
91 




// 


ml' 

/// 


JUl Mil 

mr wr 

Mil III! 

mr W 
If 


m- 


90. 
86 




/// 


JUL JUl 

Wr 7W 

nil i/u 

Wr mr 

/ 


JUL JIM 

Tfir mr 

JUL Mil 
mr mr 


m 


86. 

81 


// 




lilt im 
mr mr 
Mil Jill 
W mr 
JUL JUl 
mr ihT 


JIM JUL 
mr mr 

m / 


/ 


80» 
76 


// 


mh 


JUl Jtii 

uu mr 






76-. 
71 


/ 


< 

/ 


iiii 






7{L. 
66 




/ 


1 


1 




65. 
61 


/ 











IM2 



STATISTICAL METHODS 



the correlation table than in any other one aspect of the 
work. The tabulation is illustrated in Diagram 45. 

(4) The pairs of measures having been checked on the 
table in pencil, next replace the checking by numbers, to 
give a table similar to Table 37. 

Table 87. To Illustrate Another Phase of the Second 
Step in the Tabulation of a Correlation Table 





Ability 


in Shop PrcuUce 










71-75 


76-80 


81-85 


86-90 


91-95 




100-96 






r 


8 


1 




95-91 




^ 


8 


^^ 


5 




90-86 




3 


21 


81 


8 


Ability to drawing. . . 


85-81 


^ 


9 


SO 


16 


1 




80-76 


2 


5 


15 


8 






75-71 


1 


6 


4 








70-66 




1 


1 


1 






65-61 


1 











(&) The second step : the computation of the coefficient 
of correlation r and flie regression coefficients, &i and h%. 
Our task is to compute r from the formula 

and &i and h^ from the formulae — 



K 
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the final equations of the lines of regression being — 



(Ty 



y =■ r^ X (for the regression line of the columns), 
imd 



^x 



O". 



X = r-^ y (for the regression line of the rows). 



(Ty 



The work may be made clear by first listing the steps in 
the computation of r. The formula requires us to find the 
two standard deviations, cr^, for the total frequency columns 
of the y's, and cr, for the total frequency rows of a?'s. The 
student's first difficulty in understanding the computation 
will be in comprehending clearly that Cy and a-^ are the standi 
ard deviations of the total frequency distrihviion of the columns 
and rows. Thus, in Diagram 46, the column and row headed 
fy and/x mean respectively "total frequency of the i/'s" and 
"total frequency of the x's.*' Thus, the standard deviations, 
a-y and a-x are found from these two frequency distributions 
exactly as described in Chapter VI. Furthermore, the short 
method of computation can be applied to the two distribu- 
tions to cut down greatly the labor of computation, not 
only for the standard deviations but also for Ificy. 

Steps in the computations. The entire steps in the compu- 
tation are as follows (compare Diagram 46 for illustrative 
references) : — 

1. Total the measures in each distribution, giving N, 

St, Estimate the class-interval which contains the mean, e,g.f 

86-90 for the y*s; 81-85 for the x's. 
8. Tabulate the deviation in unit intervals, of the mid-value 

of each class-interval from that of the estimated mean, 1, 2, 

S, etc., — 1, — 2, — 3, etc. 
4. Multiply each frequency by its respective deviation; e.g^ 

forthe2/'s,4X2«8,37X l = 87,ete.,forthe»*s,6X-2 - 
- 12, 26 X - 1 - - «6, etc 
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Coefficient and the Rborebbion CoEmoiENTB loa the Case or 

LiHEAB RiaBESaiON 
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5. Pmd the algebraic sum of such /(f 8, e.g., l,fdy > — 168 + 45 

- - 12S; 2/4- 110 - 38 - 72. 

6. Divide 2/i by the number of cases, N, to give the conectioa 
c; e.g, — 

-123 ,^ 72 ^^ , 1/ 
CL - - .59; c, .85. W v, 

^207 207 

7. Square the corrections; e.g.9 c^* ^ .35; c^' >- .128. 

8. Multiply each fd by (2, its corresponding deviation, to give 
column headed /(i«; e.g.Jd\ - 16, 87, 0, 58, 120, etc.,/i*, - 24, 
26, 0, 80, 60. 

9. Find the sum of the/f*; e.g., ^fd^^ - 403; S/f*, - 190. 

10. Divide this sum by iV, to give S* the square of the standard 
deviation of each distribution around the aasumed mean; 0.^., 
8^* =. 1.947; SJ - .918. 

11. Subtract the square of the correction from S^ie.g.p a-/ -^ 1.947 

- .S5 = 1.597; a^* - .918 - .123 - .795. 

12. Find the square root of cr' giving o*; e.g., o-y -^ 1.26; a*. -^ .89. 

Note that these standard deviations are expressed in 
units of dass'inlervals of i, and that to find the correla- 
tion coefficient, r , they may be left in these unitSf provided 
"Zx'y' is computed in the same units. It will cut down the 
labor of computation greatly to do this. Note, furthermore, 
that the above twelve steps merely restate the steps in the 
computation of o- as given in Chapter VI. 

The formula 

ix'y' 



r «■ 



Na-^^ 



next demands that we compute the product-sum of thb 
corresponding pairs of deviations from their respective 
means ari^i* iTal/j* x^t for every point in the correlation 
table. Diagram 47 will make clear what is wanted. The two 
measures in the compartment y= 96-100, a: =86-90, each 
deviate from the mean of the x% i.e., from i by 1 class* 
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CoBFFICtEHT AND THE RSOBBBBION CoHmOiSNIB FOB VHS CaSE OP 

Ldibah Reoresbion 
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5. Find the algebraic sum of such /(f 8, e.g., ^fd^ > — 168 + 45 
» - 12S; V4- 110 - 38 - 72. 

6. Divide 2/i by the number of cases, N, to give the conectios 
c; e,g, — 

Cy - - .59; c« .85. W V, 

^207 207 

7. Square the corrections; e.g.^ Cy^ ^ M\ Cg? «- .128. 

8. Multiply each Jd by d^ its corresponding deviation, to give 
column headed /<P; e.g.Jd\ - 16, 87, 0, 58, 120, etc.,/i*, - 24, 
26, 0, 80, 60. 

9. Find the sum of the/f*; e.g., ^fd^y - 403; 2/(f*ar ■■ 190. 

10. Divide this sum by iV, to give S^ the square of the standard 
deviation of each distribution around the assumed mean; e.g., 
8y* - 1.947; SJ - .918. 

11. Subtract the square of the correction from S^ie.g.p o-y' >■ 1.947 
- .S5 = 1.597; cr^^ - .918 - .123 - .795. 

12. Find the square root of <r* giving o*; e.g,9 o-y » 1.26; a. -^ .89. 

Note that these standard deviations are expressed in 
units of dass'inlervals of i» and that to find the correla- 
tion coefficient, r , tiiey may be left in these unitsy provided 
'Sx'y' is computed in the same units. It will cut down the 
labor of computation greatly to do this. Note» furthermore, 
that the above twelve steps merely restate the steps in the 
computation of <r as given in Chapter VI. 

The formula 



r «■ 



Na-^y 



next demands that we compute the product-sum of thb 
corresponding pairs of deviations from their respective 
means Xiy^, a:,ya, x^, for every point in the correlation 
table. Diagram 47 will make clear what is wanted. The two 
measures in the compartment y= 96-100, a: =86-90, each 
deviate from the mean of the x% i.e., from i by 1 class- 
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interval (-aO wid from y by 2 class-intervals (=yO« 
That is, for eadi of these two measures x'y'=^\ X 2. For 
the measures in the compartment y = 96-100, x = 91-95, x'y^ 
= 2X2; for the compartment y= 76-80, «=^90, "Ix'y' 

S x' y' V 

= 8 [1 X — 2] = — 16. Note carefully ^^tihe signs of the 
deifiaiums must be taken aocoimi of. These signs are now 
determined by noting whether the measure in question is 
greater than or less than the mean of the total distribution. 
A measure greater than the mean will deviate positively; 
one less than the mean will deviate negatively. To expe- 
dite the work of the student the correlation table should 
be divided into /owr quadravis^ as follows: — 



x» — 


ar--h 


x= — 


y- - 

• 



If the class-intervals have been laid off as suggested from 
left to right, and from bottom upward, the quadrants, with 
the signs of x and !/> are as just given. 

Now, to compute ^'y' for the whole table, going from 
compartment to compartment and summing the product 
of the pairs of measures, as shown above, will be a very la- 
borious task. The labor may be shortened very much by 
summing the x deviations of all the measures in one row, and 
multiplying 2a:' once for all by y\ This method recognizes 
that all the measures in a given row, e.g.^ 2, 8, 22, 5, in row 
91-95, have the same y', namely, + 1. Treating the material 
in this way enables us to compute the deviations mentally 
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and very rapidly. With this explanation we are now ready 
for step 13 in the computation of r. 

18. Compute So/j/', by finding the sum of the deviations of the 
measures in a particular row jrom the mean of the x*8 of the 
whole table {x). This gives 2a:'. Multiply 5a:' by y\ the devia- 
tion of this particular row from y the mean of the y*3 of the 
whole table. This gives 2a;V> which is the prodttcUeum of the 
demaUons about the two assumed m^ans. 

Table 88. Columns coRRESPONniNO to row 9^100 



Row 96-100 


81-85 


86-90 


91-96 


Total Sa/ 


JC' = 





+1 


+ 2 




n ■» 


1 


2 


1 




Sa/- 





+2 


+2 


+4 


f/'- 








+2 


Sjc'y'- 








+8 



Table 89. Columns corresponding to Row 76-80 





71-76 


76-80 


81-86 


86-90 


Totals 
Use" 


«'=. 


-2 


-1 





+1 




n = 


2 


6 


16 


8 


• 


Sx' = 


-4 


-6 





+8 


-1 


2^ = 










-2 


Sjc'y'- 










+2 



The computation, presented here in tabular form, can be 
done mentally. In setting down the results of the Sx'y' for 
each row, as 8, 30, etc., in Table 39, it may be more accurate 
for the beginning student to tabulate both the positive and 
negative 2a:' separately, summing them both separately to 
give the algebraic sum of the deviations. In the accom- 
panying problem. Diagram 46, the work has all been done 
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mentally^ the algebraic sum of the ^x'y' being tabtilated in 
one column. This gives Sar'i/' = .69. 

This product-sum is for deviations computed from the 
two assumed means, not the true means. Therefore, just 
as the means are in error by a correction Cy, or c^,., so each 
deviation on y and on a; is in error by the same amount. 
Thus, since we must apply corrections to find the true means 
and the true standard deviations, so we must apply a correc- 
tion to find ^xy^ the product-sum of the deviations about 
the true means. This means that we must multiply Cg and c^ 
together to get this correction. It has been shown that the 
formula for r , by this short method of computing the terms 
about the assiuned mean, is: — 



N 



— Cgfip 



* Let Em and J?, represent the estimated means of the two series, and 
tm and Cy be corrections to be applied to the estimated means to get the 
true means. Then the True Means, Mm and ikfy are respectively Mm ^ 
& + c« and Jlf , •■ jE?y + Cy. 

Let X and y be deviations from the True Means, M, and Afy. 

Let x' and y' be deviations from the Estimated Means, E^ and ^y. 

Thus, af' "• « + c« and y' ^y -)r Cg. 

Therefore, ^x'y' = S(a; + c.) {y -f Cy) 

Now, since Sx and 2^ (the sum of the z and y deviations /rom ihe TRUE 
MEAN) each » 0, then 

Sar'y' « Ixy + 2c^„ or 2a^ = 2a; y — Sci,c, 

or, substituting this expression in the equation 

2a;y 

2xy - Nc^f Sa; V 

(Adapted from H. L. Rietz; Bulletin no. 148, University of Illinois Agri* 
cultural Experimentation Staticm. 1010.) 
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Thus, the first step should be to plot the data, or at least 
to note whether they show fair concentration near the 
middle of the scale. It must be remembered that, with a 
small number of cases {i.e.f certainly when N is less than 
SO), the possibility of resemblance of the distribution to 
normality will be very doubtful. Under such cases, we do 
not know how much the probable error will be. If the dis- 
tribution can be said to resemble normality, then recoiwse 
may be had to the P.E. to enable us to estimate the probable 
stability of the coe£5cient. 

It was pointed out in Chapter VIII that the P.E. of r 
could be found from the formula — 

Vat 

Interpreted in words, this means that the chances are even 
(1 to 1) that the true value of *• lies within the limits — 

f ± P.£., or f ± .g7449 ^ "T— 

Vn 

Thus, from the relative sizes of r and P.E. we can state 
limits outside of which it is very improbable that the true 
value will fall. For example, statistical practice has tended 
to set the criterion that the correlation coefficient should be 
at least 3 times as large as the probable error; this, largely 
on the ground that it is very improbable that the true value 
of r falls outside r ± 3 P.E. More conservative practice 
insists upon r being 4 times P.E. 

Thus, when N is not very small, the computation of t 
should always be supplemented by the computation of 
P.E.y and r should be reported in the form: r ± P.E. 
For example, in the problem of Diagram 46, .48 ± .04. 

* At this point the student is referred again to the discussion of the prob* 
ability curve in Chapters VII and VIII. 
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Table for determining P.E. It should be noted that P.E. 
is directly a measure of unreliability. The formula shows 
that the unreHability increases as iV, the number of cases, 
grows smaller. Conversely the coefficient r grows more 
reliable as N increases, but in proportion to the square of 
the number of cases. Thus, to double the reliability of a 
coefficient, we must take 4 times the number of cases. To 
triple the reliability of r, i.e., to reduce the P.E, to one 
third of its present value, we must take 9 times the number 
of cases. This is illustrated concretely in Table X, in the 
Appendix, a table which gives at once the values of the 
P.E, for various values of r and n. Thus, if r = .3 and 
N = 25, the P.E. = .1228, nearly one half of r, which means 
doubtful reliability. The table tells us that in order to 
double the reUability, making P.E. .0614, we must take 
100 cases (4 x 25). 

In this connection an important practical question faces 
every investigator in the collection of educational data. 
How many measures must be collected in order to insure 
a coefficient which is statistically reliable? This amounts to 
asking: How can we select a random sample? The criterion 
of the probable error enables us to answer such a question 
in a rough way as follows: Assuming the worst possible con- 
dition as to correlation, i,e,y assuming r to be small, .1, .2, 
or .3 (unless as in rare cases, the investigator can estimate 
the coefficient and knows it to be high), determine from 
Table X the number of cases that are necessary to give P.E. 
not more than one third to one fourth of r. For example, 
if r is estimated in advance to be as low as .2, the investi- 
gator ought to take at least 100 cases to insure a sufficiently 
reliable r. The taking of a sample on such grounds satisfies 
ONLY this statistical criterion of probability. It should be 
noted, furthermore, that the value of N which is assigned 
should refer to the smallest group for which correlations are 
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to be computed. If r were .4 or more, then £5 cases would 
give sufficient reliability to the coefficient, according to 
present practice in the interpretation of correlation coef- 
ficients and probable errors. With such a small number of 
cases, however, it is dear that the criterion of the probable 
error cannot be used. When iV is so small *'that certain 
higher powers of its reciprocal cannot be neglected in com- 
parison with the rest of the expression involving them, the 
values (of the probable error) cannot be used. For such 
cases no theoretical f ormuke have hitherto been devised." ^ 

^. ComjnUaiion of straight line reUUionship toUhoiU the 
tabulation of the correlation table 

Short method. It is possible to turn the product-moment 
formula — 

into the expression 



f sa 



VSar* • 5|/« 



* Brown, W.» EMmtidU of Mental Meaaurefneni, p. 61. 

W. Brown further cites an empirical investigation on the determination 
of the reliability of r for small nmnbers of cases, 4, 8, and SO respectively, 
"taken from a total population of 8000 pairs of measurements (height, and 
left middle-finger measurements of 8000 criminals: *real' correlation^ 
•66) . . . Correlation results, for real value of 

f ■■ ,66, were 
Samples of 4 .561 ± .011 

" " 8 .614 ± .065 

" "80 .6609 ±.0067 

Hence it may be concluded that, although in the case of such small samples 
as 4 or 8 the ordinary formula for the P.E. of r gives much too low a value, 
yet in the case of as many as 80, the formula applies with tolerable accur- 
acy. We must, however, bear in mind that this result has only been proved 
(empirically) to hold in the single case where the actual correlation was 
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Table 40. To illustrate Computation of r without 
Tabulation of the Corbblation-Tablb 



Individ- 
ual 


Score 
in I 


Score 
in II 


X 

diff,of 

scores in 

I from 

average 


y 

diff.cf 
scores tn 
II from 

average 


«* 


y* 


«y 


1 

2 

8 

4 

5 

e 

7 

8 

9 

10 

11 

12 

18 

14 


15 

15.5 

16 

17.5 

17.5 

17.5 

18.5 

19.5 

20.5 

20.5 

20.5 

22 

23.5 

24 


10 
10 
6 
10 
11 

18.5 
11 
18 
10 
13 
20 
17.5 
16 
18 


-4 

-8.5 

-8 

-1.5 

-1.5 

-1.5 

- .5 

+ .5 

+1.5 

+1.5 

+1.5 

+8 

+4.5 

+5 


-8 
-8 

-7 
-8 

-2 

+5.5 

-2 


-8 


+7 
+4.5 
+8 
+5 


16 

12.25 


2.25 
2.25 
2.25 
.25 
.25 
2.25 
2.25 
2.25 
9 

20.25 

25 





49 

9 

4 
80.25 

4 



9 


49 
20.25 

9 
25 


+12 
+10.5 
+21 
+ 4.5 
+ 8.0 

- 8.25 

+ 1 


- 4.5 


+10.5 
+18.5 
+18.5 
+«5 


Average. 


10 


18 






105.5 


226.5 


101.75 



r- 



Sx* y 



101.75 



101.75 



( 



VSlB«^Sy» V105.SX226.5 154.6 



mtM 



Bum of the prodnots of x and y \ 

^' square root of (the sum of x< X the sum of y^y 



It has been common practice among educational workers 
to compute r by the use of this formula, without the neces- 
sary tabulation of the correlation table and the determina- 
tion of the linearity of regression. It has been shown in the 
foregoing pages that, in order to be able to apply the 
product-moment formula the data in question must reveal 
straight line relationship, — because r is a term in the 
equation of the straight line which **best fits** the means of 
the table. However, when N is very small, it is question- 
able whether any method of correlation gives very reliable 
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results. For that reason it may be desirable to have avail- 
able approximate or short methods of computing correlation, 
for purposes of rough preliminary examination of the data. 
We shall take up in later sections the **rank** ajid fourfold 
methods of doing this. At this point we should refer to the 
use of the short method for finding correlation, applicable 
when regression is linear. 

Table 40 illustrates^ the method in detail. 

II. The Case of Non-Lineab Relationship 

When the line of the means is not a straight line. It is 
clear that if the means of the correlation table do not accord 
fairly well with a straight line, the product-moment formula 
for r and the regression equations of the "best fitting lines" 
cannot be used to describe the relationship between the 
two traits under consideration. At the same time, we must 
note tiiat there may be a decided relationship between two 
traits, even though the line of the means is not a straight 
line. For example, Diagram 48 presents a case of high cor- 
relation, the use of r for which leads to distinctly incorrect 
conclusions. In this diagram^ the product-moment formula 
was used, giving r = — .47. The correlation is actually 
— .83, when computed by proper methods (17 = — .83). 
Mere inspection of the table leads to the conclusion that it 
is not permissible to describe such a table by the equation 
of a straight line. 

It is evident, therefore, that we need a method of comput- 
ing a coefficient for those kinds of relationship in which the 
means of the table do not fall approximately on a straight 
line. Note then, that we shall seek a method of describing 

^ Quoted from Freeman, F. N., Experimental Education, p. 178. 

* MomY>e, W. S., The Cost of Instruction in Kansas High Schools* 
Studies by the Bureau of Educational Measurements and Standards, No. 9L 
(Kansas State Normal School, Emporia, Kansas, 1915.) 
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relationship which, as before, will treat the separate columns 
of the table in terms of their arithmetic means. We shall be 
interested in finding how a deviation from the means of one 
trait (measured on, say, the a;-axis) corresponds on the aver^ 
agCy to a unit deviation from the mean of the other trait, 
(measured on the other, the ^/-aids). 
The product-moment method involves finding the prod- 

act of the separate ratios of — , — , that is, of the devia- 

tions of every measure of the table from the mean of its 

distribution, measured in units of the standard deviaiion of 

the x^s or y*s of the whole table. We find the amount that each 

measure differs from the mean of its distribution. This is 

X for the a;-measures, and y for the ^/-measures. These x 

and y deviations can be made comparable by dividing each 

one by its respective standard deviation as a unit. Thus, 

in computing the correlation coefficient, "r," we measure 

each deviation xoryin units of its corresponding standard 

• X t/ • 

deviation (r« or a-w t.e., — and •^. r is the ratio between 

the sum of the x deviations times the y deviations, each 
measured in terms of its standard deviation. 

Professor Pearson has suggested that the non-linear tables 
may be treated by finding the ratio of the standard devia- 
tion of the arithmetic means of each of the columns (or 
rows) of the table to the standard deviation of the whole 
table itself (the o-^ for the columns and <r^ for the rows of 
the table). In symbols this means (letting the general 
expression be called the "correlation-ratio" =iy) 



(Ty S N 



-§)') 



where. 



(Ty 
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n, =s total number of measures in any column; 
ig =: the arithmetic mean of any column; 
y =s the arithmetic mean of all the y^s in the table; 
N ^ total number of measures; 
cry = the standard deviation of all the j/'s in the table. 
This is equivalent to saying 



^ 



KiVx-y)"] 



N 

the standard deviation of the means of the columns of the 
table. For, each (p, — y) equals the difference between the 
arithmetic mean of a column (^ J and the arithmetic mean 
of the total frequency obtained from all the columns in the 
table. That is> each (i/« — * |^) is the ^Meviation" of the mean 
of a column from the mean of all the y*s in the table. These 
are each squared and weighted by then* corresponding fre- 
quencies, rig. Thus, it can be seen that the above formula is 
of the usual form of the standard deviation: — 



\ N 



That is, in the above symbolism, n, is equivalent to /, the 
frequency; y< — y; is equivalent to d; S is equivalent to % 

Diagram 49 is supplied to make clear the use of the sym- 
bolism: Table 41 illustrates the method in detail. 

Summary of process. We may summarize the process of 
computing the correlation-ratio by listing the following 
steps . — 

1. Tabulate correlation table in exactly the same way as in 
computing r . 

2. Sum the columns (rix) or the rows (uy) of the table. (These 
correspond to/*s in the computation of r.) 

8. Compute the ariihmetic mean of all the ^*s in the table. Call 
this y. (This is d(Mie in exactly the same way as in com- 
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puting the mean of any frequency distribution (see Cbapur 
V). The distribution to use in this case is that of the total 
frequency column, headed ny. The short method should be 
used, as before, using units of class-intervals instead of the 
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4. Compute the arithmetic mean of the y*s in each column of {he 
table* Call each of these yx* (Each of these can be left in the 
fonn of the correction to the true mean, or the difference be- 
tween the true and assumed means, provided y is expressed 
in the same way. To do this will cut down the arithmetic 
labor somewhat.) 

6, Compute the square of the standard deviation of the y's in 
the whole table; call this tryK (As in step 3, use the total 
frequency distribution, headed ny.) 

6. Subtract the arithmetic mean of the whole table y, from the 
arithmetic mean of each column, yx, to find the amount of 
deviation of the mean of each column from the mean of the 
table. That is, perform the operation (gx — y) for each col- 
unm of the table. (This corresponds to finding d in the case of 
the computation of the standard deviation of any distribu- 
tion.) 

7. Square each of these deviations (y» — y), giving (|f« — y)\ 

8. Weight each of the deviations (squared) by the number of 
cases occurring in each column; that is, multiply each {yx — i')* 
by its corresponding n^. (This corresponds to finding fd* in 
the conmion standard deviation formula.) 

9. Add the square of these weighted deviations. This gives 
Slnx(yx-yy]' (This is 2/^2.) 

10. Take the square root of this quantity, and divide by N, the 
total number of cases in the whole table. This gives 



2^ I sMyx-y)'] 

the standard deviation of the means of the columns, comparable to 

\ N 
11. Divide S by «ry, giving the correULtion-fatiOy hi. 

Since rj is the ratio between two standard deviations it is 
always positive, — that is, .rj is always between and 1. 
The expression given here for 17 is absolutely independent of 
the form of the distribution, whether it exhibits straight- 
line or curved-line relationship, and can be used for the 
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oomputation of correlation for any kind of a table. To the 
writer's knowledge no published analysis has been made of 
educational distributions which have utilized both the pro- 
duct-moment and the correlation-ratio methods. Thus Httle 
comparative data are available for us at this point. We are 
interested to know: Under what conditions can we use the 
product-moment formula? How can we determine whether 
or not a correlation table exhibits linear regression f For 
rough work, Blakeman^ has stated a criterion for linearity 
which we can use to aid us with most of our distributions. 
It is that 



Vn 



1 Vii2 - r» 



.67449 2 

must be less than 2.5. Applying this to our problem in 
Diagram 48, we get 

\/i48 1 ^ 

;^^.-V(.83)'-(-.47)' = e.l69>«.5. 

In this case the table is obviously a non-linear table and 
the product-moment formula is inappHcable. Whenever 
the correlation table is not very linear the investigator should 
compute both v and r. Then the interpretation of the size 
of the coefficients v and r can be determined by the ap- 
plication of the criterion for linearity. 

B. METHODS WHICH TAKE ACCOUNT ONLY OF POSI- 
TION OF THE MEASURES IN THE SERIES 

I. Vabious Methods of Ranks and Grades 

From the discussion in the foregoing chapter the two 
methods of computing correlation which take account of the 
absolute value and position of each measure in the two 

^ Blakeman, J. Biometrika, vol. iy» pp. 349, 350. 
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series have been shown to be mathematically soimd, but 
rather laborious in arithmetical work. It is clear that the 
student of educational psychology and education often has 
to content himself with comparatively few subjects, 10 to 
SO being quite a common number. With such a small num- 
ber, the unreliability of the relationships, as shown by the 
size of the P.E., often would be so great as to vitiate the 
statistical results. 

Other things being equal, that index of correlation is best 
which gives the smallest P.E. With a small number of 
cases, however, it is clear that the probable error has Httle 
or no significance, and that we are unable to establish the 
reliability of coeflScients computed by any method. 

Spearman's method by " ranks " or " position." At the 
same time we may desire a practicable formula for the cor- 
relation existing between two variables, easily computed 
and adapted to the conditions of psychological and edu- 
cational investigation. To supply this formula. Professor 
C. Spearman had empirically deduced a method of express- 
ing correlation in terms of "ranks** or "position,** rather 
than in terms of absolute quantity.^ This method has been 
advanced and is coming into common usage, largely on 
two grounds: (1) the ease of computation of the rank index; 
(i) the belief that greater comparabiUty of measures will be 
obtained through expressing the relationships which are 
found in psychological data in measures of position. 

Spearman suggests that a distribution of psychological 
measiu^s may not be absolutely comparable at various 
points of the distribution, whereas measures obtained in 
physical and anthropometrical research may be statistically 
treated when regarded as being absolutely comparable at all 
points of the series. On the other hand. Professor Wilham 

^ Professor Pearson has since established mathematically the expression 
for this type of correlation by "grades." 
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Brown and other psychological pupils of Pearson maintain 
that the measurement of the results of psychological ex- 
perimentation is physical measurement^ and that the meas- 
ures are objectively comparable. 

Spearman has attempted to show that we may turn the 
product-moment formula 

into the expression 
or 



r=l- 



N{m - 1)' 



where {v\ — v^ or D represents any difference in the rank of 
an individual in the two series, and where -J- N(N^ — 1) is 
the value that the sum of the D^'s would have by the operation of 
chance alone. ^ 

This method is based on a very f imdamental assmnption, 
the validity of which is extremely doubtful, — namely, 
that the distribution of ability is rectangular in shape. 
This means that "'the unit of rank is the same throughout 
the scale," — that is, that individuals are separated from 
each other at the end of the scale by the same distance (or 
increment of ability) by which they are separated in the 
middle of the scale. 

Our educational testing of mental abilities leads to the 
conclusion, however, that most mental abiUties distribute 
themselves in a large school population in accordance with 
a curve in which the measiu*es are largely concentrated near 

^ See Brown, W., Essentiala of Mental Measurement (1st ed.» Appendix), 
lor proof of this statement. 
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the central portion of the range. It has been shown, e.g.^ 
in measuring abiUties by various mental tests that the shap>e 
of the distributions for each grade and on each test takes 
a form approximating a symmetrical curve. This curve, 
with the impHcations of its widespread use, has been dis- 
cussed in Chapters VII and VIII. That this relates to the 
problem of "rank-correlation" should be very clear. To 
assume a rectangular distribution is to assume that each 
individual in the series is the same distance from the adja- 
cent individuals, — throughout the series. A glance at the 
bell-shaped curve shows this to be incorrect. As Pearson 
says, "Between mediocrities, the unit of rank, ... is prac- 
tically zero; between extreme individuals it is very large 
indeed. Since we must assume a theoretical form of dis- 
tribution, the form in this case (referring to Spearman's 
rank-method of computing correlation) must be a rec- 
tangle, which is a most improbable one.'* l 

Pearson's method by " grades." It has been shown that 
the best assumption we can make concerning the distribu- 
tion of abiUty is that it is somewhat " bell-shaped," that is, 
resembles the normal curve. It happens, therefore, that 
Pearson has given us a method of computing correlation in 
which we can use the "grades" (which amount, practically, 
to "ranks" in actual computation) of each of the measures 
in the series. There are two points we should clear up, how- 
ever. (1) The " grade " of a particular individual in a series is 
measured by the number of individuals above him in the 
series. (The "rank" indicates the position only.) (^) The 
theoretical distribution of the measures by which the method 
is worked out is assumed to be that of the "normal" or 
"probabiUty" curve. This accords more closely with the 
Btctual distribution of abilities than Spearman's assumption. 

It is possible, therefore, to assume a normal distribution 
wd deduce an expression for r (not Spearman's p or R) 
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measured in terms of the ** grade** of an individual in the 
series. 

The expression for the correlation by grades may now be 
set down as: — 

(A) r«««n^^p) 

where 

(u) p=«l 77777; — 7rorp==l — 



iV(iV«-l) '^ iV(iV«-l) 

It will be noted that formula (A) is a sound expression for 
r, and is unlike Spearman's empirical formula for r, which is 



(C) r 



-««n(-^p) 



In this expression it must be remembered that 

iiV(iV«-l) 

is the value that 22)^ would be under the operation of 
chance, alone. 
The expression 



=«nn(-^p) 



for the correlation of grades, measured in terms of the sum 
of the squares of the differences of the ranks of all of the 
measures in the two series, can be shown to be replaced by 
the following expression when the grades are measured in 
terms of the sum of the positive differences between the grades 
in the two series. 
The formula for r now becomes 

* For the mathematical deyelopment of the theory underlying these 
expressions the student is referred to the original memoirs by Pearson and 
his colleagues. (See Appendix.) 
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(D) r^ico8i^(^j^'j 

or 

(E) r = 2c(w^ (l-B)-l 

in which 

6 5(7 



(F) 72 = 1- 



iV»-l 



We thus have two complete f ormulse for r, when com- 
puted for ^* grades J ^ which are sound mathematically and 
may be applied, providing the distributions of the traits 
which are being correlated are approximately *^ normal.** 
These are formulae (A) and (E) above. 

It is clear that the computation by either one may be 
shortened a great deal by reducing the work as far as pos- 
sible to the use of tables. It is evident that this can be done 
for the transmutation of p and R into r. Tables VII and 
Vni (see Appendix) are given herewith for that purpose. 
Having computed p by formula (B), the student can read 
from Table VII the value of r corresponding to the com- 
puted value of p. Similarly, for any value of R, the corre- 
sponding value of r can be read from Table VIII. 

Steps in the computation of r by ^^ rank " methods. Re- 
ferring to the illustrative problem in Table 42, let us list 
the steps in the computation of r by these so-called rank- 
methods. 

I. Rank the measures in order of size, beginning with the smallest 
or largest. 

ft. Subtract the rank of each measure in the first series from its 
corresponding rank in the second series. Call this Z), the dif« 
ference in rank. Tabulate these as positive, negative, or 0. 

S. If formula (B) is used, square each of these differences, giv- 
ing the column headed DK If Formula (F) is used, treat only 
the positive differences, the g*s of formula (F). 

4. Sum the Z>^'s (or the ^'s) giving SZ>' or 2^. 
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5. Multiply 21)2 or 2^ by 6. 

6. For formula (B) divide 6SZ)« by N(N* - 1). iV = total 
number of measures. In the same way for formula (F), divide 
6^g by iV« - 1. 

7. Subtract the quotient in either case from 1. This is p for the 
first method, R for the second. 

8. Transmute p into r by reading proper value from Table VII. 
Transmute R into r by reading proper value from Table VIII. 

In the illustrative problem it is noted that r= .732 by 
formula (F), and .717 by formula (B). The conclusion drawn 
from either one would be the same. In general it may be 
said that the two formula? give fairly comparable results, 
and that from the standpoint of ease of computation the 
" Footrule " formula 

6% 



72 = 1- 



iV«-.l 



may well be the one chosen for use. For small values of iV, 
the only cases after all in which the rank methods are to 
be used, they lead to as soimd conclusions as any of the 
more accurate methods, the product-moment or correlation- 
ratio. 

Discussion of rank methods of computing correlation. 
The first and principal criticism of Spearman's rank method 
has been indicated above, namely, that it assumes a rec- 
tangular distribution and an equal unit of rank throughout 
the scale. These assumptions are inadmissible. 

Second, Pearson has shown that when the number of cases 
is small, Spearman's R retains the same value for very wide 
variations in p. 

Thirds he has shown that the probable error of a zero 
correlation obtained by Spearman's R is considerably larger 
than that obtained by his r, — hence that "rank" correla- 
tions are less accurate than "product-moment" correlations. 
He says, "In particular it requires about 30 % more obser- 
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Table 42. Cohpabibon of Expenditubbb per Pupii. in Atbr- 
AQE Daily Attendance sob Vabiods Specific KiKoa of 
Educational Sebvice. 

Cmnputed from the record* qf th» UniUd State* Bureau cf tkt Cmm* 
(FiiumcUd Statutir* of Citiei) and United Stale* Bureau ef Education {An- 
nual Report) for the gear 1912.* To iUu*tTaie Computalion <4 Correlation 
bn " rank " method*. 
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vations by the R method to obtain r with the same d^ree 
of certainty when r is 0." 
Fourths Spearman's transmutation formula 

r « Sin(^ . R) 

was obtained empirically from 111 correlations with only 
SI cases (N = SI). Brown suggests that the chance that 
the formula thus selected empirically with but SI cases was 
the best one, could not have been great. Many like formulas 
would have fitted equally well. We should use that formula 
which has a sound mathematical basis. 

In general we may say, that with 30-100 cases or more, that 
where accuracy is desired in relationships the product* 
moment method should be used. It gives definite averages 
(means) and measures of variability, and when tabulated 
in table form gives a definite perspective of the distribution 
of measures themselves. In the interpretation of the co- 
efficient it is of great value, — in fact is positively necessary 
to the adequate interpretation of r. Furthermore, by the use 
of the correlation table the correlation ratio, 17 can be com- 
puted, which is a necessary step in determining the line- 
arity of regression. Again, ranking the measiures introduces 
a "spurious homogeneity" which may effect the accuracy 
of our later interpretation and conclusions. 

We can thus lay down a rule: USE THE RANK 
METHOD ONLY WHEN N is smaU (say, less than SO). 
In such cases the means and the standard deviations are 
of little value, owing to the size of the P.E.'s. The result 
in cases of this sort can at best only indicate the EXIS^ 
TENCE of correlation and Not the Closeness 0/ ihe Rela* 
tionship. Therefore we must be extremely cautious in our 
interpretation of rank correlations, or of any correlations 
computed for a small number of cases. 
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summabt oxttline of methods of determining 

Relationship 

It will pay us, at this point, to summarize in outline form 
the methods discussed to date, indicating their proper func- 
tions: — 

I. Methods of Computing Relationship between Series of Meas- 
urable Quantities. (Statistics of Variables.) 
I. Methods which take FULL ACCOUNT of the ABSO- 
LUTE VALUE and POSITION of every measure of the 
series. 

A. The case qf Linear Regression, i.e., the line best 
** representing*' the mean points qf the indundtud 
columns qf the correlation taJble is a straight line. 

The proper method with N larger than, say, SO to 50, is 
the product-moment method 

r=s 

iVcTa^CTy 

with the consequent regression equations of the lines of the 
means of the columns and rows 

y^r — X, and xs=r — y, 

B. The case of Non-Linear Regression, i.e., the case 
in which the line that best represents the mean points 
qf the correlation table is not approximately a straight 
line. The proper method is the ''correlation- 
ratio,*' 1}, method of Pearson: — 

S Nl7a:(5*-^)«1 



: ori;=g N 



i;=— ori; 

cry 

£• Methods which take account only of the position of 
measures in the series. 
A. Various methods of Ranks and Grades. 
a. Ranks. 

1. Spearman'sMethod of Rank Differences. 
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^ 6SZ)« 

ft. Spearman's **Pootrule" for Correlation, 



«=1- 



iV«-l 



6. Qrades. Spearman's Transmutation formuls 
are not correct, so we need: — 
1. Pearson's Method of Correlation of 
Grades. 

-p) inwhich P-l- ^(^,,i) 
(6) r = 2cM?(l-K)-l inwhich «-l-^^^ 



Use Tables VII and VIII (see Appendix) for transmutation tor. 

Rough approzixnatioii methods. The methods discussed in 
the foregoing sections have been of two types: (1) refined 
methods which take full account of ihe absolvie value and 
position of each pair of measures; (d) those which take ac- 
count only of the rank or position of each pair of measures. 
There is available to the student, however, a group of rough 
methods even more approximate in character than the 
methods of "ranks." These methods take account of posi" 
tion of the measures very roughly by classifying the meas- 
ures with reference to some average point in the two series. 
We list these methods next, in this outline, prior to discuss- 
ing them. 

B. Various methods of Pourfold Tables. 

1. Pearson's: 

Vad + Vbc 

2, Sheppard's Method of Unlike-Signed Pairs: 

U 
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The methods abeady discussed in the book have dealt 
with the statistics of variables, — with problems involving 
measured quantities of the continuously varying type. It 
was pointed out in Chapter IV that the student would meet 
types of problems in which the presence or absence of cer- 
tain traits would be noted (counted) and in which the cor- 
relation methods adapted to statistics of variables would 
not be applicable. These problems were pointed out under 
the name ''statistics of attributes." Various attempts ^ 
have been made to devise coefficients which would measure 
relationships in these types of problems. Most successful 
of all has been Pearson's coefficient of mean-square-con- 
tingency with which we shall close the discussion of relation- 
ship. Thus, to complete the outline: — 

n. Methods of Computing Relationship between Series of Non* 
Measured Traits. (The Statistics of Attributes.) 
1. Pearson's Method of Contingency. 

B. Methods of Computing Relationship fob 

Fourfold Tables 

1. Pearson^ 8 cos «• method 

The correlation between the two series of (17) measures 
in Table 4£ was computed by taking account of the relative 
position, or rank, of each measure in the two series. In this 
work there was no attempt to measure relative changes in 
valtie of the measures, except as these were gross enough to 
change relative ranks. It is evident that a still shorter 

^ Yule has devised a "coefficient of association/' Q, for fourfold tables. 
(See Yule, G. U., An IrUrodtiction to the Theory of Statistics, chaps, n, ni, 

IV, T.) 

Pearson, K., and Heron, D. (Biometrika, vol. 9, pp. 159-815) have shown 
that this coefficient is unstable and rarely leads to sound measures of rela- 
tionship. Its use is not recommended to the student. 
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*»S 



method of computiiig the extent of relationship could be de- 
vised by finding an average of each series of ranks, and com- 
paring the position of each pair of measures with respect to 
being above or below that average in eac^ series. To do this 
results in turning the ranking of the two aeries of measures 
into a " fourfold table." Tables 43 and 44, and Diagram 50 
illustrate this fact. 
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Condensing the measures into the number of cases and 
remembering that in Table 44 — 
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(a) a number of cases above the average in both series, 
(d) = number of cases below the average in both series, 
(6) == number of cases above in first series and below in the 

second series, 
(c) a number of cases below in first series and above in the 

second series, 

we have: — 



+ + 

a=> 8 


+ - 
c= 1 


- + 
b= 1 


d= 7 



It is clear that such a method of finding correlation takes 
inadequate account of either position or value of the meas* 
ures in those cases in which the form of the two distribu- 
tions is not closely the same. For those cases in which the 
measures are distributed over the scale in approximately the 
same way, this rough method will supply an adequate 
measure of correlation, provided a single index can properly 
be devised for the amount of relationship. Pearson's 
formula is 

Vbc 



cos 



V^+Vbc 



TT* 



Applying this formula to the problem in Table 43, we have 

VT 1 



cos 



V56+V1 

COS 21.24<> = .932 



7r=r COJ 



8.48 



= .118 V 



* r B 180^; the student should have a table of natural trigonometric 
functions, from which to read the value of r for various values of the angle. 
This is supplied in the Appendix. 
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It will be remembered that r by the rank methods gave 
.717, and .732 by the product-moment method. In general, 
such approximate methods should be used for only rough 
preliminary examination. 

2. Sheppard's method of unlike signs 

Sheppard has suggested an approximate formula for 
roughly meoMLring relationship in fourfold classification in 
terms of the percentage of cases that are of like or unlike 
"signs" in the two series of measures. 

To get this expression, substitute in Pearson's formula 

Vbc 



r ^cos "7= 7==- 

Vad-^-Vbc 

for the square root of the product of the be cases, the percent- 
age of cases having unlike signs (call this U) ; and for the 
square root of the ad cases, the percentage of cases having 
like signs in the two series (call it L). This gives at once 
Sheppard's formula 

U 



(N) f-0M 



L+U 



Now, L-^U always is 100, and w is 180**. Hence we may 
reduce the formula tor =^ cos U 1.8**. 

Whipple ^ points out that U must lie between 50 and 
for positive, and 50 and 100 for inverse correlations, and that 
therefore it becomes possible to prepare a table from which 
values of r for any integer of U may be read directly. 
This table is given herewith as Table IX, Appendix. 

The P.E. of this 



,.^(.,es.,a-H,Jl^l-J/i) 

^ American Jounud of Psychology, vol. xvm, pp. 82d-2ff, 
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On account of the very large P.E. involved in its use, 
the method of unlike signs must not be used in important 
correlation work unless the correlations are high (exceeding 
.50); the classes are very fine, and the number of cases 
fairly large. Its real function is one of preliminary investiga- 
tion only. On the other hand, since it involves arranging, in 
order of size, all the measures in the series, the device is 
hardly serviceable with large numbers of cases (say 70 to 
100 and upwards) . For series of 30-50 measures, it might well 
be used as a method of preliminary investigation of relation-- 
ship. 

To illustrate the employment of these methods, Whipple 
cites an example in which the correlation is desired between 
the accuracy with which 50 boys can cancel e from a printed 
slip, and the accuracy with which the same 50 boys can can- 
cel g, r, Sf and t from a similar slip. The results of each test 
are first arranged in order, the least accurate boy first and 
the most accurate last. We can either determine the average, 
in which case all the boys that rank below the average are 
minus and all that rank above the average are plus, or we 
can take the median value and consider the first 25 boys 
in each array as minus and the second 25 as plus cases. 
The following values were obtained : — 

a « 18; 5 « 11; c - 8; d » 18. Hence U « 88. By the use of 
either short formula, r ■= .87 with a P.E, of .26. By using Pear- 
son's product-moment method we obtain, for the same arrays, 
f = .47 with P.E, of .06. By actual timing, after the distribution 
had been made, the first method occupied eight minutes and the 
second two hours and fifteen minutes, even with the adding 
machine and the tables previously mentioned. 

On the other hand, it will be noticed that in the above 
problem the correlation of .37 with P.E. of .26 has abso- 
lutely no significance at all, whereas the product-moment 
value of .47 with P.E. of .06 is satisfactory. Furthermore, 
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it should be pointed out that practice in the tabulation of 
double-entry tables and computation of r by the short 
method will cut down the time of computation very mark- 
edly. Thirty to forty-five minutes should be ample for the 
computation of r in the above problem. 

in. Methods of Measuring Relationship between 

Series of Attributes 

1, PearsorCs coefficierU of mean square contingency (C) 

In the foregoing sections methods have been described 
for treating two kinds of data. The first type was data which 
have been collected in the refined measurement of human 
traits (known as Statistics of Variables), Both refined and 
approximate methods of treating such measures have been 
discussed; i.e., detailed regression methods, and approximate 
rank and fourfold methods. The second type of data is that 
in which we merely count the presence or absence of traits 
(as when pupils in school pass or fail, are tall or short, are 
normal or feeble-minded) or in which at the most we classify 
the data in several groups, without specific quantitative 
measurement (such as is illustrated by the tables showing 
relationship between mental age and pedagogical age, in 
Chapter IV). These kinds of statistics have been called the 
Statistics of Attributes. It is clear that the methods designed 
to describe relationship between measured quantities are not 
applicable to the statistics of non-measured traits. 

The coarsest method of measuring relationship between 
such traits is to classify them in a fourfold table, and to 
treat them by Pearson's or Sheppard's fourfold methods. 
The weaknesses of these methods already have been pointed 
out. We need methods which will take cognizance of the 
classification of measures into several classes and which 
will be mathematically coiislst^nt (as we increase the fine- 
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ness of classification) with the established theory of the re- 
lationship between variables. 

Pearson's coefficient Such a method is supplied by Pear- 
son's coefficient of mean-square contingency — 



pz: 

NA^ + X* 



It is built up by reference to the theory of probability, 
and measures relationship in terms of the difference between 
the numbers of meoMtres actually found in the various com' 

partments of the cor^ 
relation table (or 
"contingency" ta- 
ble more generally), 
crnd the numbers that 
might be expected 
there by pure chance. 
In Diagram 51 
and Table 45 let 
n, represent the 
total number of 
measures in any row 
of the table, n^ rep- 
resent the total 
number in any 
colimm, N repre- 
sent the total num- 
ber in the table, 
and n„ represent 
the nimiber in the 
compartment determined by such a row and colmnn. Our 
first task is to state the number of measures that ought to fall 
in any compartment {ssiy the one determined by the row 
marked n, and the column marked n^) by pure chance. 
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This can be stated by first stating the probability that any 
one measure will fall in that particular compartment. 
Now> the probability that a particular measmre wiU fall 

anywhere in the row marked n, is -r^ and the probability that 

a particular measiu*e will fall anywhere in the column marked 

n^ is r^. Hence the probability that any one measure will fall 

njn 
in both this row and this compartment wiU be -— (the 

probability of a compound event happening is the prod- 
uct of the probabilities of the separate events.) But we 
wish the NUMBER of measures that ought to fall in this 
particular compartment. Since there are N measures in the 
table, this must be N times the probability that any one 
will fall there. Thus the number that might be escpected 
to fall there by pure chance is 



N 

Since tin represents the number that actually fell in that 
compartment, the difference between the two is 

Pearson suggests that a coefficient can be built which will 
measure relationship by finding the ratios of the differences 
between the number that actually fall in any compartment 
and the number that might be expected to fall there by pure 
chance to the number that might be expected to fall there by 
pure chance. That is by summing the ratios — 

""^ir (1) 

ttrtlc 

N 
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We cannot simply add the differences together, for the 
sum of the values of A must be zero (some A's are negative, 
and some are positive), and so we square each of the dif- 
ferences and sum them. If, then, we compute A for each 
compartment, square it, and compute the ratio of each A* 
to the corresponding value which is to be expected by pure 
chance, we can write Pearson's expression for "square-con- 
tingency** which will be represented by X*, thus: — 






X».S<|2 ^L_£_|, («) 

To give Pearson's mean'Square-contingencyt <^\ we must 
divide this expression by iV — 



1 JV^"""F-y 



N 
In terms of x* Pearson's coefficient of square-contingency is 

C-Jtt^. (4) 



In terms of <^' his coefficient of mean'SqtMre-^orUingency is, 
since 



2L /7tt. I y. ■> 



A« » A. C * \--^ — (5) 

It is evident that C is if the two traits are not correlated, 
and that it approaches more nearly towards unity as x* 
increases. C is always positive, and no sign should be at- 
tached except for conventional purposes. 
Yule shows ^ that such coefficients, when "calculated on 

^ Yule, G. U., An Introduction to the Theory qf StatUtics, pp. 65 and 66. 
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different systems of classification, are not comparable with 
each other. It is clearly desirable, for practical purposes, that 
two coefficients calculated from the same data, classified 
in two different ways, should be, at least approximately, 
identical. With the present coefficient this is not the case: 
if certain data be classified in, say, (1) 6 X 6-fold, (2) 3 X S- 
f old form, the coefficient in the latter form tends to be the 
least. The greatest possible value is, in fact, only unity if 
the number of classes be infinitely great ; for any finite number 
of classes the limiting value of C is the smaller the smaller 
the number of classes." 

Yule then shows that Pearson's coefficient of mean-square-^ 
contingency may be replaced by another which is easier of 
computation, thus: — 









X« 


N 


which 


may 


be written 










X'' 




'(n„)*") _ 



(«) 



For simplicity of statement let the expression 

be represented bjr 8. 

Then x* - S - iV 
Then 



(7) 



- I X' - I S-N _ \ S-N 
. SN+x* \N+8-N N 8 



(8) 
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This expresses C in terms much easier of computation, and 
formulas (7) and (8) should be used by the student in conv- 
puting the relationship between two traits by " contingency.'* 
Yule next shows that if we deal with a < X <-f old classi- 
fication of data in which the relationship is perfect, *'all 
the frequency is then concentrated in the diagonal com- 
partments of the table, and each contributes N to the sum 
S. The total value of S is accordingly iN and the value of 



v# 



(9) 



This is the greatest possible value of C for a symmetrical 
t X ^fold classification, and therefore, in such a table, for 



t = 2 


C cannot exceed 


0.707 


< = 3 


<« « 


0.816 


< = 4 


«« «« 


0.866 


< = 5 


<« «« 


0.894 


i = 6 


«< «« 


0.91S 


< = 7 


«« «« 


0.926 


< = 8 


«« «< 


0.935 


<«9 


«« «< 


0.948 


<-10 


« « 


0.949 



It is well, therefore, to restrict the use of the *coefl5cient 
of contingency* to 5 X 5-fold or finer classifications. At the 
same time the classification must not be made too fine, or 
else the value of the coefficient is largely aflPected by casual 
irregularities of no physical significance in the class-fre- 
quencies.*' 

Steps in the computation of the coefficient. Taking for- 
mula (8) 



C 



v/ 



S-N 



S 



we next make clear the steps in the computation of the 
^K)efficient. The arithmetic work reduces to four main 
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steps : (1) finding S; (2) subtracting N from S; (3) divid- 

S — N 
ing S — N hy S; (4) extracting the square root of — r — . 

The detailed procedure is as follows: — 

A. Find 

'(n««) 



8 






This involves four steps: 

(1) Square the number found in each compartment of the 
table: {urc)^ [e.g., 4, 49, 9, 1, 1, for the first row of 
Table 45.] 

(2) For each compartment in the table multiply the total 
number in its column by the total number in its row» 
(nr/ic) and divide each product by (N), the total num- 
ber in the table. 

For example, for the illustrative problem for the 
compartments in the lowest row: — 

«^ . .84 ?1^. 8.59 

82 82 

E^ . ,.^ }^ . 2.78 

82 82 

16X14 



82 



2.7S 



It will probably save time and reduce errors of 
computation to tabulate these results separately as 
given by Table 46 below. 
(S) For each compartment divide the result of doing (1) by 
the result of doing (2). 

For example, for the top row, — 

2.88 
49 

1.48 
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(4) Sum each of the results obtained by doing (S). Thit 
gives S, 

B. Subtract {N), the total frequency of the table, from S, giving 

S-N. 

C. Divide S-NhyS. 

S-N 

D. Extract square root of — t^ . This gives C, the ooeffi- 

cient of mean-square-contingency. 

Table 45. Relation betwben Mental Age and 

Pedagogical Age 

(Computed hy eoefficieni of mean^sqtuare-contingenqf) 
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For each compartment compute -^^ giving the data in 
the convenient form shown in Table 46. 
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Table 46. Data giving Resxtlts of Computing 

FOB EACH CoMPABTBiENT OF TaBLB 45 



N 



Fed 

a 

gog 
1 

cal 

Age 



Mental Age 



Retarded 
2 years 

Retarded 
1 year 

Normal 

Accelerated 

1 year 
Accelerated 

2 years 
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2.82 




1.48 




2.85 




4.61 


8.51 


2.42 






3.12 


4.10 


8.12 


2.15 




3.65 


4.49 


5.89 


4.49 




.84 


2.22 


2.73 


3.59 


2.78 





15 



.40 
.66 



These axe computed as follows, for the top row: — 



21X11 



82 



To compute 



= 2.82 21 = nc ll = nr 82»iV 
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^.82 - 1.42 






2%.e6 - 6.85 


*%.48= 83.14 






1094.49 - 22.27 


V40 = 10 






8%.89 = 6.11 


s 






^.49 - .891 


^4.86 = 0.351 








i%.6i = 3.471 






y.84 = 11.785 


8%.6i = 23.08 






*%.2a =22.07 


%.42 = 3.727 






%.78 = 8.295 


Vee = 1.515 






^.69 = .279 
%.78 = .867 


%.12 - 2.88 








ey4.io =15.61 


Total > 


=S 


= 174.656 


1%.12 « 5.18 




N 


= 82. 


^16 = 0.465 
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a -^ 


= 92.656 

/ 04 ({fid 
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.728 
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ILLUSTRATIVE PROBLEMS* 

1. (a) Plot to scale on cross-section paper the following pairs of meas* 
ures which show the relation between ability of pupils in each of two 
tests in first-year algebra. Plot Test II on X and Test I on Y. Arrange the 
work so that this problem (1) and the next problem (2) can be placed on one 
cross-section sheet. 

O^itl 27 27 27 16 27 18 27 9 15 16 21 20 26 10 22 24 16 18 23 

TeatlL... 20 18 14 8 13 8 16 88788 17 292026 9 

Tart 1 16 22 20 17 21 20 20 16 22 23 27 16 25 22 14 17 26 22 5 

Teat II.... 2 U 8 19 7 9 6 8 16 18 6 12 11 3 7 17 4 2 

Te«tl 25 18 27 20 18 27 24 24 24 22 21 20 20 20 24 

Teitll.... 15 4 23 12 6 22 10 9 12 10 10 13 18 14 13 

(6) Plot these same pairs of measures having grouped them in class- 
intervals of 2 units each. 

(e) Turn this "point representation" of the pairs of measures into a eorre^ 
lationriabU, with totals stated on both axes. Use another cross-section sheet 
for this table, and arrange the work with the tabulation in the upper left- 
hand corner. 

2. (a) Plot to scale on cross-section paper the following pairs of measures, 
which show for United States history the relation between the cost of 
instruction per 1000 student-hours and the average size of class. Plot the 
costs on Y and the size of class on X. 

CkMt 134 114 26 85 26 62 65 47 46 49 48 65 66 69 61 72 106 

BiseolMs.... 11 10 88 8736232225242524222326 24 15 14 

Cost 87 91 114 111 47 63 67 69 86 42 68 81 89 44 106 65 62 

Siaeolasa.... 16 14 12 18 20 21 20 21 27 26 27 29 28 28 17 16 17 

Coit 88 166. 137 61 66 72 77 60 38 43 80 40 49 70 

Biieolaaa.... 12 13 15 19 18 19 18 25 24 80 88 82 83 20 

(6) Plot these measures having grouped them in intervals of 2 units. 

(c) Turn this "point representation" into a "correlation-table." Ar- 
range in upper left-hand corner of the page. Use separate cross-section 
sheet for (3). Put (1) and (2) on one sheet. 

8. Plot the "lines of regression" of the columns and rows for each of the 
correlation tables plotted in Problems 1 and 2 by the approximate method; 
(i.e., compute the means of the columns and rows and draw the lines of re- 
gression by "cut and try.") 

^ Quoted from Rugg, H. O., lUtuttaHve PrMemi in Educational Statirtict, publuhe4 
hy the author to accompany this text. (University ol Chicago, 19170 
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4. Compute the correlation between the following pairs of measures 
(scores made by pupils in two algebra tests) without tabulation in a cor- 
relation-table, by 

= Say 

Test 1 27 27 27 16 27 18 27 15 15 21 20 26 10 22 24 16 13 28 

TestU.... 20 18 14 3 13 3 16 83 7 8 8 17 2 9202 69 

Test 1 15 22 20 17 21 20 20 15 22 23 27 16 26 22 14 17 26 22 6 

Test II 2 11 6 8 19 7 9 6 8 16 18 6 12 11 8 7 17 4 2 

TestI 25 18 2720 18 2724242422 

TestU.... 16 4 23 12 5 22 10 9 12 10 

5. For the above data compute the coefficient of correlation by the 
Spearman "Rank-Codrdination" and by the "Foot-Rule" methods. 

6. For the above data compute the coefficient of correlation by the 
" C08 t" method, and by Sheppard's method of **unlike-signed-pairs." 



CHAPTER X 

USE OF TABULAR AND GRAPHIC METHODS IN 
REPORTING SCHOOL PACTS 

Studying vs. reporting facts. Each chapter of this book 
has pointed out specific uses of graphic and statistical meth- 
ods in school practice. Chapter I, especially, gave atten^ 
tion to the use of such methods in the current attempts to 
solve school problems, by giving typical examples. The use 
of statistical and graphic methods was shown: in the con- 
struction and use of standardized tests; in the preparation 
of forms for recording school statistics; in the supervision 
of the teaching of school studies; in the detection of weak- 
nesses in the course of study, and in teaching methods by 
means of studies in failures; in the comparative method of 
studying school costs, as shown by Bobbitt's and by Upde- 
graff's early devices; in the use of the probability curve in 
marking pupils and in standardizing school tests; in the dis- 
tribution of intelligence in the public schools; and in the 
use of correlation methods. Throughout the book, the ap- 
plications have been illustrative of the more refined statis- 
tical and graphic methods that can be used in the carrying 
on of school research, and in the reporting of results to 
readers technically trained in statistical methods. 

The school man, however, having made use of various 
fairly refined methods in studying his problems, faces the 
problem of reporting the status of his schools to a public 
that is, in part, neither trained in the rudiments of statis- 
tical method nor famiUar with the general conditions of 
public school administration to-day. 
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It has been decided, therefore, to conclude the discussion 
in this book by presenting, in outline form, a representative 
selection of examples of the application of various tabular 
and graphic methods of reporting school facts. There is 
available in print no systematic statement of such methods, 
brought up to date. Now that school men are beginning to 
study problems of school administration scientifically, — 
now that they really are beginning to build up a quantitative 
knowledge about school conditions, — they are recognizing 
at last the definite need of ways and means of reporting the 
facts to the public. School men face no greater problem 
to-day than that of determining best ways to tell the non* 
teaching public about the status of schools, and to make 
clear to them the necessity for doing something about it 
which will conduce to the definite advancement of school 
practice. 

In reporting school facts to the public we must therefore 
distinguish the interests and technical equipment of the 
persons to whom we are reporting our facts. That is, we 
must recognize that the methods that we should use in re- 
porting experimental and statistical studies to a technically 
trained group of school people must necessarily differ from 
the methods with which we should report facts oonoeming 
school practice to the general lay citizenship. 

The most immediate technical agency (aside from news* 
papers) for acquainting the public with school conditions 
is the annual school report. The remainder of this chapter 
will, therefore, be devoted to a discussion of the form and 
content of the annual city school report. 

School reports are planned and printed to reach tltree 
classes of people. These three classes are: (1) administra- 
tive officers, teachers, and other school employees, who 
should be informed of the conduct of school affairs through- 
out the entire system for the year just finished; (2) pro- 
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f essional school officers (interested in either the educational 
or business aspects of school administration) in other school 
systems, bureaus, f oimdations, and professional schools, who 
are active in studying comparatively the various problems of 
school administration; and (8) the board of education itself 
and the more intelligent lay public, whose general insight 
and educational interest can be depended on to support 
campaigns for the betterment of the public schools. 

Kinds of material that should be included. This clearly 
must be determined by the aim in mind in attempting to 
reach the various classes of people to whom the report is to 
go. It undoubtedly will be agreed that a school report should 
supply: (1) those facts that can be interpreted and used so 
as to improve school practice directly, by contributing to 
the betterment of instruction; (2) those facts that can be 
interpreted and used so as to improve school practice in- 
directly, by contributing to the improvement of the work 
of a non-educational department (buildings or supplies^ for 
example); (8) those facts that will be comprehended by and 
will stimulate an interest on the part of the general public 
in the community, and will result in the support of better 
schools; (4) those facts which will acquaint the public, in 
accordance with law, with the condition of school property 
and of school finance in the city. 

It can be seen, therefore, that the criteria of inierpreta* 
bility and of use should largely govern the content of a school 
report. The questions to be asked in making up the report 
should be: Can this statistical table be interpreted so as 
to improve some phase of school practice? Does it provide 
comparative material of which other school systems or 
students of school administration can make use? Can these 
data be understood by the public, and has the interpretation 
and explanation been made so complete and clear that this 
report will operate as a means of ^^ educating" — as well 
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as informing — the public to active support of the public 
schools? 

Again it undoubtedly will be agreed that a school report 
should contain material of three distinct types: (1) Current 
material : It should report the local situation in sufficient 
detail to explain the significant developments of the curv 
rent year and the present condition of the public schools. 
(i) Historical material : It should present enough historical 
statistics concerning the growth of important phases of the 
schools' work to permit a discussion of particular aspects 
and of relative efficiency of the activity of certain depart- 
ments. (3) Comparative material : It should contain com- 
parative data of the procedure of other school systems 
working imder similar conditions. Lacking an absolute 
standard for judging the efficienpy of school practice, the 
common practice of many cities may well serve as a check 
upon the methods employed in any one. 

Statistical material must be interpreted by descriptive 
material. To include pages of statistical material with no 
interpretations or comparisons is, for the layman at least, a 
waste of printer's ink. All tabular and graphic data should 
be interpreted clearly, either by the officer who publishes 
the material, by the superintendent of the schools, or by 
some other officer especially appointed in the system to 
study ways and means of improving the conduct of school 
business, — for example, the director of the "bureau of 
school research and efficiency." Thus, school reports which 
have been very largely "statistical" and "informational" 
should become "educational" in the widest commimity 
sense. The school report in a city system can be made a 
valuable instrument for the promotion of school work in 
the city. To become that, however, it at least must conform 
to the foregoing fundamental criteria. 

Important criteria concerning the form of the school 
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report. We may discuss briefly the more important questions 
arising in connection with the form of the annual school 
report. The first question to be settled is this: Shall the 
school report be one volume appearing annually, biennially, 
or less frequently, or shall it be published in the form of 
a series of short monographs, each of which discusses one 
phase of school work? The traditional school report is a com- 
posite volume made up of general descriptive articles by edu- 
cational oflScers of the system, put together in one portion 
of the report, and followed by a large mass of statistical 
data, as a rule completely uninterpreted and, on the whole, 
uninterpretable by the general public. Such a volume, in- 
quiry has shown, is almost never read by any portion of the 
public. 

A great advance has been marked out by the recent inno- 
vation begun by Superintendent F. E. Spaulding, while he 
was Superintendent of Schools at Minneapolis, Minnesota, 
in the publication of a series of monographs describing in 
clear language, and pertinently illustrated by graphic and 
comparative statistical methods, the status of educational 
activities of the city of Minneapolis. In the quotations of 
this chapter, we shall make several references to this ex- 
cellent practice. 

We cannot decide the question of the general form of 
the school report, however, without taking account of the 
question of the frequency with which school facts need to 
be reported. Should all data regarding school practice be 
reported annually, or are there types of facts which may well 
be pubUshed but intermittently? 

Classes of school facts. We can distinguish school facta, 
therefore, in two classes: — 

First, those that are reported anrmally. These may be 
summarized as follows: (1) facts that either state or mimici* 
pal law requires must be pubUshed each year, concerning the 
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extent and condition of school property; (2) current and his- 
torical local statistics concerning the financial condition of 
the board of education, the distribution of pupils according 
to ages and grades, the enumeration of children of school- 
census age in the city, and the detailed reporting of statistics 
on the teaching staff; (3) facts concerning the progress of 
educational experiments or innovations that have been es- 
tablished prior to the current year, and in which the public 
will have a definite interest: for example, new methods of 
detecting defects in children, and of providing for them; 
special forms of instruction; new developments in voca- 
tional education; etc.; (4) information concerning the es- 
tablishment of new educational experiments, — important 
and far-reaching changes in the administration of the local 
schools, etc. 

Second, school facts that are reported intermittently. It 
frequently occurs that it is necessary for the superintend- 
ent and the board of education to give the public detailed 
and specific information concerning needed enlargements, 
greater financial support of the schools, etc. For example, 
our larger cities are all feeling the need for increased revenues 
for permanent improvements to the school plant. School 
populations are increasing, and the consequent demands on 
our public school facilities are likewise increasing, usually 
more rapidly than are the revenues made possible under 
state law by the increase in real wealth in the community. 
City school boards are finding it imperative, therefore, to go 
to the people for authority to bond the school district in 
order to finance the additional school plant which is needed. 
This necessitates an educational campaign, and this in 
turn demands a special kind of school report. This report 
may well give facts to the public that ordinarily will not 
need to be given each year. For example, a detailed compara- 
tive analysis of the status of school finance in this particular 
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city with that in other comp€u*able cities, together with an 
analytical study of the historical development of various 
aspects of school finance may well be needed. We shall 
point out, later on, illustrative methods of reporting such 
studies. 

School facts that should not be printed at all. Careful 
examination of ciurent city school reports reveals the pub- 
lication of many types of statistical and descriptive material 
that ought not to be printed at all. This can be illustrated 
partially by listing specific types of non-usable statistics 
published in the annual report of one of our largest and most 
progressive school systems: (1) tables of total values of sup- 
pUes deUvered to various types of schools (of little value 
unless reduced to some unit basis, and presented histori- 
cally); (2) analyzed statement of total cost of transporta- 
tion by schools for current year; (3) a table, twelve pages 
long, giving itemized amounts of each particular kind of 
supplies deUvered to each building in the system; (4) list of 
textbooks lost or destroyed in district schools, giving names 
of the books, number, and price of each; (5) number and 
money value of condemned books, together with rebound 
books, by specific title, number, price, etc.; (6) list of text- 
books, giving name of book, number in usable condition in 
all public schools, price, value, etc. (16 pages); (7) names of 
pupils graduating from various schools; (8) names and facts 
concerning all teachers and other officers on the staff; (9) 
detailed statement of total expenditures for particular activ- 
ities for each building in the system (as "totals" the table 
is uninterpretable; it might be condensed to small fraction 
of present size, 44 pages; it ought to be reduced to a per- 
pupil basis); (10) detailed statements concerning cost of 
particular activities and special schools, giving totals and 
itemized expenditures, etc., — might well be condensed and 
published as "unit" costs. 
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I. Content of the Annual School Report: Sugges- 
tive Examples of Tabular and Graphic Methods 

The foregoing introductory discussion can now more im- 
mediately be focused upon the specific organization of the 
content of the school report. As we proceed with the dis- 
cussion, in each case we shall point out whether the material 
should be annually reported or reported at intervals of 
several years. 

1. Legal basis of the local school system 

Form of organization. The introductory statements 
should contain a table of contents, with a pertinent list of 
subheadings, to make clear to the reader the important 
points discussed in the report. This should be followed by a 
brief text statement describing the legal basis of the system. 
The reader should be told the important facts concerning the 
origin, development, and present legal status of the city 
school district, exactly how its functions are affected by 
those of city civil district, and what important changes have 
come about in this legal status. A clear statement should be 
given concerning the present board of education — its size, 
how members are selected, the specific powers and duties 
of the board, the committee organization, tenure, compensa- 
tion of board members, etc. 

Legal basis of school finance. This should be pointed out 
very clearly, answering such questions as: Does the board 
of education have complete tax-levying power? If not, by 
what agency are its budgets reviewed? What are the legal 
limits of school revenue? Are permanent improvements and 
current school expenses financed out of taxation? What is 
the legal status of bonding the school district for school 
purposes, and of borrowing for temporary purposes on short- 
term notes? 
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The detail into which the annual discussion of the legal 
basis of school finance should go must be determined by the 
financial condition and by the current financial powers of the 
board. A brief statement of the latter is all that is required 
in an annual report in which special efforts are not being 
made to effect a change in taxing powers, taxing limits, etc. 
In case it becomes necessary to make a special plea to the 
people, the report should go into the legal status carefully. 
If the critical change needed is to give the board of education 
complete taxing power, and the board wishes to show the 
effects of having its budgets reviewed by another govern- 
mental body, a table such as Table 47 and a diagram 
3uch as Diagram 52 might be used, with proper textual 
explanations. 

Table 47. Comparison of the Board of Education and 
Common Council Budgets of Grand Rapids, MicmoAN, 
together with Amounts spent for Permanent Improve- 
ments, 1910-11 TO 1915-16 inclusive. 

(Data from Official Proceedings of the Board qf EducaUon) 









Total amount 


Amount ineiuded in com- 


Year 


Board of educa- 
tion budget 


Common eouneil 


epent for per- 


mon council budget t& 


budget 


manent im- 


be devoted to paymetd 








provementi 


qf bonds and iniereel 


1910-11 


$201,443.79 


$107,897.11 


$404,466.14 


$49,860 


1911-12 


183,166.50 


121.166.50 


245,751.97 


78,792 


1912-13 


103,785.50 


97,055.50 


157,159.14 


80,577 


1918-14 


100,089.00 


100,089.00 


89,880.59 


64,095 


1914-15 


273,792.00 


126,792.00 


249,594.73 


101.292 


1915-16 


233.310.00 


98,960.00 


545.771.48 


77.960 



2. Presentation of facts concerning school revenues and 

expenditures 

The superintendent of schools annually will wish to make 
clear to his community the following facts concerning 
school finance: — 
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(a) Comparison of total possible achool revenue and 
actual school revenue. This would mean the total possible 
tax levies for school purposes (computed from the assessed 
property valuation and the legal limit, in mills on the dollar 
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of assessed valuation), compared with the actual tax levy for 
school purposes, and covering a series of years. Throughout 
the entire school report the presentation should distinguish 
definitely between school finance for current purposes and 
for permanent improvementa. To get the situation clearly 
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before the reader, diagrams such as Diagrams 58 and 54 
can be used effectively. If tables are to be given, the head- 
ings and data can be organized somewhat as follows: — 



Yeat 


pfopofty 
tflfttflftgft 


No.qf 
mUU 


PouihU tax letn 


AduuXtaxlmif 


Fonmnmi 
jmrpowi 


For fwrmofMnt 
iniTprcnemenJU 


Pw cwrmd 
purpoia 


Forpermaneni 
improvmenU 


1906 
1907 

1915 















In discussing the relation between school-taxing capacity 
and the degree to which the city is taking advantage of it, 
a brief table such as the following will make dear the most 
probable taxative possibilities in future years: — 

Table 48. Comparison of Estimated Possible School Tax- 
JNG Capaoitt fob Yeabs 19^ TO 1930, WITH Pbobablb 
Actual Tax Levies* 



Year 


Aitetitd fHduaium 


Actual tehoaliax 


No.qfmaU 
fombli 


Amount 


No, qf mint 


1920 
1925 
1930 


$203,000,000 
243,000,000 
283,000,000 


$1,001,000 
1,276,000 
1,561,000 


4.98 
5.26 
5.48 


6 
6 
6 



* Example quoted from Bugg, H. O., Cott qf Publie Education in Orand Rapidt, p. 860. 
(1917.) 



(b) Sources and amounts of revenue. A table should be 
printed each year that will present concisely the sources and 
amounts of revenue during a series of recent years, classified 
under such headings as: (1) balance on hand; (2) received 
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from state sources; (8) from coimty sources; (4) from city 
soiux^es; (5) from miscellaneous sources; (6) total income 
for annual maintenance; (7) from sale of bonds; and (8) total 
receipts. It might be well to add another short table giving 
percentages that each source contributed to the total re- 
ceipts. Each of these items should be shown for a series 
of years, at least ten, so as to admit of comparisons being 
easily made. 

(c) Relation of revenue receipts to current expenditures. 
Each year it would be well to publish a table giving the 
facts for a series of years relating to receipts and expenditures, 
both for ciurent maintenance and for permanent improve- 
ments, and showing the financial condition of the board of 
education by comparing the receipts with expenditures 
for each and showing the surplus or deficit each year for a 
number of years. 

(d) Metiiods of financing permanent improvements. 
If a table showing the source of all receipts for a series of 
years and such charts as Diagrams 58 and 54 have been 
presented, the degree to which the city is paying for its 

Table 49. School Bonded Indebtedness in Minneapolis 

ADDED DURING THE LaST FtVE YeABS 

1911 $1,116,700 

1912 600,000 

191S 775,800 

1914 825,000 

1916 1,125,000 

Total for five years 4,842,000 

Bonds redemmed in same five years 80,000 

Net increase 4,262,000 

School Bond Issues from 1889 to 1916 

School bonds outstanding December 81, 1889 $642,500 

School bonds issued, 1889-1916 6,825,000 

School bonds redeemed during 26 years 292,500 

School bonds outstanding December 31, 1916 7,076»000 
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Table 60. Minnbapoub Bonded School Debt coufarbd 
WITH ScHooii Debts of Otbeb Cities, Deceuder 31, 1915 



MswTprlt B,««.1B0 

CbluuD 2,14',(I45 

FhllidslphiB. . . l.DSa.eiM 

St.LDHl. 746,938 

BoMon. I4e,13S 

OlanLuid we,'M6 

BUUmon BSt.eSS 

Plttabnisb.... B7I,SI4 

Detroit Kiijm 

L«AngelH... 47li,33I 

Buaklo •Ml.XIS 

Bun TraiisUoo. 4-13,502 
MilwHlM.... 42e,IU2 
ClaclDnat) .... 4UG.7M 

'. 3B6,i»t 
. 358,079 

, 300,1SI 
KviuiCit;... SS9.S7S 
pDrtlud . ~ ■ ■■ 

Bnhiutei. . 
PnTldawn. 
Bt.Fanl_ 



|123,4SS,C(n ! 
13.m',<X)0 

S,92v|(W0 



t»91,ilS,0l» 
104lS2£|oau 



33l 

Hi 



school property "as it goes" will have been shown. The 
policy of the city in the use of school bonds, and the condi- 
tion of school and city indebtedness should be shown, es- 
pecially if a special campugn is being carried on for funds. 
Tables 49 and £0 show how Superintendent Spaulding pre- 





























-. 


— 


Pofri 




7 
































1 






















1 




















/ 




















/ 










" 
















































/ 


\ 




~V 




^ 


---. 








- 



















IBOS ^ -08 -09 -W -U -a -13 -1* l»U 
DlAOBAM fi4. COUPAHIBOH OF CUHTS OF FoSUBLB TAXATION TOB 
PUBUANEHT IlffBOTBHKNU WITH ACTUAL TlX LeVT, IMtf-lA 



USE OP TABULAR AND GRAPHIC METHODS SItS 

i^ented the data in one of his 1916-17 School Monographs.^ 
Columns might well have been added giving the rank of the 
cities in question. 

^ousandB 
of DoUaos 
'6.000 

4»600 



4.000 
».500 
8.000 
1.500 
2.000 
1.600 
1.U0O 
600 



i 











y 


City indebtedness (indudinir *c} 


lool) 








/ 
















^y 










/^ 

t 






^'--. 


. .^' 


1 




/-^-N 


..-' 




\/ 




/ 


















y 








j/" 




^^ 






' — 



1B90 91 92 »3 94 'Jg 96 »7 U8 99 1900U1 02 03 04 05 06 07 US 09 10 11 12 13 14 16 

DiAORAii 55. Total Citt and School Bonded Indebtedness, 

1890-1915 



It is probable that a line diagram of the nature of Dia- 
fB^m 55 will do much to clarify such a presentation. If 
possible the data ought to be given for each year, as in 
that diagram. The present indebtedness of the school city 
can be cleared up further by a table giving the total out- 
standing bonds maturing each year. Table 51 suggests the 
form.* 

^ For excellent descriptive and graphic methods of reporting such facts 
see three monographs published by the Minneapolis Board of Education: 
Financing the Public Schools; A Million A Year; The Price of Progress, 
25c each. 

* From Annwd Report of Butiness Manager (1915), Grand Rapids, Mich- 

igan. 
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Table 51. Total Amounts of Outstandino Bonds 
Matubinq Each Year, 1916 to 1980 

(Data from 1916 Report of the Board of Education) 



Year— June so to July t 


Principal 


IniereM 


ToUd 


1915-16 


$35,000.00 
63,000.00 
75,000.00 
75,000.00 
75,000.00 
75,000.00 
75,000.00 

100,000.00 
50,000.00 
75,000.00 
70.000.00 

64,000.00 
75,000.00 
58,000.00 


$41,935.00 

39,912.50 

37,002.50 

33.727.50 

30.352.50 

26,977.50 

23,602.50 

19,752.50 

16,490.00 

13,702.50 

10,440.00 

8,865.00 

7,425.00 

4,297.50 

1,305.50 


$76,935.00 


1916-17 


102,912.50 


1917-18 


112,002JSO 


1918-19 


108,727.50 


1919-20 


105,352.50 


1920-21 


101,977.50 


1921-22 


98,602.50 


1922-23 


119,752.50 


1923-24 


66.490.00 


1924-25 


88,702.50 


1925-26 


80,440.00 


1926-27 


8,865.00 


1927-28 


71,425.00 


1928-29 


79,297.50 


1929-30 


59,805.50 






Total outstanding. 


$965,000.00 


$315,788.00 


$1,280,788.00 



(e) Capacity of the city to support schoolSi and degree to 
which it is doing so. This can be shown by stating the city 
expenditures, — first, per inhabitant, second, per $1000 
of real wealth in the city, and, third, per pupil in aver- 
age daily attendance. This further calls up the question 
of comparing expenditures in the local city with those 
in a group of comparable cities. How often should such 
a comparative analysis be made? It is probable that lack 
of clerical assistance will prevent the compilation each year 
of original data, and the computation of imit costs with 
consequent "ranking '* of cities. It certainly should be done 
every few years. If it can be done. Tables 52 and 53 ^ and 
Diagram 56 ^ suggest the type of comparison that can be 
made to establish the point at hand. 

^ Clark, £., Financing the Public SchooU, pp. 27 and 29. > Ibid,, p. 88b 
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Table 52. Expenditube peb Inhabitant for Operation and 
Maintenance of Schools in Cleveland, and in 17 Other 
Cities of from 250,000 to 750,000 Inhabitants, 1914 







Expenditure for operation and 
maintenance 






Estimated pojnda- 
inl9H 






Rank m m- 


City 


Total 


Per in- 
kaintant 


pendilure per 
inkedntant 


Baltimore 

Boston 

Buffalo 

Cleveland 

Detroit 


579,590 
733,802 
454,112 

639»43i 
537,650 


$1,954,670 
5,516.762 
2,449.533 

3i569i504 
2,553,488 


$3.37 
7.52 
5.39 

5-58 
4.75 


17 

2 

12 

9 
14 


Indianapolis . . . 

Jersey City 

Kaasas City. .. 
Los Angeles. . . 
Milwaukee 


259,413 
293,921 
281,911 
438,914 
417,054 


1,409,504 
1,421,147 
1,761,389 
3,706,519 
1.794,796 


5.43 

4.84 
6.25 
8.45 
4.30 


11 

13 

7 

1 

15 


Minneapolis . . . 

Newark 

New Orleans. . . 
Pittsburgh 


343,466 
389,106 
861,221 
564,878 


2,147,856 
2,699,239 
1,097,552 
3,602,303 


6.25 
6.94 
3.04 
6.38 


6 

8 

18 

5 


San Francisco. . 

Seattle 

St. Louis 

Washington.. . . 


448,502 
313,029 
734,667 
853,878 


1,879.187 
1.750,988 
4,084,693 
2.391,976 


4.19 
5.59 
5.56 
6.77 


16 
8 

10 
4 


Average 


• « • • 


• • • • 


$5.59 


• • • • 



Other graphic methods. The four diagrams which follow 
show means which may be used by superintendents to reveal ' 
facts to their constituencies, using graphic instead of 
tabular methods of presentation. A little thought given to 
devising such graphic representations at the time of pre- 
paring the annual report will be time well spent. 

Chapter II discusses in detail the sources and validity of 
such comparative school statistics. Cities should always be 
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Table 5S. Expendxtube peb $1000 of Wealth for Opera- 
tion AND Maintenance of Schools in Cleveland, and in 
17 Other Cities of from 250,000 to 750,000 Inhabitants, 
1914 





Eriimaied true value 

oi all property 

aseeeeed 


Expenditure/or operation and 
maintenance 


Rank in ex- 
penditure per 


Cit9 


Total 


Per $1000 

qf property 

aseeeeed 


$1000 qf 

property 

aeeeeeed 


Baltimore 

Boston 

Buffalo 

Cleveland 

Detroit 

Indianapolis . . . 

Jersey City 

Kansas City. . . 
Los Angeles. ... 
Milwaukee 

Minneapolis. . . . 

Newark 

New Orleans. . . 
Pittsburgh 

San Francisco . . 

Seattle 

St. Louis 

Washington 


$723,800,840 
1,489,608,820 

494,200,459 
756,831,185 

598,684,198 

363.413,650 
257,644,605 
371,191,014 
836,604,260 
511,720,797 

639,258,841 
383,864,182 
314,086,036 
789,035,200 

1,247,391,284 
473,174,995 

1,125,308,749 
538,389,607 


$1,954,670 
5,516,762 
2,449,538 

3i569i504 
2,553,488 

1,409,504 
1,421,147 
1,761,389 
3,706,519 
1,794,796 

2,147,856 
2,699,239 
1,097,552 
3,602,303 

1,879,187 
1,750,998 
4,084,693 
2,891,976 


$2.70 
3.70 
4.96 

4.73 
4.27 

3.88 
5.52 
4.75 
4.48 
3.51 

8.36 
7.08 
8.49 
4.57 

1.51 
8.70 
8.68 

4.44 


17 

H 

S 

5 



10 

4 

8 

14 

16 

1 

15 

6 

18 

12 

18 

7 


Average 


• • • • 


• • • • 


$4.12 


• • 



selected for ranking purposes which are comparable as to 
(1) population, (2) geographical location, (3) wealth, and 
(4) legal status. 

(/) Extent to which city supports schools as compared with 
way in which it supports other city departments. This can 
be presented if careful study shows the necessity. The data 
can be found in an annual pubUcation of the United States 
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Bureau of the Census (Financial Statistics of Cities). If 
the data are used, three comparative tables should be given 
stating: (1) amount spent per inhabitant for various city 
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Diagram 56. Rank of Cleveland in Group of Eighteen 
Cities in Expenditure for Operation and Maintenance 
OF Schools 

Giyen per inhabitant, per $1000 of taxable wealth, and per child in average 
daily attendance. (From Ayns, L. P., Tk» Clmland School Sumy, 1916.) 
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departments, includiog schools; (2) per cent of total govem- 
meDtal cost payments devoted to various city departments; 
and (3) rank in per cent of total governmental cost payments 
devoted to various city departments. Diagram 57 is re- 



•1 


1 

i 




3 


1 




1 

1 


1 


a 


1 


1 


1 


1 


1 


1 




r 


1 


2 


2 


2 


2 


2 


2 




2 


2 


pq 








— - 


^— 


— 


— 








j! 


_i_ 


_L 


_^ 


J_ 


_3_ 


_L 


3 


3 


4 


4 








4 




4 


4 


5 


5 








S 




5 


5 


f, 


7 


~ 


~~" 


~ 


n 


~7 


H 


K 









_ 














7 


7 








7 




7 


7 


S 


8 


?i 


T 


~i 


S 


e 


e 


e 








P« 












9 


9 


9 


J 




9 


9 


9 


9 


10 


10 


10 


10 


1 


o 


10 


10 


10 


11 


11 


11 


11 


|7 





i 


i 



DuaRjUi SI. Rank or Cleveland aui 
CmB8 IN PKE Capita EjcPENDirnnES i 
Kind of Municipal Activitt 

Nnnba* ia black drela ihow Clevctiuid'i ruk. 
CtHnJmd fidkuf SwHt, p. a 



OB EACH PeINCIFAIi 
(FnimAm,L.F., nb 



USE OF TABULAR AND GRAPHIC METHODS 881 

produced ^ to illustrate the departments considered and the 
method. 

(g) How the board of education spends its money. The 
publication of current total and per capita expenditures are 
of little value, unless they are accompanied by historical and 
comparative statistics. The school report should give: — 

First. The total amounts spent, and the amounts spent 
per pupil in average daily attendance, for (1) all current 
expenses, and (2) permanent improvements. This can be 
pictured clearly by a chart after the form of Diagram 53. 

Second. The total and per pupil (in average daily attend- 
ance) ^ expenditures for all educational purposes, as con- 
trasted with all business purposes and the per cent devoted 
to each. Ranks of the cities should be given for each table. 
A five-year table giving the relative expenditures in the local 
city might well be included. 

Third. The degree to which the board supports different 
kinds of educational service: (1) for the larger aspects, such 
as administration, supervision and instruction, operation of 
plant and maintenance of plant; and (2) for specific kinds of 
service, such as board of education oflSce, superintendent's 
office, salaries of supervisors and their clerks, salaries of 
principals and their clerks, salaries of teachers, stationery 
and educational supplies, wages of janitors, fuel, water, 
light and power, and repairs. For each of these items the 
reporting should be done in terms of (1) total amount spent; 
(2) amount spent per pupil; (3) per cent of total expendi- 
tures devoted to each; and (4) rank of all cities in the list, 
for the expenditures for each item, in order to compare the 
local city with other cities of its class.* 

^ Ayres, L. P., The Cleveland School Survey, p. 26. 

' For items to include under each see Clark, £., Financing the Publio 
Schools, p. 65; or Grand Rapids School Survey, p. S8S. Detailed tables and 
forms are given in the latter. 

' For suggestions see Clark, £., Fintawing the PuUic Schools; or Rugg, 
H. O., Cosi of Public EducaUonin Grand Rapids, 
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Fourth, Total expenditures and expenditures per pupil 
for capital outlay. Because of the fluctuations from year 
to year in expenditures for permanent improvements* such 
ought to be reported both for the current year, and for an 
average of four or five years. If clerical assistance makes it 
possible, this should also be compared with the other cities 
in the list. It involves very laborious computations, if done 
for many years. 

Fifth, The degree to which the board supports different 
kinds of schools, — elementary and secondary. Table 54 
suggests a comparative method of reporting this aspect of 

Table 54. Distribution of Current Expenditures fob 
Elementary and Secondary Schools — 17 Cities, 1915* 

{Data from United States CommUnoner's Report, 1916, vol, 2) 



CUy 



Albany 

Birmingham . . . . 

Bridgeport 

Cambridge 

Dayton 

Pee Moinea 

Fall River 

Orand Rapids.. 

Lowell 

Lynn 

NaahTille 

New Bedford.. . . 

Pateraon 

Richmond 

San Antonio.... 

Scranton 

Springfield 



Per ceni of Mai 
current expend- 
ituree devoted to 






77.44 

81.78 
88.39 
75.29 
72.37 
77.25 
79.86 
76.65 
82.08 
74.72 
82.25 
82.07 
82.82 
80.10 
83.62 
81.26 
73.52 



I 



22.56 
18.22 
11.61 
24.71 
27.63 
22.76 
20.14 

^3-35 
17.92 

25.28 
17.76 
17.93 
17.18 
19.90 
16.38 
19.73 
26.48 



Rank in per cent 
qf total current 
ezpendituree de- 
tided to 



II 



6-S 
1^ 



11 
7 
1 

14 
17 
12 
10 

'S 

15 

4 
6 
3 
9 
2 
8 
16 



7 
11 
17 
4 
1 
6 
8 

5 
13 

3 
14 
12 
15 

9 
16 
10 

2 



Expendilure^per 
pu'pil in average 
datly attendance 



35.69 
23.71 
26.01 
36.35 
29.85 
33.66 
34.92 

ti^ 

27.49 
24.37 
32.46 
27.66 
22.24 
31.61 
27.76 
44.64 



00 



70.66 
49.10 
64.95 
63.58 
63.77 
61.17 
87.32 

87.36 

47.27 
65.42 
66.67 
84.02 
61.88 
66.73 
60.66 
66.70 
94.74 



Rankqf 17 eitie§ 
in expmdiiuv 
per pupil in atn 
erage daUy at- 
ienaance/or 



4 
16 
14 

8 
10 

6 

6 

2 

9 
13 
16 

7 
12 
17 

8 
11 

1 



I 



6 

16 

12 

9 

8 

14 

8 

a 

17 

7 

11 

4 

18 

10 

16 

6 

1 



* Rugg, H. O., Coet qf Public Education m Orand Bapide, (1917.) 
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sdiool finance to the public. It presupposes the publication 
of the total expenditures for elementary and secondary 
Bchools, bother with the per cent of all expenditures de- 
voted to each, and the unit expenditure per pupil in aver- 
age daily attendance. Banks of all cities are given for 
both sets of data. 



$, The reporting of facta concerning the teaching stqff 
Data to be reported. The numerical status of the city's 
teaching staff, in each of its various departments, should 
be reported each year. It may be presented compactly, 
together with various historical data, in a table auch aa 
Table 55. Line diagrams of the sort shown for enrollment 
in Diagram 60 may well be drawn to picture the status more 
clearly. 

It is desirable to present the facts on the distribution of 
the teaching staff according to ranks and salaries, as com- 

Taslz 63. DisTRiBunoH OF School Orpicxas and Tbachboi 
inDut£bent Grades of Schools, 1910-lfllff iNCLnsivii* 



filnwdarv KJknb 



* Bun, a 0., Cm< iir PMU WmoMMi {■ Onmi BofUt. 
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pactly as is consistent with clearness. Table 56, from the 
1914-15 Report of Board of EdiLcation in St. Louis, does 
this very suggestively by indicating in one table the number 
of years in the salary schedule for each position, the corre- 
sponding salary for each year and for each grade, and the 
number of men and number of women who draw the sala- 
ries stated for each grade. 




Diagram 58. Showing Numbeb of Elementabt Teachers RECEiyma 

Various Salaries 



Showing the salaiy situation. To picture the general sal- 
ary situation clearly the Rochester School Report (1911-13), 
p. 66, makes use of a bar diagram to good effect, as repro- 
duced in Diagram 58. 

The growth of salaries in the system, as shown by ave- 
rage salaries paid and by the corresponding percentage of 
increase for each grade of position during past years, may 
similarly be shown in a table. 

The general level of teaching salaries may also be brought 
out by some such tabular representation as that shown in 
Table 62. 
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Table 57. Showing the General Level of SalAbub 

IN A City 

Salary Teaehen 

$3000 or over 1 

2000 to $2999 4 

1500 to 1999 24 

1000 to 1499 30 

800 to 999 30 

600 to 799 238 

400 to 599 8 

200 to 399 _8 

343 

The years of teaching experience should be reported, 
firsty for total experiencey and, seoond, for years of experience 
within the heal system. Table 58 suggests a compact tabular 
arrangement for such data, which can be used to show either 
type of statistical information. 

Table 58. Showing the Years of Teaching Service of ali» 

Teachers employed in 1915-16 





Oradet 


H.8. 


Total 


Beginners 


11 


6 


17 


2 years 
8 to 4 years 
5to 9 


2 
4 
2 


. * 
1 
1 


2 
5 
3 


10 to 14 


2 


• • 


2 


15 to 19 


2 


• • 


2 


20 to 24 


2 


1 


3 


25 to 29 
Total 


1 

26 


• • 

9 


1 
35 



The training of the teachers. This should be reported by 
the same sort of tabular arrangement as that showing the 
salary distribution. Diagram 59 suggests a graphic method * 
by which this, as well as many other kinds of school facts 
may be reported. 

1 Jessup, W. A. The Teaching Staff, p. 58. (Cleveland Education Bur* 
ve;} Monographs.) 
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DiAORAii M. Per csht c« EtiaiBNTABi Te&crsbs, HioB'-Schoch. 

TbACHKBH, and ElEUBNTABT PbINCIPALB in ClETEIiAND who ABE 
HOHE-TBAIHED AND NOT HoHB-TBAINED 

(Alto Jwup, ISIS.} 

Size of classes. The size of classes -within the local sys- 
tem should be reported annually. Table 59 shows in simple 
form the size of classes in the school system as a whole, while 
Table 60 shows the size of classes in each main division cJ 
the school system. 

Tasle 59. Showing the Number of Fdpils feb Teachkb, 
Eleuentary Grades, Deceubeb, 1910 
23 teachers had over SO pupils 
00 45 to 49 

03 40to44 

£0 85 to SO 

14 SO to S4 

8 bdowSO 



Tablb 60 


Showinq the Ntjmbbe op Pupna fxb 

IN DiFFEBENT CLASSES OF ScBOOI^ 


Tbachxb 




"SS- 


Hvktducl 




'ST' 




1009-10.... 


68 


!«.« 


84. 


se.o 


82.4 




70 


19.7 


32.2 


SA.S 




1911-12.... 


B6 


10.8 


31. « 


Sfi.S 


S2.8 


iBie-is.... 


93 


10.2 


87.5 


81.7 


27.6 






19. A 


27.2 






1014-13.... 




M.4 


3B.0 


Sfl.3 


80. 



Often it is desirable to show the size of classes in the dty, 
compared with those in other dty school systems of the same 



SS8 
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size or class. In such cases Table 61 gives a good fona of 
table for displaying such information. 

Table 61. Number of Pupils in Average Daily Avrmni* 
ANCE PER Teacher in Eubmentart Schools in 19 Amer- 
ican Cities, 1915 

{Data from Annual Report, United States Commissioner of Education, 

1916, vol. 2) 



Albany 

Birmingham. .. 
Bridgeport.... 

Cambridge 

Dayton 

Des Moines. . . 
Fall River 

Grand Rapids. 

Kansas City . . 

Lowell 

Lynn 

Memphis 

Nashville 

New Bedford. 

Paterson 

Richmond 

San Antonio.. . 

Scranton 

Springfield... . 



No, qf teaehen 
employed 



320 
571 
388 
386 
433 
486 
499 

471 

337 
264 
285 
450 
314 
353 
462 
599 
373 
550 
490 



AeeragedaUif 
attendanee 



9,427 
17,781 
15,093 
12,255 
13,242 
13,021 
12,899 

12,909 

11,026 
9,665 
10,793 
14,070 
14,135 
11,466 
17,362 
20,142 
10,253 
18,014 
13,296 



Ifou qf jmpile 
per teacher 



29.5 

31.1 

38.9 

32.0 

80.6 

27.0 

25.8 
Prim. 32.3 
Oram. 27.2 

32.7 

36.6 

87.8 

81.3 

44.7 

32.5 

37.6 

33.6 

27.5 

32.8 

27.2 






6 

8 

18 

10 

7 

1 
zo 

4 
12 

15 

17 

9 
19 
11 
16 
14 

5 
18 

8 



-J. The reporting of facts concerning the pupil 

Data needed, and forms. There are eight types of fact that 
the annual school report should give the public and school 
officers about the pupil: (1) the number of children of school 
census age in the city; (2) the total enrollment in all schools 
in the city; (3) the total enrollment in public schools; (4) as 
closely as possible, the estimated enrollment in parochial 
schools; (5) the total and the average enrollment and aver- 
age daily attendance in each of the various grades, kinder- 
garten to last grade in high school inclusive; (6) the distribu- 
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tion of children in each grade according to age; (7) the dis- 
tribution of children in each grade according to number of 
years spent in the grade; (8) distribution of children in 
each grade according to the facts concerning "promotion." 
Tables 62 to 67 suggest tabular arrangements of these data.^ 

Picturing the holding power of the schools. It will be 
desirable to use graphic devices to picture the efficiency 
with which the school machinery holds pupils in school, 
grades and classifies them, and promotes them through the 
various grades. Diagram 60 represents a good method of 
presenting to the people the degree to which the public 
schools are educating the children of school age in the city. 

Diagram 61 is an excellent pictorial device, taken from the 
1914-15 St. Louis School Report, for showing the increase in 
persistence of children in school. Such a diagram is dear and 
is easily comprehended by citizens. Diagram 62 ^ suggests a 
method of illustrating the "holding power" of the schools. 
Diagrams 5, 6, and 7, in Chapter I, give graphic methods of 
studying and reporting failures in the schools, by grades and 
by subjects. 

5. Reporting facts as to the school plant 

School buildings. The following topical list of points 
should be covered in reporting facts as to the school build- 
ings in use: — 

1. Number of buildings, — elementary, intermediate, sec- 
ondary, covering a period of years. 

2. Number of classrooms in use at stated time, covering 
comparison of several years. 

S. Valuation of school property; historical, several years. 

^ The writer is indebted to Dr. L. P. Ayres for the material in Tablen 
62 to 67 inclusive. 

' Ayres, L. P., Child Accounting in the PtMio SchooU, p. 19. (Cleveland 
Education Survey Monographs.) 
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4. Cost of new buildings. A tabular form for auch data 
is suggested by Table 68. 

5. Standards used in judging buildings. For such facts 
a graphic form is shown in Diagrams 69 and 70. 

Standards may be set, as shown in Diagram 70, against 
the individual buildings of the system to permit of a juc^- 
ment as to the present condition of the school plant. 




DiAOKAM 61. PBItSiaTENCB OP ATFCNDANCt: AT ScHOOL 
(Fnm tbe SL Louii Sdioal Btpert, 1814-18.) NnnlMn on topoT cntumu ihow tbs namhat 
«( pupib out of eadi 100 entoini the BcoDd fradaiaUwrcutiBiUcMa&.^Vi'v - — -"->' 
la tlu ■xroal fndw In l]w M 
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Table 02. Nxtmbeb of Children of School Census Agb 

Illustrative Form 



Ag* 


PtMie Khoolt 


PrimU tehooU 


Paroehial 


InnoB^ooU 


Toua 


5 
6 












7 
8 

10 
11 
12 
13 












14 
15 
16 
17 












Totol* 













* Data between dotted lines refer to cbildrra of compubory tchool Bgt, 

Table 6S, Total Enrollment, Average Enrollment, and 

Average Attendance, 1910-17 



Grade 


ToUU mroUmerU 


Aperage inroUmnU 


Avenge attmdanee 
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Table 66. Showing Attendancb in Elbmentabt Schools 

DUBING 1916-17 



Daii» attended 
0- 
10-19 
20-29 
80-99 
40Hb9 



PupiU 



Dai/e attended 

100-109 
110-119 
120-129 
130-199 
14pO-149 



PupUi 



Total 



50^9 
60-69 
70-79 
80-«9 
90-99 



150-159 
160-169 
170-179 
180-189 
190-199 
200 



Total 



Table 67. Showing Promotions fob School Yeab ending 

June, 1917 



Grade 


On June 

promotion 

list 


Uneonr' 
diiionaUy 
promoted 


Con- 
dUionaUv 
promoted 


Uflbekind 


Promoted 
more than 
onegrade 


Special 
promotion 

between 
September 
and June 


Number 

vhotoere 

promoted 

and 


K 

I 
2 
3 
4 
5 
6 
7 
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6. Reporting miscellaneous educational information 

The foregoing sections have presented, in outline, definite 
BuggeslJODS for the content and form of the school report on 
five principal phases: (1) the legal basis; (2) school finance; 



nil 
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DiAORUi 62. Showiko toe Holdino Powsb or thb Schoolb 
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e not in public Kbooli. IClndetul 



(3) the teadiiug staff; (4) the pupil; (5) school buil^gs. 
The primary aim has been to illustrate, in compact form, 
suggestive tabular and graphic means for setting forth ef- 
fectively such information.' At the same time the actual 
facta needed in the report have been sketched. In addition, 
there are many other types of miscellaneous school facts that 

• A very complete compaation of Orapkie Mdhodt for Praeniing Fact* 
hat been published by W. C. Brinton in a. book by that name. (Eagiaeering 
Magazine Company, New York, 1&14.) The preparer of graphic reports, 
u whatever subjecta, will lecelTe Teiy gnat aid from consulting this book. 
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sliould be tabulated and graphed, the full presentation of 
trhich must be left to a volume devoted to the specific prob- 
lem of this chapter. It may be of some service to school men. 




a Gbowtb 
(FnuB^n7. C. A., Siiiariiaiutfitainaii, p. Si.) 
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DiAQRAM 70. Ratio or Glass Abba to Floob Abba 

(FtomAMUUataTiar. Uuntapolii Boud ot Education, IDIO.) 
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however, in closing this volume, to bring together in Dia- 
grams 71 to 80, inclusive, a few striking pictorial methods of 
presenting such miscellaneous school facts which have been 
used effectively by school men, in presenting information to 
the people of their school city. Diagrams 74 to 78 inclusive, 
and Diagram 80, have been quoted from HeljhYour-Ovm- 
School Suggestions, Bulletin No. 31, Feb. 21, 1914, of the 
Bureau of Municipal Research, New York City. The others 
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DiAGBAM 71. Plan of Educational Organization in a Small Ctft 

Tliis Hlustrates constniction ci "organusatioii charts,*' which superintendents nften 
deMie to show. (From Cubt>erky, B. P.. PtMie Sekocl AdmmUtraium, p. 167.) 
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DuGRAM 72. Percbntaob Distribution of NoN-AminnB- 

TRATIVE PosmONB IN OfSICE WoRK 

As held by men and women in Geveland, 1012->15, 1055 positions for men 
and 2747 for women. (From Stevens, B. E., Boys and QMt tn Comwmeki 
Work, p. 86. Cleveiand Education Suney Rtport, 1916.) 
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Diagram 73. Percemtagb of Workers in Building Trades 

THAT ARE FoRBION-BORN, NaTIVE-BoRN OF FoREIGN PAR- 
ENTS, AND NaTIVE-BoRN OF NATIVE PARENTS 



iVnm Shaw, F. L., Th0 Building Trades, p. 88. ClMekmd 

lUport, 1916.) 
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Duflsiu 74. iLunnuTiNO SpxuiNa Dimajuim 



USE 07 TABtLAB AND GRAPHIC METHODS SS7 



IMPORTANCE Of AFTER S CHOOL 
ACTIVITIES 




PUOBAII 79. lU-UBTBATDia TEE IkFOBTUTCII OV AxTSBrScBOOL 



Adjustment d desks and seats (494 examined) 
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i^DuoBAK 77. luABiRATiNa TBI School Fhoobuc 
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SUMMARY OP FORMULA AND SYMBOLS 

USED IN THE TEXT 

CHAPTERS IV AND V 

/ ■■ frequency of measures 

m B a measure 

N « total number of cases 

d a deviation (used for deviation in units of class-intervak) 

M «= arithmetical mean « — r;- 

N 

Md = median («■ Qj) 

Mo =■ mode 

c » correction applied to assumed mean to obtain true mean 

1 1 /1\ 
E « Harmonic mean. ]& " Tr ^ ( "~ ) 

Tmv " average rate 
<oue =■ average time 

Mq = geometric mean = s/^. 



rrii . 7/1% . rri^ . m^ ..•• 7n^ 

CHAPTER VI, 
Qi » first or lower quartile point 



« « 



Qs *>> third or upper 

Q » quartile deviation or semi-interquartile-range 



Q.-Qi 



e » standard deviation (sometimes represented SJD* or c) «■ 



s/d^ 



\| iV 

P.E. = Probable error « .6745<r 

if .Z>. « Mean deviation «= -rr- 

K= Pearson s coefficient of vanation = — ir-, or — tti — 

if iza 

-,, mean — mode S (mean — median) (?i + Qi— 2ilf d 

Skewness*- or » -^r 

cr cr Q 
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CHAPTER vn 

' or r/ = product of all integers from 1 to r, «• Vi-9'4 r 

n^r-n(n-l) (n - 2) (n-r + 1) 

c n(n-l) (n-2) (n-r+1) 

/'iV4-«/'iV4. <!izl)/'iV+ *'(«-i)(w-g) /i\ . 

y^yofi = equation of ** normal " probability curve 

CHAPTER Vin 

N 
yo — — 7==^= equation of mean ordinate of " normal " probability 

curve 



as = standard error of sampling = J^^ — 
o-jf = standard deviation of a mean = , — 

P.E.M - probable error = .6745 ""^"^^^ 

Vn 

cTcr « standard deviation of a standard deviation « tf<*»ggfo* 

V^N 
P.E,v — probable error of a standard deviation 

^distribution 



.6745 



V^ 



1— r* 

a-r — standard deviation of a coefficient of correlation = — 7=r— 

Vn 

P.E.r = probable error of a coefficient of correlation 
- .6745 —=- 

Vn 
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CHAPTER IX 

yi — y = »■ ~ (*i — 5)> = the equation of straight line of regres- 
^* sion;a;iand^iintermsof actual values 

of measures. 

y ms r -^x, and ar = r —y, are equations for straight line regression 

with X and j^ expressed as deviations of particular x and y meas- 
ures from their mean values; i.e., y = (yi — y) x = (xi — x) 

f = coefficient of correlation = 



^xY 



N 

— = formula for short method of computing r 



61 = r -^ = regression coefficient of ^ on 2; 



o-x 



^x 

61 s» r — = regression coefficient of x on 2^ 



CTy 



f s» y = formula for computing r without tabulation of 

V 2a:* • % correlation table 



^/ s[nx(yx 

V iv 



-y)^] 



1; «= — =» — = the correlation ratio. 

r = 2 «n ( J P) ■* Pearson's formula for correlation of grades 
in which p = 1 - ^^^^ ^^ 

f =» 2 c(W- (1 — ii) — 1 = Pearson's formula for correlation by 

grades using the i)ositive signed dif' 



ferences only; 



in which /J =1 — -^ — ;• R is known as Spearman's Foot- 



Rule for measuring correlation. 

r a« COS — == =■ TT = Pearson's formula for measuring cor- 

y/ad + y/bc relationf for fourfold tables. 
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f* cos J t jj '"' " Sheppard's formula for measuring correlation 
"^ for fourfold tables. 

7 ^p IS ^ N 

^ "" \ N 4. v^ ^^ ^ *" A/ — Q — " Pearson's formula for coefficient 
"*" ^ ^ of mean-square<ofnJbiri^ency 



— iV ■* Pearson's sqiu/re-eantingency. 



SYMBOLS AND NUMERICAL VALUES FOR CERTAIN 
CONSTANTS USED IN SCHOOL RESEARCH 

ir Ratio of Circumference to Diameter 8.14159 

1 -Tk • 1 • .91831 

— Reciprocal of v 

IT 

a/^ Square root of «w «.506628 

s Base of Napierian or hyperbolic logarithms 12.71828 
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TABLES TO FACILITATE COMPUTATION 
Table I. Natural Sines and Cosines 
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Table I {continued) 
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Tabus I {continued) 
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APPENDIX 
Table II 



Ordinates of the normal probability curve expressed as fractional parts 
of the mean ordinate jfo* Each ordinate is erected at a given distance from 
the mean. The height of the ordinate erected at the mean can be com- 
puted from, N N 

Vo = — ;= = 

0- V 2 T 2.5066 <r 

The corresponding height of any other ordinate can be read from the table 
by assigning the distance that the ordinate is from the mean {x). Distances 
on X are measured as fractional parts of 0*. Thus the height of an ordinate 
at a distance from the mean of .70* will be .78270 yo ; the height of an or- 
dinate at 2.15 0* from the mean will be .09914 y^, etc. 
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Table m 

Fractional parts of the total area (10,000) under the normal probability 
curve, corresponding to distances on the baseline between the mean and 
successive points of division laid off from the mean. Distances are meas- 
ured in units of the standard deviation, 0*. To illustrate, the table is read 
as follows: between the mean ordinate, y^* and any ordinate erected at a 

distance from it of, say, .8<r I t.e., - = .8 J , is included 28.81 per cent of 

the entire area. 
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Table IV 

Fractional parts of the total area (10,000) under the normal probability 
cur\e, corresponding to distances on the base line between the mean and 
successive points of division laid off from the mean. Distances are meas- 
ured in units of the Probable Error (P,E,), To illustrate, the table is 
read as follows: between the mean ordinate, yo, and any ordinate erected 

at a distance from it]of, say, 1.4 P.E. is ( %,e,, —=■ a 1.4 J included 82.75 
per cent of the entire area. 
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Table V 

PercentQe scores to be assigned to test problems or questions which 
correspond to various percentages of pupils who fail to solve problems or 
questions correctly. Table is based upon area of normal probability curve, 
(usuming base line to be broken off at do^.Bc, Scholastic abilities are as- 
sumed to fit the probability curve and percentages of pupils who solve 
various problems correspond to percentages of area under the curve from 
the point to a point on the base line. This point on base line, measured 
in units of a, is transformed into percentile scores by setting at -2.50-, 
50 at the mean, and 100 at + St.Sir, 

Example: A problem failed by 22 per cent of a large number of pupila 
is scored 35; one failed by 98.35 per cent is scored 90; etc. 
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Table V (continued) 
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Table VI 

Percentile scores to be assigned to test problems or questions which 
correspond to various percentages of pupils who fail to solve problenis 
or questions correctly. Table is based upon area of probability curve, as- 
suming base line to be broken off at i: 3 .Oo*. Scholastic abilities are assumed 
to fit the probability curve and percentages of pupils who solve various 
problems correspond to percentages of area under the curve from the 
point to a point on the base line. This point on base line, measured in 
units of (T, is transformed into percentile scores by setting at -S.O 0*, 50 
at the mean and 100 at + S.O<r, 

Example: A problem failed by 3 per cent of a large number of pupils 
is scored 35; one failed by 80.00 per cent is scored 64, etc. 
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Table VI {cordinued) 
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2.04 


84 


8.53 


1.21 




8.39 


1.63 




16.96 


2.05 




8.61 


1.22 




8.55 


1.64 




17.22 


2.06 




8.70 


1.23 




8.71 


1.65 




17.48 


2.07 




8.78 


1.24 




8.87 


1.66 




17.74 


2.08 




8.87 


1.25 




9.04 


1.67 




18.00 


2.09 




8.95 


1.26 


21 


9.20 


1.68 


28 


18.27 


2.10 


85 


4.04 


1.27 




9.37 


1.69 




18.53 


2.11 




4.13 


1.38 




9.54 


1.70 




18.80 


2.12 




4.22 


1.29 




9.71 


1.71 




19.08 


2.13 




4.32 


1.30 




9.89 


1.72 




19.35 


2.14 




4.41 


1.31 




10.06 


1.73 




19.63 


2.15 




4.51 


1.32 


22 


10.24 


1.74 


29 


19.91 


2.16 


86 


4.61 


1.33 




10.42 


1.75 




20.19 


2.17 




4.71 


1.34 




10.61 


1.76 




20.47 


2.18 




4.81 


1.35 




10.79 


1.77 




20.76 


2.19 




4.91 


1.36 




10.98 


1.78 




21.05 


2.20 




5.02 


1.37 




11.17 


1.79 




21.34 


2.21 




5.12 


1.38 


23 


11.37 


1.80 


80 


21.63 


2.22 


37 


5.23 


1.39 




11.56 


1.81 




21.92 


2.23 




5.34 


1.40 




11.76 


1.82 




22.22 


2.24 




5.45 


1.41 




11.96 


1.83 




22.52 


2.25 




5.57 


1.42 




12.16 


1.84 




22.82 


2.26 




5.68 


1.43 




12.37 


1.85 




23.13 


2.27 




5.80 


1.44 


24 


12.57 


1.86 


81 


23.44 


2.28 


88 


5.92 


1.45 




12.78 


1.87 




23.75 


2.29 




6.03 


1.46 




13.00 


1.88 




24.06 


2.30 




6.16 


1.47 




13.21 


1.89 




24.32 


2.31 




6.29 


1.48 




13.43 


1.90 




24.69 


2.82 




6.41 


1.49 




13.65 


1.91 




25.00 


2.33 




6.54 


1.50 


25 


13.87 


1.92 


32 


25.32 


2.34 


89 
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Table VI (continued) 



I 



I 



25.64 
«5.97 
20.29 
26.62 
26.95 
27.29 
27.62 
27.96 
28.29 
28.63 
28.98 
09.32 
29.67 
80.01 
80.36 
80.71 
81.07 
81.42 
31.78 
32.14 
32.50 
32.86 
33.22 
33.58 
83.95 
34.32 
34.69 
35.06 
35.43 
35.80 
36.18 
36.55 
36.93 
37.31 
37.69 
38.07 
38.45 
38.83 
39.22 
39.60 
39.99 
40.38 




2.35 
2.36 
2.37 
2.38 
2.39 
2.40 
2.41 
2.42 
2.43 
2.44 
2.45 
2.46 
2.47 
2.48 
2.49 
2.50 
2.51 
2.52 
2.53 
2.54 
2.55 
2.56 
2.57 
2.58 
2.59 
2.60 
2.61 
2.62 
2.63 
2.64 
2.65 
2.66 
2.67 
2.68 
2.69 
2.70 
2.71 
2.72 
2.73 
2.74 
2.75 
2.76 



40 



41 



42 



43 



44 



45 



46 



ll 


Jitlb 


i'^ 


S 


40.76 


2.77 


41.15 


2.78 


41.54 


2.79 


41.93 


2.80 


42.33 


2.81 


42.72 


2.82 


43.11 


2.83 


43.50 


2.84 


43.90 


2.85 


44.29 


2.86 


44.69 


2.87 


45.08 


2.88 


45.48 


2.89 


45.88 


2.90 


46.27 


2.91 


46.67 


2.92 


47.07 


2.93 


47.47 


2.94 


47.87 


2.95 


48.26 


2.96 


48.66 


2.97 


49.06 


2.98 


49.46 


2.99 


50.00 


3.00 


50.54 


3.01 


50.04 


3.02 


51.34 


3.03 


51.74 


8.04 


52.13 


3.05 


52.53 


8.06 


52.93 


3.07 


53.33 


3.08 


53.73 


8.09 


54.12 


3.10 


54.52 


8.11 


54.92 


3.12 


55.31 


8.13 


55.71 


3.14 


56.10 


8.15 


56.50 


3.16 


56.89 


3.17 


57.28 


3.18 



47 



48 



40 



50 



51 



52 



53 



it 


•SHlb 


57.67 


3.19 


58.07 


3.20 


58.46 


3.21 


58.85 


8.22 


59.24 


3.28 


50.02 


3.24 


60.01 


3.25 


60.40 


3.26 


60.78 


3.27 


61.17 


3.28 


61.55 


3.29 


61.93 


3.30 


62.31 


3.31 


62.69 


3.32 


63.07 


3.88 


63.45 


3.34 


63.82 


3.35 


64.20 


3.36 


64.57 


3.37 


64.94 


8.38 


65.31 


3.39 


65.68 


3.40 


66.05 


3.41 


66.42 


3.4« 


66.78 


3.48 


67.14 


8.44 


67.50 


3.45 


67.86 


3.46 


68.22 


3.47 


68.58 


3.48 


68.93 


8.49 


69.29 


3.50 


69.64 


8.51 


69.99 


8.52 


70.33 


8.58 


70.63 


3.54 


71.02 


8.56 


71.37 


8.56 


71.71 


8.57 


72.04 


8.58 


72.38 


3.59 


72.71 


8.60 




54 



55 



56 



57 



58 



50 



eo 
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Tablb VI (continued) 





|«|b 


|i 




|«|b 


!• 




*•• 


1 


ft«'S 


"^ 


ft< 


ft«'S 


f^ 


ft< 


OS'S 


f^ 


On 


7S.06 


8.61 




84.99 


4.03 




92.79 


4.45 




78.88 


8.62 




85.22 


4.04 




92.98 


4.46 




78.71 


8.63 




85.45 


4.05 




98.06 


4.47 




74.03 


3.64 




85.68 


4.06 




98.20 


4.48 




74.86 


3.65 




85.91 


4.07 




98.33 


4.49 




74.68 


8.66 


61 


86.18 


4.08 


68 


93.46 


4.50 


75 


75.00 


8.67 




86.85 


4.09 




93.59 


4.51 




76.31 


3.68 




86.57 


4.10 




93.71 


4.52 




75.68 


3.69 




86.79 


4.11 




93.84 


4.58 




75.94 


3.70 




87.00 


4.12 




93.97 


4.54 




76.25 


8.71 




87.22 


4.13 




94.08 


4.55 




76.56 


3.72 


62 


87.43 


4.14 


69 


94.20 


4.56 


76 


76.87 


8.73 




87.68 


4.15 




94.32 


4.57 




77.18 


3.74 




87.84 


4.16 




94.43 


4.58 




77.48 


3.75 




88.04 


4.17 




94.55 


4.59 




77.78 


3.76 




88.24 


4.18 




94.66 


4.60 




78.08 


8.77 




88.44 


4.19 




94.77 


4.61 




78.37 


3.78 


63 


88.68 


4.20 


70 


94.88 


4.62 


77 


78.66 


8.79 




88.88 


4.21 




94.98 


4.63 




78.95 


8.80 




89.02 


4.22 




95.09 


4.64 




79.24 


8.81 




89.21 


4.23 




95.19 


4.65 




79.58 


8.82 




89.39 


4.24 




95.29 


4.66 




79.81 


8.83 




89.58 


4.25 




95.39 


4.67 




80.09 


8.84 


64 


89.76 


4.26 


71 


95.49 


4.68 


78 


80.87 


8.85 




89.94 


4.27 




95.59 


4.69 




80.65 


8.86 




90.11 


4.28 




95.68 


4.70 




80.92 


3.87 




90.29 


4.29 




95.78 


4.71 




81.20 


8.88 




90.46 


4.80 




95.87 


4.72 




81.47 


3.89 




90.68 


4.31 




95.96 


4.73 




81.73 


8.90 


65 


90.80 


4.32 


72 


96.05 


4.74 


79 


82.00 


8.91 




90.96 


4.38 




96.13 


4.75 




88.26 


8.92 




91.13 


4.84 




96.22 


4.76 




82.52 


8.98 




91.29 


4.85 




96.80 


4.77 




82.78 


8.94 




91.45 


4.86 




96.89 


4.78 




as. 04 


3.95 




91.61 


4.37 




96.47 


4.79 




88.29 


8.96 


66 


91.76 


4.88 


78 


96.55 


4.80 


80 


88.54 


3.97 




91.91 


4.39 




96.63 


4.81 




88.79 


8.98 




92.06 


4.40 




96.70 


4.82 




84.08 


8.99 




92.21 


4.21 




96.78 


4.88 




84.27 


4.00 




92.36 


4.42 




96.85 


4.84 




81.52 


4.01 




92.50 


4.48 




96.92 


4.85 




84.75 


4.02 


67 


92.65 


4.44 


74 


97.00 


4.86 


81 
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Table VI {continued) 





Distance 

X 


Percentile 
score 


Percent 
Jailing 


Distance 

X 
9 


Percentile 
score 


Percent 
Jailing 


Distance 

X 
9 


1 


97.00 


4.87 




98.92 


5.25 




99.71 


5.63 




97.13 


4.88 




98.95 


5.26 




99.73 


5.64 


94 


97.20 


4.89 




98.98 


5.27 




99.74 


5.65 




97.27 


4.90 




99.01 


5.28 


88 


99.75 


5.66 




97.33 


4.91 




99.04 


5.29 




99.76 


5.67 




97.40 


4.92 


82 


99.07 


5.30 




99.77 


5.68 




97.46 


4.93 




99.10 


5.31 


k 


99.78 


5.69 




97.52 


4.94 




99.12 


5.32 




99.79 


5.70 


95 


97.58 


4.95 




99.15 


5.33 




99.80 


5.71 




97.64 


4.96 




99.18 


5.34 


89 


99.81 


5.72 




97.70 


4.97 




99.20 


5.35 




99.82 


5.73 




97.75 


4.98 


83 


99.23 


5.36 




99.83 


5.74 




97.81 


4.99 




99.25 


5.37 




99.84 


5.75 




97.86 


5.00 




99.27 


5.38 




99.85 


5.76 


96 


97.92 


5.01 




99.30 


5.39 




99.86 


5.77 




97.97 


5.02 




99.32 


5.40 


90 


99.87 


5.78 




98.02 


5.03 




99.34 


5.41 




99.88 


5.79 




98.07 


5.04 


84 


99.36 


5.42 




99.88 


5.80 




98.12 


5.05 




99.39 


5.43 




99.89 


5.81 




98.17 


5.06 




99.41 


5.44 




99.90 


5.82 


97 


98.22 


5.07 




99.43 


5.45 




99.91 


5.83 




98.26 


5.08 




99.45 


5.46 


91 


99.91 


5.84 




98.31 


5.09 




99.46 


5.47 




99.92 


5.85 




98.35 


5.10 


85 


99.48 


5.45 




99.93 


5.86 




98.40 


5.11 




99.50 


5.49 




99.93 


5.87 




98.44 


5.12 




99.52 


5.50 




99.94 


5.88 


98 


98.48 


5.13 




99.54 


5.51 




99.95 


5.89 




98.52 


5.14 




99.55 


5.52 


92 


99.95 


5.90 




98.56 


5.15 




99.57 


5.53 




99.96 


5.91 




98.60 


5.16 


86 


99.59 


5.54 




99.96 


5.92 




98.64 


5.17 




99.60 


5.55 




99.97 


5.93 




98.68 


5.18 




99.62 


5.56 




99.98 


5.94 


99 


98.71 


5.19 




99.63 


5.57 




99.98 


5.95 




98.75 


5.20 




99.65 


5.58 


93 


99.99 


5.96 




98.78 


5.21 




99.66 


5.59 




99.99 


5.97 




98.82 


5.22 


87 


99.67 


5.60 




100.00 


5.98 




98.85 


5.23 




99.69 


5.61 




100.00 


5.99 




98.89 


5.24 




99.70 


5.62 




100.00 


6.00 
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Tablb vn 

Values of r for corresponding values of p. p is computed from the ex- 

6 2 /)» 
pression, p = 1 - ^^^^ _ ^^ 

f could be computed from, r = %stn ( « P ). 

Values of r given in this table have been computed for various values of 
p ranging from .01 to 1.00. 



p 


f 


P 


f 


P 


f 


P 


f 


.01 


.0105 


.26 


.2714 


.51 


.5277 


.76 


.7750 


.02 


.0209 


.27 


.2818 


.52 


.5378 


.77 


.7847 


.OS 


.0314 


.28 


.2922 


.53 


.5479 


.78 


.7943 


.04 


.0419 


.29 


.3025 


.54 


.5580 


.79 


.8039 


.05 


.0524 


.30 


.3129 


.55 


.5680 


.80 


.8135 


.06 


.0628 


.31 


.3232 


.56 


.5781 


.81 


.8230 


.07 


.0733 


.32 


.3335 


.57 


.5881 


.82 


.8325 


.08 


.08.S8 


.33 


.3439 


.58 


.5981 


.83 


.8421 


.09 


.0942 


.34 


.3542 


.59 


.6081 


.84 


.8516 


.10 


.1047 


.35 


.3645 


.60 


.6180 


.85 


.8610 


.11 


.1151 


.36 


.3748 


.61 


.6280 


.86 


.8705 


.12 


.1256 


.37 


.3850 


.62 


.6379 


.87 


.8799 


.13 


.1360 


.38 


.3935 


.63 


.6478 


.88 


.8893 


.14 


.1465 


.39 


.4056 


.64 


.6577 


.89 


.8986 


.15 


.1569 


.40 


.4158 


.65 


.6676 


.90 


.9080 


.16 


.1674 


.41 


.4261 


.QS 


.6775 


.91 


.9173 


.17 


.1778 


.42 


.4363 


.67 


.6878 


.92 


.9269 


.18. 


.1882 


.43 


.4465 


.68 


.6971 


.93 


.9359 


.19 


.1986 


.44 


.4567 


.69 


.7069 


.94 


.9451 


.20 


.2091 


.45 


.4669 


.70 


.7167 


.95 


.9543 


.21 


.2195 


.46 


.4771 


.71 


.7265 


.96 


.9635 


.22 


.2299 


.47 


.4872 


.72 


.7363 


.97 


.9727 


.28 


.2403 


.48 


.4973 


.73 


.7460 


.98 


.9818 


.24 


.2507 


.49 


.5075 


.74 


.7557 


.99 


.9909 


.25 


.2611 


.50 


.5176 


.75 


.7654 


1.00 


1.0000 
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Table Vm 
Values of f for correq>onding values cilR,R having been oomputad from 



11 = 1- 



aZGf 



t oould be computed from the expression 



f «=««)*- a-H)-i.^ 



Values of r given in this table have been computed for values of R 
ranging from .01 to 1.00. 



















B 


f 


A 


f 


R 


f 


R 


\ ' 


.00 


.000 


.26 


.429 


.51 


.742 


.76 


.937 


.01 


.018 


.27 


.444 


.52 


.753 


.77 


.942 


.02 


.036 


.28 


.458 


.58 


.763 


.78 


.947 


.03 


.054 


.29 


.472 


.54 


.772 


.79 


.052 


.04 


.071 


.30 


.486 


.55 


.782 


.80 


.056 


.05 


.089 


.81 


.500 


.56 


.791 


.81 


.061 


.06 


.107 


.82 


.514 


.57 


.801 


.82 


.065 


.07 


.124 


.33 


.523 


.58 


.810 


.83 


.968 


.08 


.141 


.34 


.541 


.59 


.818 


.84 


.972 


.09 


.158 


.35 


.554 


.60 


.827 


.85 


.975 


.10 


.176 


.36 


.567 


.61 


.836 


.86 


.979 


.11 


.192 


.87 


.580 


.62 


QAA 
■ OTFM 


.87 


.981 


.12 


.209 


.38 


.593 


.68 


.852 


.88 


.984 


.13 


.226 


.89 


.606 


.64 


.860 


.89 


.987 


.14 


.242 


.40 


.618 


.65 


.687 


.90 


.989 


.15 


.259 


.41 


.630 


.66 


.875 


.91 


.991 


.16 


.275 


.42 


.642 


.67 


.882 


.92 


.99S 


.17 


.291 


.48 


.654 


.68 


.889 


.98 


.995 


.18 


.807 


.44 


.666 


.69 


.896 


.94 


.990 


.19 


.323 


.45 


.677 


.70 


.902 


.95 


.997 


.20 


.388 


.46 


.689 


.71 


.908 


.96 


.998 


.21 


.354 


.47 


.700 


.72 


.915 


.97 


.999 


.22 


.869 


.48 


.711 


.78 


.921 


.96 


.9996 


.28 


.384 


.49 


.721 


.74 


.926 


.99 


.9999 


.24 


.399 


.50 


.732 


.75 


.932 


1.00 


1.0000 


.25 


.414 
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Tablb IX 



Values of r corresponding to various percentages of unlike-signed 

Eaira. U represents the percentage that the number of pairs of measures 
^ aving *' unlike signs " (i.e., the number of pairs in which each member 
is above the mean in one series and below the mean in the other series) is of 
the total number of pairs. 



u 


f 


U 


r 


U 


f 


U 


f 


.00 


1.0000 


.18 


.9174 


.26 


.6848 


.88 


.3682 


.01 


.0996 


.14 


.9044 


.27 


.6615 


.39 


.3387 


.o« 


.0982 


.15 


.8905 


.28 


.6375 


.40 


.3089 


.03 


.9958 


.16 


.8757 


.29 


.6129 


.41 


.2788 


.04 


.9924 


.17 


.8602 


.30 


.5877 


.42 


.2485 


.05 


.9880 


.18 


.8439 


.31 


.5620 


.43 


.2180 


.06 


.9826 


.19 


.8268 


.32 


.5358 


.44 


.1873 


.07 


.9762 


.20 


.8089 


.33 


.5091 


.45 


.1564 


.08 


.9688 


.21 


.7902 


.34 


.4819 


.46 


.1253 


.09 


.9604 


.22 


.7707 


.85 


.4542 


.47 


.0941 


.10 


.9510 


.28 


.7504 


.36 


.4260 


.48 


.0628 


.11 


.9407 


.24 


.7293 


.37 


.3973 


.49 


.0314 


.12 


.9295 


.25 


.7074 






.50 


.0000 
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Table X 

Probable Erbobs of the Coefficient ob Cobbelation fob 
Vabious Numbebs of Measubes (N) and fob Vabioub Values 

OFf. 



Numbw 
qfMeat' 


Comlatim Co^ffleinU r. 
















uret 


OJO 


Od 


OS 


OJ 


04 


OJi 


0,9 


20 


1508 


1403 


1448 


1373 


1267 


1131 


0965 


SO 


1231 


1219 


1182 


1121 


1035 


0924 


0788 


40 


1067 


1056 


1024 


0971 


0896 


0800 


0683 


50 


0054 


0944 


0915 


0868 


0801 


0715 


0610 


70 


0806 


0798 


0774 


0734 


0677 


0605 


0516 


100 


0674 


0668 


0648 


0614 


0567 


0506 


0432 


150 


0551 


0546 


0529 


0501 


0463 


0413 


0352 


200 


0477 


0472 


0458 


0434 


0401 


0358 


0305 


250 


0426 


0421 


0409 


0387 


0358 


0319 


0272 


SOO 


0389 


0386 


0374 


0354 


0327 


0292 


0249 


400 


0337 


0334 


0324 


0307 


0283 


0253 


0216 


500 


0302 


0299 


0290 


0274 


0253 


0226 


0193 


1000 


0213 


0211 


0205 


0194 


0179 


0160 


0187 



Number 
















t^Meat- 
wet 


0.66 


0,7 


0.75 


OJi 


OM 


0,9 


OM 


20 


0871 


0769 


0660 


0543 


0419 


0287 


0147 


30 


0711 


0628 


0539 


0444 


0342 


0234 


0120 


40 


0616 


0544 


0467 


0384 


0296 


0203 


0104 


50 


0551 


0486 


0417 


0343 


0265 


0181 


009S 


70 


0466 


0411 


0353 


0290 


0224 


0153 


0079 


100 


0391 


0345 


0294 


0242 


0187 


0128 


0066 


150 


0318 


0281 


0241 


0198 


0153 


0105 


0054 


200 


0275 


0243 


0209 


0172 


0133 


0091 


0047 


250 


0246 


0218 


0187 


0154 


0118 


0081 


0042 


SOO 


0225 


0199 


0170 


0140 


0108 


0074 


0038 


400 


0195 


0172 


0148 


0122 


0094 


0064 


0033 


500 


0174 


0154 


0132 


0109 


0084 


0057 


0029 


1000 


0123 


0109 


0093 


0077 


0059 


0041 


0021 
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Arithmetic mean, 114-26. 

Arithmetic mean as a measure of 
central tendency, 146-47. 

Arithmetic mean, definition and 
computation of, 115. 

Arithmetic mean, computation of, 
with measures grouped in fre- 
quency distribution, 118-20. 

Arithmetic mean of the extremes of 
a distribution, 135, 136. 

Arithmetic mean, short method of 
computing, 121-26. 

Arithmetic mean, simple, 115, 116. 

Arithmetic mean, summary of steps 
in computation by short method, 
125. 

Arithmetic mean, weighted, 115, 
117-18. 

Arithmetic, scientific supervision of, 
9. 

Array, 244, 248, 250, 252. 

Attributes, relationship between se- 
ries of, 2d9. 

Attributes, statistics of, 74, 76, 294, 
299. 

Average, 114. 

Averages, functions and limitations 
of particular, 141. 

Averages, method of, 97-148. 

Averages point out central tend- 
encies, 99. 

Average, sununary of properties of a 
valid, 141-42. 

Average, use of wrong, 134. 

Averaging samples, 140. 

Ayres, Dr. L. P.. 77. 829, 330, 331, 
339, 351. 

Best-fitting line, 248, 251. 

Binet, 76. 

Binomial expansion, 199. 

Blakeman, 283. 

Bobbitt, J. F., 15, 310. j 



Bobertag, 76. 

Boice, A. C, 40. 

Bravais, 250. 

Brinton, W. C, 347. 

Brown, H. A., 5» 6, 7, 285, 291. 

Buffalo, PubUc Education Associa* 

tion, 40. 
Bureau of the Census, 31. 
Bureau of Education, 32. 
Bureau of Labor Statistics, 36. 

Central tendencies, 108, 114. 
Clark, E., 326, 331. 
Classes, 80-81. 

Classes and class limits, 80-81. 
Classes, grouping of data into, 75. 
Class interval, 79, 81, 86, 88, 121. 
Class-interval, limits of, 90. 
Class-interval, mid-value of, 101. 
Class-interval, number of, 83-85. 
Class interval, position of, 81, 86. 
Class interval, size and position of» 

101. 
Class interval, size of, 81, 83-84. 
Class limits, 80-81. 
Class, statistical, 75. 
Classification of educational data: 

the frequency distribution, 74-96. 
Closeness of fit, of actual distribu- 
tion to normal distribution, 211- 

13. 
Co-relation, 247. 

CoeflScient of correlation, 247, 251. 
Coefficient of correlation and the 

regression coefficients, meaning of, 

254-58. 
Coefficient of Variation, (Pearson), 

175-78. 
Coffman, L. D., 40. 
Collecting educational data, methods 

of, 3&-56. 
Column diagram, 94, 96, 101, 183. 
Comparison of actual frequency 
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polygon with normal frequency 
curve, 210-11. 

Comparison of form of distribution 
of human traits with normal prob- 
ability curve, 105. 

Contingency coefficient, eitspB in 
computation of, 304-07. 

Contingency (C), Pearson's coeffi- 
cient of mean square, iW4, 299-^808. 

Contingency, square, 802. 

Continuous series of measures, 105. 

Cook. H. R. M., (»-68. 

Correction, C, Cfomputation of, 122- 

Correlated data, grouping of, 241-42. 

Correlation coefficient, computa- 
tion of, 260-70. 

Correlation coefficient, reliability, 
270-73. 

Correlation coefficient, illustration 
of computation of, 264. 

Correlation, deviation formula, 257. 

Correlation, representing graphically, 
246. 

Correlation, high and low, 256-57. 

Correlation, measurement ci rela- 
tionship, 233-300. 

Correlation, perfect, 245. 

Correlation ratio, 278r-83. 

Correlation ratio, computing of. 
279-82. 

Correlation ratio, to illustrate com- 
putation of. 281. 

Correlation ratio, to illustrate use 
of, 277. 

Correlation table, 249. 

Correlation table, plotting. 261-62. 

Correlation table, tabulation of, 
260-62. 

Correlation, unreliability of a co- 
efficient of, 229. 

Correspondence. 236. 255. 

Costs, city school. 11. 

Costs, for high-school subjects, 18. 

Costs, public school, 34, 85, 86. 

Courtis, S. A., 8. 9. 

Cubberley, E. P., 853. 

Denny and Mensenkamp, 40. 
Deviation formula for correlation, 
257. 



Deviations, product-sum of, 250. 
Deviations, signs of, 267. 
Discontinuous series of measuree^ 

106. 
Distribution of human traits, 188- 

89. 

Educational data, sources of, £8. 

Educational facts, collection of, 28- 
66. 

Educational research, steps in, St6. 

Elliott E. C, 40. 176. 

Equations, plotting, 248. 

Equation of a straight line of regres- 
sion, 248. 

Equation of straight line slope tonn, 
254. 

Equation of the line of regression, 
251-^. 

Failures, in public schools. 10. 
Fallacies in averaging, 134. 
Footrule for corrdation. Spearman, 

293. 
Footrule formula for r, 289. 
Fourfold table. 295. 
Fourfold tables, methods of oom- 

puting correlation for. 293. 
Freeman, F. N., 20, 40, 276. 
Frequency curve, 98, 101-02, 181- 

216. 
Frequency distribution, 74-M. 
Frequency distribution, methods of 

describing, 97. 
Frequency distribution: stqM in its 

construction, 81-87. 
Frequ^icy distribution, weighted, 

116. 
Frequency polygon, 88» 90, 91, 92, 

96. 101, 183, 185. 
Frequency polygons, assumption 

underlying, 98. 

Galton, 245-47. 

Galton diagram, 246. 

Galton*s graphic method, 245-46. 

Geometric mean. 182-^. 

Greometric mean as measure of oei^ 
tral tendency, 144. 

Geometric mean, steps in computa- 
tion of. 13a. 
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Grades, methods of, 289-91. 

Grades, Pearson's method of, 286. 

Graph of a line, 208. 

Graphic and tabular methods, 810. 

Graphic devices for school reports, 
Chapter 10, 356. 

Graphic rq>resentation of correlated 
abilities, 237-44. 

Graphic rq>resentation of educa- 
tional data, 87. 

Grouping, fundamental assumption 
underlying, 85-86. 

Grouping of correlated data, 241-42. 

Grouping of data into classes, 74-06. 

Harmonic mean, 126-32. 
Harmonic mean as measure of cen- 
tral tendency, 144. 
Harmonic mean, formula of, 120. 
Histogram or column diagram, 88. 
Hollerith cards, 68, 60, 70. 
Homogeneity of data, 138-40. 
Homogeneity, spurious, 291. 

Ideal frequency curves, 186-91. 
Interpretation of r, 256-57. 



Jesssp U. A., 336, 337. 
Jessup and Coffman, 40. 
Johnson, G. £., 850. 
Judd, C. H., 11, 12, 13, 81, 350. 

Koos, L. v., 40. 

Law of error, 189-91. 

Laws of nature show continuous dis- 
tributions, 189. 

Least s(]uares, 250. 

Lee, Alice, 104. 

Linearity of relationship, criterion 
for, 283. 

Linear regression, 264. 

Line of means, best-fitting line, 251. 

Line of means, how to plot, 259. 

Line of the means of the columns or 
rows, 244. 

Manny, F. A., 40. 
Manuals, by-laws, rules, and regula- 
tions, 37. 



Mean, 152. 

Mean deviation, 151, 152, 159-67. 

Mean deviation, computation of, 
160-67. 

Mean deviation, graphic method, 
164. 

Mean line, how to plot, 259. 

Measures of abscuute variability, 
154-73. 

Measuring results of school work, 2. 

Measurementsb anthn^pometcical, 
106. 

Me(Uan, 103-13, 152, 155. 

Median as a measure of central tend- 
ency, 141-46. 

Median, computation of, 109-13. 

Median, computation with the meas- 
ures ^upMsd in a frequency dis- 
tribution, 110. 

Median, computation of, with the 
measures in a simple series, 109- 
13. 

Median, summary of steps in com- 
puting, 113. 

Methods of personal investiga^on of 
educational problems, 57-59. 

Meumann, £., 26. 

Middle 50 per cent, 15, 16. 

Middle half of measures, 150. 

Minneapolis Board of Education 
1916, 352. 

Mode, 100-03, 109, 152. 

Mode, an unstable average, 101. 

Mode, as an approximate "inspec- 
tion" average, 100-01. 

Mode, function of , as a measure of 
type,143. 

Mode, Pearson*s empirical rule for 
calculating, 103. 

Mode, theoretical, 101. 

Moments, 266. 

Monroe, W. S., 276, 277. 

Mullan, J. S., 71. 

National Education Association, 40. 
Normal curve, 153. 
Normal curve, equation of, 204-06. 
Normal curve, how to plot, 207-10. 
Normal curve, use of, in designing 

school tests, 16, 17, 18. 
Normal curve, use of, in determining 
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the difficulty of test questions and 

problems, «19-«1. 
Normal curve, use of, in distributing 

marks, 216-19. 
Normal curve, use of, in giving 

credit for quality, 222-44. 
Normal curve, use of, to determine 

statistical reliability, 224-31. 
Normal frequency curve, use of, in 

education, 207-16. 
Normal probability curve, 105» 191- 

216. 

Oakland, California, method of tab- 
ulating statistics, 68-70. 

Parker, S. C, 81. 

Pearson, Professor Karl, 101, 103, 
104, 177, 178, 250, 251, 278, 284, 
286, 289, 293, 298, 299, 300, 301, 
303. 

Pearson, K. and Heron, D., 294. 

Pearson coefficient, 175. 

Pearson's cost method, 294-97. 

Permutations and combinations, 
193-95. 

Plotting, directions for, 88-69. 

Probability, 196-204. 

Probability in educational re- 
search, 197-200 

Probability table and its use, 221-22. 

Probable error (P. E.), 152, 153, 156, 
230-31. 

Probable error of r, 272. 

Probable error, statement of unre- 
liability in terms of, 229-31. 

Probable error, table for deter- 
mining, 273. 

Probable frequency polygons, 201-3. 

Problems, administrative, 22. 

Problems, pedagogical-experimental, 
25. 

Proceedings or minutes of meetings 
of city boards and their conmiit- 
tees, 38. 

Product-moment diagram, 266. 

Product-moment formula, 253. 

Product-moment method of correla- 
tion, 250, 278. 

Product-sum of the deviations, 250. 

Pryor, H., 40. 



Quarter points, first and third, Qi and 

Qb, 152, 155. 
Quartile deviation (semi-interqiiar« 

tile range,) 152, 153, 155-59. 
Quartile deviation, computation <^, 

156^59. 
Quartile deviation (median-deviaM 

tion), 151. 
Quartile deviation, properties ol» 

159. 
Question blank, guiding prindples 

concerning content and form of, 

49. 
Question-blank method, 40. 
Question-blank method, essential 

steps in school researdi by, 44-48. 
Question blanks, rules governing the 

form of, 53-55. 
Question blanks, types of, 41-55. 

r as an intermediate device, 253. 

r>= coefficient of correlation, signifi- 
cance of, 247, 252. 

r, interpretation of the coefficient, 
256. 

f , short method of computing, 269. 

r, steps in the computation of, 263- 

' 70. 

Random sample, 100, 273. 

Range, 80, 149, 151, 152. 154. 

Range over the scale, 101. 

Rai£-correlation, 288-91. 

Rank method. Spearman's, 284-86. 

Ranks and grades, methods of, 14, 
283-91. 

Rank methods of computing correla- 
tion, steps in the computation of 
r, 288-89. 

Rank methods, when to use them, 
291. 

Ratio, correlation, 278-83. 

Reading ability, measuring, 4. 

Regression, 247. 

Regression coefficient of x on y, 254. 

Regression coefficient of y on x, 5254. 

Regression coefficients, conq>utat]oii 
of, 260-70. 

Regression line, drawing the, 259. 

Regression, linear, 264. 

Relationship, discovering laws o( 
213. 
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Relationship, measures of, practical 
need for, 233-37. 

Relationship, methods of deter- 
mining, 08, 245-300. 

Relationship, methods which take 
full account of value and position 
of every measure in series, 24i5- 
300. 

Relationship, most probable law of, 
244. 

Relationship, non-linear, 270-83. 

Relationship, outline of methods of 
determining, 292-94. 

Relationship, short method of com- 
puting linear, 274-75. 

Rdationship, straight-line, 245. 

Relative variability, measures of, 
173-80. 

Reliability of the correlation coeffi- 
cient, 270-73. 

Reports, Federal, 31. 

Reports, school, classes of school 
facts, 314-16. 

Reports, city schools, content of, 
317. 

Reports, school, criteria concerning 
form of, 313-14. 

Reports, school, interpretation of, 
313. 

Reports, school, kinds of material 
Uiat should be included in, 312- 
13. 

Reports, school, legal basis of sys- 
tem, 317-18. 

Reports, school, planned and printed 
to reach three classes of people, 
311-12. 

Reports, school, school revenues and 
expenditures, 318-32. 

Reporting facts concerning pupil, 
338. 

Reporting facts concerning school 
plant, 339. 

Reporting facts concerning teaching 
staff, 333. 

Rietz, H. L., 269. 

Rochester, N.Y., 7^.-72. 

Rochester school report, 335. 

Ruediger, W. C, 40. 

Rugg, H. O., 18, 290, 320, 331, 332, 
333. 



'Sample, random, 273. 

Scale, 77-79, 80. 

" Scatter " diagram, 249. 

School facts that should not be 

printed at all, 316. 
School laws and city school charters, 

30. 
'School-marking distributions, 186- 

88. 
School problems, mcnre in^xvrtant 

groups of, 22-26. 
School reports, 37, 38. 
Scientific education, steps in the 

development of, 1. 
Shapleigh, F. £., 40. 
Shaw, F. L., 356. 
Sheppard, 293, 299. 
Sheppard*s method of unlike signs, 

297-«8. 
Sigma (o-) 152, 153, 159, 167-73. 
Skewness, 178-79. 
Slope form of the equation of a 

straight line, 254. 
Slope of the line, 249. 
"Smoothing" distributions, 185. 
Smoothing frequency polygons, 182^ 

83. 
Smoothing process, 184. 
Spaulding, F. £., 12, 314, 335. 
Spearman, C, 284-86, 289, 291. 
Spearman's Footrule for correlation, 

293. 
Spearman's rho, 286. 
Standard deviation, 151, 153, 227-29, 

250. 
Standard deviation and probable 

error, use of, 153. 
Standard deviation, computation of, 

169-73. 
Standard form of accounting, 40. 
Steps in school research by question 

blank method, 44-48. 
Stern. W., 26, 75. 
Stevens, B. E., 354. 
Strayer, G. D., 40. 

Tabular and graphic methods, 310. 
Tabulating card, Hollerith, used in 

Oakland, California, 69-70. 
Tabulating in ruled blankbooksv 

65-66. 
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Tabulating on large ruled aheeU, 

65. 
Tabulating on ruled <mrds, 6^-S5, 
Tabulation, checking method, 60, 

62-64. 
Tabulation, hand, 60. 
Tabulation, method of, 60-68. 
Tabulation of educaticmal statistics, 

mechanical, 57-78. 
TabuUtion, schemes for, 64-66. 
Tabulation, secondary, 72-78. 
Tabulation, writing method vs. 

diecking method, 60-62. 
Talbert, Wilford E., 68. 
Terman, L. M., 19. 
Thomdike. E. L., 25, 40, 177, 178. 
Tune, unit of, 127, 181-82. 
Time rates, averaging of, 126-82. 
True mean, 117. 

Unit, 77-79. 88. 

Unit of measurement different, 175. 

Unit of measurement the same, 174. 

Unit, size of, 89. 

Unlike-signs, Sheppard*s method of, 

297-98. 
Unreliability of a difference between 

two measures, 229. 
Unreliability of an arithmetic mean, 

227-28. 



Unreliability of a standard deviar 

tion, 228-29. 
Updegraff, H., 14, 17, 810. 

Validity of data in reports of the 

Bureau of Education, 88. 
Van Houten, 40. 
Variables, statistics of, 74, 77. 
Variability, 174-75. 
Variability, absolute, measures of, 

154-78. 
Variability, a distance on a scale, 

150^54. 
Variability, as unit distances willi 

normal and skewed distributions* 

151. 
Variability and central tendency, 97. 
Variability, comparison of, in two 

distributions, 98. 
Variability, measurement of, 149-80. 
Variability, measures of relative^ 

178-80. 
Variability, method of, 97. 
Variability, need for measures of, 140. 

Whipple, G. M., 26, 297, 298. 
Work, unit of, 127, 130-31. 

Yule, G. U., 74, 108, 105, 155, 256. 
294,808. 
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